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PREFACE TO PARTS I, II. AND IIL 


Thb aim oi this book is to provide a ootirse in toe Elemenls 
of Geometry embodying those recent reforms in Geometrical 
Teaching that have been generally approved and adopted. 

Farts I., 11. and III. cover toe ground of Eadid, Books I., 
II., III. and Book lY., 1-9 and 15. The|y also treat of Scales, 
Coordinates, Graphs, toe Field Book, Pattern Drawing toe 
Forms of Simple Solids and toe Graphical ExtracMon of 
Arithmetical Square Boot. 

Each Part comprises (i) an Experimental Section, (!i) a 
Theoretical Section, (iii) a Practical Section. The Experi- 
m^tal Sections are introductory, and are intended to train toe 
begiimer in neatness, accuracy and toe use of graduated ruler, 
dividers, protractor, set squares and compasses. Dividers are 
used from toe beginning so as to avoid toe error of parallax. 
No formal definitions are given, but toe beginner is led to 
.discover for himself toe significance of terms and toe 
prpperties -of figures by sets of simple experiments. The 

Theoretical and Practical Sections are intended to be read 
conourrently. Terms are now formally defined and those 
Geometrical Truths that were as$wm&d as toe result of ex- 
periment in toe Experimental Sections are now proved theor- 
etically. By using Hypothetical Constructions, Theorems are 
rendered independent of Problems, while Problems are able 
to draw upon a wider range of Theorems for the proofs of their 
constructions. 

In toe sequence of Theorems and in the selection of Problems 
I have followed toe Schedules sanctioned by toe Senate of toe 
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Oambridge University for the Previous Examination. By 
slight extensions, however, I have found it possible to em- 
brace, within the limits of the subject-matter, the courses 
prescribed for the Oxford Eesponsions, the London Matricula- 
tion, the Oxford and Cambridge Locals and the Matriculation 
Examinations of the Indian Universities. The exercises have 
largely been drawn from past examination papers. Of the 
rest, many are original, but some have been taken from text- 
books on the subject, only, however, when they have been 
found to occur in two or more. Each set is graduated and, 
in Part I., is generally accompanied by an Examination Paper 
which is always retrospective, so that the pupil may not lose 
touch with what has gone before. All but the easiest exercises 
are marked with an asterisk and hints to their solutions are 
given at the end of the book, while many of the Questions for 
Examination are followed by their answers in brackets. The 
attention of the student is particularly drawn to the exercises 
printed in italics because they give results of importance. 

I am much indebted to Mr. B. Sutcliffe, B.Sc., for his care- 
ful reading of the manuscript and proof sheets, and for many 
valuable suggestions. 

A. E. PIEEPOINT. 

Luoxhow, Decemher, 1907. 



PREFACE TO SECOND EDITION. 


In this edition I have revised the text and made such ex- 
tensions and alterations as I deemed desirable. At the same 
time I* have added formal Propositions on the Construction of 
Regular Polygons in and about a circle and on the Oononr- 
rence of Straight Lines in a Triangle, so that Parts L, IL, and 
in. may satisfy all the requirements of the Syllabus recently 
published for the School-leaving Examination of the University 
of Bombay. 

A. B. PEBEPOINT. 

1923 . 


PREFACE 

Pakt IV. treats of Ratio, Proportion, the Proportional Divi- 
^sion of Straight Lines and Similar Triangles. It also treats 
of Maxima' and Minima. The book will now be found to 
cover the Matriculation Syllabuses of all the English and 
Indian Universities, 


vu 
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CONTEOTS 


Instruments and Apparatus Required. 

Two bl&ck lead pencils— one H and the other HH — ^sharpened to a 
chisel edge. 

Gla-w paper, for keeping a sharp edge on the lead pencils, 

A flat ruler graduated in inches and tenths of an inch and also in oenw- 
metres and tenths of a centimetre (millimetres). 

A semi-circular protractor, 

A pair of ^ncil compasses, 

A pair of dividers. 

Two set-squares — one having angles of 90®, 46®, 46®* and the other having 
angles of 90®, 60°, 30®. 

Scissors. 

Tracing paper. 

India-ruD.ber. 

Gummed paper. 

Thin cardboard. 

Tenth inch squared paper* 



SUGGESTED ORDER FOR READDfG THE 
THEOREMS AND PROBLEMS. 


past X. 

Theorems 1 to lb. 
Problems 1 to 6. 
Tlieurems 16 to 25, 
and Additional Theorems I, to IV, 
Problems 7 to 12. 


Ibeorems 26 to 
Problem iS. 

Theorems 34 to SO. 
Problems 14, 16. 
Theorems 40 to 48. 
Problems 16 to 23, 
and Additional ^oblems I., Il« 

PAET m. 

Theorems A to P. 
Theorems 49 to 58. 
Problem 24. 


PAET IV, 

Theorems 54 to 50 
Problems 26, 26. 



PAET I. 

EXPERIMENTAL SECTION. 


DBAWING AND MBASUBEMENT 07 STRAIGHT IiINEa 

Exp. X. Draw straight lines of the following lengths, using yoox 
ruler : 2 in., 3*5 in., 5*4 in^ 13 cm., 10*7 cm., 90 mm., 7*4 in., 
16’7 cm. 

Rule from left to right, and be careful that the lines art the same 
thickness throughout. 

Write the length of each line along it as in Tig* L 



Tie. I. 


If the line to be drawn is longer than the whole length of the^mler, 
draw it in parts, but take care mat the parts run on so as not to daow 
where they Join. 

Exp. 2. Draw half a dozen straight lines of different lengths 
with your set-square. Measure their lengths with your dividers 
and graduated nUer (i) in inches, (ii) in centimetres. 

Write the length of each line along it as in Exp. 1. 

In taking lexL^hs with your dividers (if they have not a screw ad- 
justment) aJways open them wide to begin with and then close them 
to the given length by pressing the legs together. Press lightly on the 
points 80 as not to scratch the ruler or puncture the paper. 

In all oases, if the length you are measuring does not end exactly aS 
one of the divisions marked on the scale, guess its measurement to the 
nearest hundredth of an inch or hundredth of a oentdxnetre tenth 
of a millimetre) acoording as you are using inches or centim^trea 
example: — 


1 



2 


BliBMBNTS OF GBOMBTHY 



Fxo. SL 

AB 0‘56 In, 

AC - 1-27 m. 

AD ^ 2*49 in. 

if the line yon are measuring is longer than the whole length of 
ftm roler or the span of your dividers, measure parts of it separately 
and then add the results. 

Hzp. 3. Draw four straight lines of different lengt^ with your 
eet^square, number them, and guess their lengths (i) in inches, (li') in 
oentimetres. Test your guesses by measuring with your dividers 
and ruler and tabulate your answers thus : — 


Line 

Guessed Length ‘ 

True Lc-ni^th 

^ ! . 



2 



3 ■ ■ 1 


. , , .. , Cl 

’4' ' "j 

1 _ _ 1 




Hnp. 4« G-uess the number of (i) inches, (ii) centimetres in tht 
following, and test your guesses by measuring with your dividers 
and ruler : the length of this page, the length of your pencil, the 
breadth of your ruler, the thickness of this book* Tabulate your 
answers as in Exp. 3 . 

Hxp, 5, Draw from memory^ as accurately as you can, with your 
set-square, straight lines of the following lengths : 1 in.^ 1 cm., 
SI-6 in., 3-2 cm., 5 in., 11 cm. Test your guesses by measuring 
with your, dividers and ruler. Write the supposed length and true 
length along each. 

Eacp. 6. Draw a strai^^ht line 4*3 in. long, using your dividers, 
and measure its length m centimetres. Hence find the number of 
om&timetres in an inch correct to the first decimal place. Do the 
sasae for a straight line 3*8 inches lon^g. and see that in each case 
yon get the same number of centimetres to the inch. 




ADDITION, SUBTRACTION AND DIVISION OF LkRNGTHS S 


ADDITION AND SUBTRACTION AND DIVISION OP UENGTHS. 

Hxp» 7 . Measure AB, BC, CD in inches, using your dividers. 
Add die results, and verify by measuring the vrhole hue AD. 



Ftg. 3, 

Tabulate thus 

Length of AB « inches^ 

,, f9 HC •• „ 

*> ,, CD „ 

,, ,, AD = 

8 . Repeat Pxp. 7, using centimetres instead of inches. 

Hxp. 9 . Measure AB and BC in inches, using your dividers. 
Gubtract the results and verify by measuring AC* 


O R 


'-C -4 


Tabulate thus : — 

Length of AB « inches. 

19 BC „ 


»» 99 AC ■■ 9 , 

10* Repeal Bxp* 9, using millimefres insfoad of Snches. 

Kxp* 11. Dravr a straight line 6’3 in. lon^, using your divid^, 
and fropi i% mark ofE parts equal to 1'7 in., 0*9 in. and 1*1 in. 
rcspectiyely. Show both by calculation and measurement that 
what is left equals 1*6 in. 

Bzp. 12* Draw half a dozen straight lines of different I^gths 
with your set-square. Measure their lengths with yonr^ dividers 
and upfer. Halve each measurement and so arrive at their middle 
points7 Make a mark to show the middle point of each. 

If halving a measurement yields a 3rd decimal place you may 
ignore it. ^ ^ - 

BnN 13* Draw straight lines of the following lengths tiHng war 
dividiiire, a^ad find their middle points by coleuUiticii as In Bzp* I#*! 
3 in., 18 cm., 7*8 in., 19*5 cixt*> 6*9 in., 91 mm. 
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BliBMBNTS OP GBOMBTBY 


Exp. 14 . Draw half a dozen straighir linee of different lengths 
with your set-square. Let'eaoh line measure at least 5 in. Mark 
what you gutss to be their middle ^ints and then find their true 
middle points by calculation as in Exp. 12. 

Exp. 15 . Draw straight lines of the following lengths and divide 
them into (i) thirds, (ii) fifths, by calculation : 6 in., 4*6 in., 16 cm. , 
13*5 cm. 

Exp. x 6 . Draw three straight lines of different lengths with your 
set-square. Let each line measure at least 6 in. Number t^em 
and ^vide them into Ci) thirds, (ii) fifths, by guess-work. Test 
your guesses by measurement, and make a table to show your error 
thus : — 

Line 1. 

Supposed thirds, 1*67 in., 1*70 in., 1*76 in. 

,, fifths, 

DBA WING AND MEASUBBMBNT OP ANGLES. 

Hxp. 17 . Draw two straight lines OA and OB from the samd poins 
O in Afferent directions, thus : — 



Fza« 5. 


OA and OB are said to form the angle AOB (or BOA, or simply O) 
with one another, and they themsmves are c^ed the arms of the* 
angle. The point O is called its vertex. 

We shall see later that the size of an angle in no way depends upon 
the lengths of its arms. 

If the arrrr'' of an angle are sqbare* wdtli^ mile another, thua 


Fig. 6. 

the angle is called a fight angle. 

E^. 18 . Draw a right angle using your sei^square and ruler, and 
let escoh of its anus measure one inch. 





DBAWIN0 ANB MEASUESMEKT OF ANGIaEI 


5 



Fig- 7. 


Fig. 7 win show you how to do this. Bole AB. Pl&os the set-sqvaxe 
And ruler in position, slide the set-square from one position to the other 
along the ruler, and then rale CD. 

Exp. 19 - Draw a ri^t angle, using Ycm protractor^ and let eadb 


I 

In 



Fig. 8. 


At its arms measure 4*2 cm. 

Fig. 8 will show you how to do this. Notice that the protxaotor %B 
placed with its bate along one of the arms of the angle, and the other 
arm is a straight line drawn from A, the centre of the protraoTOr, to 
as to pass undemet.th D, the gradUalAon marked 90. A pm pnok at A 
and another at D will help you to draw the second arm of the angle 
iccurately. 



% 


BliBMSNTS OF OBOMKTBT 


20 , Draw a right angle using your protractor. Let its «rme> 
be any length you like. Gat it out of the paper with your iiciasora 
thua ; — 



Fia. 9, 


Now fold it so that one arm lies along the other and open it oak 
again* The crease divides the right angle into two equal onglea 
thus : — 



Fio. 10. 


0:0 on cutting and folding until you have divided the right anglo 
into four equal angles or fourtiis of a right angle. 

The ninetieth pc^ of a right angle is called a degree. Hence 
there are 45 degrees (written in half a right angle, and 22^” in 
4 quarter of a right angle. How many degrees are there in 

(1) An eighth of a right angle? (Ans. llj.) 

(2) Two right angles I (Ans* 180.) 

Hjrp. zi. Draw an angle of 35® using your protractor. 

Pig 8 will show you how to do this. Notice that the protraf'tor la 
placed with its base along one of the arms of the angle and then the- 
oLher arm is a straight line drawn from A, the centre of the protract or ^ 
so as tro pass underneath £, the graduation 85. 

Notice, also, that two sets of numbers are given on the protractor — 
one set giving the degrees in angles that have an arm lying along AC^ 
and the other set giving the degrees In angles that have an arm lying 
alaug AB. Be careful to use the right set 




DBAWINO AND MEASUREMENT OF ANOIiSS 
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Exp. 22 . Draw the follt>wmg angles with your protractor ; 
T 2 ’. 9 % 70®, L73®, 113®. 

Write its measuremetit luaide each angle thus: — 



Fia. 11 * 

Exp. 23 . Draw half a dozen angles of different sizes with jonr 
ruler and then measure them with your protractor* 

Write its measurement inside each angle. 

In all oases, if the angle you are measuring does not end exactly Skt 
one of the divisions mariced on the protractor, {irtiess its measurement 
to the nearest half degree. 

Exp. 24 . Measure the angles of your set-squares. (Ana. 30*» 
60®, 90®, 46®, 46®, 90®.) 

Exp. 25 . Draw three angles of different sizes with your niler^ 
number them and guess^ how many degrees there are in each. Test 
your guesses by measuring with your protractor and tabulate your 
answers thus , — 



Exp. 26 . Draw from twewory, as accurately aa you can, with your 
ruler, angles of the following sizes ; 45% 30“, 60®, 10®, 80®, 136®. 

Test your guesses by measuring with your protractor and write 
the supposed size and the true size inside eaush. 




8- BIiSMSNTS OB GBOMBTBT 

ADBinON AND SUBTBAOTION AND DIYISION OP ANGLES. 

Bxp. Measure the angles AOB, BOC, COD, DOE with your 
protractor, add the results and verify by measuring the whole angle 
AOH. 



Pia. 12. 

Tabulate thus : — 

Angle AOB -■ 

„ BOC = 

„ COD - 

„ DOE « 


degrees. 

»> 

»* 

»> 


9> AOE «• 9^ 

Exp. 28 . Measure the angles AOC and AOB with your pro- 
tractor, subtract the results and verify by measuring the angle 
BOC. 



Fia. 18. 

Tabulate thus : — 

Angle AOC » 
„ AOB» 


„ BOC - 

Exp. 29 . Draw the angle XIS"* and from it take away parts of 
37 ®, 64® respectively, using your protractor. Show, both by 
calculation and measurement, that what is left measures 8®. 

Exp. 30 . Draw half a dozen angles of different sizes with your 
ruler. Measure them with your protractor. Divide each measure- 
ment by two and so arrive at their halves. Draw tiie line of bisection 
in each case, that is, the line that divides the angle into two equal 
parte. 




ASfGHiES AT A POINT 
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fexfK: 31 . praw angles of the foUoifing sizes with yoxxr pi^otractor 
and find their lines of bisection by calculation, as in Phcp. SO : 38% 
66 ®, 112®, 164®, 65®, 103®, 

Hxp. 32 . Draw half a dozen angles of different sizes with year 
ruler — ^three less than a right angle and three greater than a right 
angla. Draw what you guess to be their lines of bisection, and 
then find their true lines of bisection by calculation as in Ebep- 

^ 33 .' Draw the following angles and divide them into (1) 
thirds, (2) fifths, by calculation / 60®, 90®, 30®, 120®, 106®, 180®. 

Hxp. 34 . 2 >raw three angles of different sizes with your ruler — 
one l^s than a right angle and two gpreater than a right angle. 
Number them and divide them into { 1 ) thirds, (2) fifths, by guess- 
work. Test yorur guesses by measurement and make a table to 
show your error thus : — 

Angle 1 : — 


Supposed thirds, 25 i®, 25^*, 24®. 

„ fifths. 

In the pages that follow we shall often find it convenient to 
4 he letters of the Greek Alphabet, especially for denoting angles. 
These they : — 

a pronounced alpha 


/3 

y 

d 

c 

C 


X 


beta 
gamma 
delta 
epsilon 
zeta 
eta 
theta 
iota 
kappa 
lambda 
mn 


y pronounced nu 


I 

o 

fr 

P 

<r 

T 

V 

X 


XI 

omicron 

pi 

rho 

sigma 

tau 

upsllon 

phi 

chi 

pSi 

omega 


ANGDES AT A POINT. 


Hxp. 35 . Draw one straight line standing on another straight line 
thus : — 



Pio. 14. 

Haasara the two angles o and ^ so formed with yom pxotraeten , 
dd their measures and tabulate your results 

a n degrees. 

^ = *9 


a + 
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BX4EMENTS OF GEOMETB7 


Exp. 36. Repeat Exp. 35 with half a dozen paira of lines 

»ad aay what conclusion you always come to in regard to the sum of 
each pair of angles. 

From these experiments we are led to conclude : — 

a straight line stands on another straight 0/ 

the two angles so formed is equal to two right angles* 

Learn this by hearh 

Eacp. 37. Draw two angles whose measures when added together 
make up 180 ® i^us ; — 



Fio. 16. 


Out them out with your scissors and fit them together so that the 
Tertex and an arm of one fall on the vertex and an arm of the other 
hut each angle falls outside the other thus : — 



Fig. 16 / 

Lay your ruler along the other arms of the angles and notice that 
they lie in one and the same straight line. 

Exp. 38. Rep^t Exp. 37 with half a dozen pairs of angles andr 
say what conclusion you always come to in regard to the two arms 
of the angles that do not fall on one another. 

From these experiments we are led to conclude : — 

If the sum of tfjoo adjacent angles is equal to two right anqles 
the exterior arms of the angles are in the same straight 
line. 

Learn this by heart. (The angles are said to be adjacent because . 
they lie next to one another.) 

Exp. 39. Draw one straight line cutting another straight line 
thus: — 





PABATtTiRIi UNBS 





Fig. 17. 


Of thtt^ioGT^ angles thus formed, a, /3, y, A, measure (1) ihe i^ppoedte- 
pair a and ^9, ( 2 ) the opposite pair y and d. Tabulate your results. 


a — degrees. y as 



£^. 40 . Repeat Exp. 39 with half a dozen pairs of strai^t lines- 
outtiog one another, and say what conclusion you always come to- 
in regard to the sizes of opposite angles. 


Exp. 41 * Illustrate ihe conclusion you arriTed at in Sip. 40 by 
the following experiment : Draw two intersecting stra^fnt lines,, 
cut outgone of the angles so formed as in Exp. 37, and show that it 
can be made to dt exactly over its opposite angle. 

From these experiments we are led to conclude : — 

If two straight ItTiei intersect^ the vertically opposite angiee 
are equal. 

Learn this by heart. (The angles are said to be vertically op- 
posite because they have the same vertex.) 


PARALLEL STRAIGHT LINES. 

Exp. 42 . Move your set-square along your luler so as to occupy 
two poaiUons» as in Fia. IS. 



Fig. is. 

Rule the straight lines AB and CD. These straight lines will be 
parallei, and they are 11 inches apart. 
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KtiBMBNTB OF GBOMBTBY 


Exp* 43* Draw two straight lines parallel to one another and 1:^ 
inches apart» using your mler and s^sqnare* 

Exp* 44* Draw a strai^t line parallel to a given straight line 
4knd <nst^t 2 i inches from it* 

In this case AB in the first position of the set-square (Fig* 18) must 
Jie along the given straight line. 

' E:ac!p.'45. ’Throtl^h a given point draw a straight line parlkliel to 

given straight Ime* 

In this case AB in the first position of the set-square (Fig. .18) must 
lie along the ^ven straight line, and CD in the second position *muat 
ipass through given point. 

> i 

Exp* 46. Draw two straight lines parallel to one another ahd one 
«inch apart, only your pencil. Teat yonr guess wittia yom 

Tulen and set^sq^are. 

Exp. 47* Draw a straight line cutting two parallel straight lines 
ithtiB 



Fxg. 19* 


Measure the alternate ” angles a and j8 and make a note of their 
measQxements* 

Exp* 48* Repeat Ibqp. 47 with half a dozen different positions of 
the onttmg lin^ and say what conclusion you always come to in 
regard to ^he altomate angles. 

Exp, 49* Dliudxate the condasion you arrived at in Exp. 48 by 
outd^ out either of a pair of alternate angles and fitting it over 
the other. 



PABAliIiBIi STBAIGHT TsVSmB 

Escp* 50. Draw a straight line cutting two parallal straight Unw 
thus : — 



FiO. 90. 


Measure the ** corresponding *’ angles and y, and make a notO' 
df their measurements. 

Exp. 51. Repeat Exp. 50 with haE a dozen different positions of 
^he cutting line, and say what conclusion you always come to in 
regard to the correspondmg angles. 

Exp. 52. Illustrate the conclusion you arrived at in 51 by 
cutting out either of a pair of corresponding angles and ntting it 
over the other. 

Exp. 53. Draw a straight lino cutting two parallel straight lixie» 
thus : — 



Fzo, 91. 


Measure P and d the two “interior” angles cm the same side 
the cutting line, and write down the number of d^ees in their 
measurements added together. 

degrees. ^ 

d- „ 

^ + d *= If 

Exp, 54. Repeat Exp. 53 with half a dozen different positiona of 
the catting and say what conclusion you always come to in 
regard totoe interior angles on the same side of the outtingliue. 




t'4 BIiBMBNTS OB OBOMBTBT 

55. Illustrate the oonolosion you arrived at in 'f>4 by 
matting out a pair of interior anglee and fitting them together so 
that the vertex and an arm of one ma^ fall upon the vertex and an 
«no of the other, but each angle inay fall outside the other thus 



Ptg SS&. 



Ft<9« 29 


From experiments 47 to 55 we are led to Conclude : — 

1/ a straight line cuts two parattel straight lines — 

(1; Alternate angles are equate 
(2) Corresponding ambles are equal. 

(3; The interior cmgE^s on i&e same side of the cutting 
line are iogether equal to two right angles. 

Learn this by heart* 

Exp* 55 . Make three fibres of a straight line cutting two other 
Hnes^ but in tlte wst figure make a pair of alternate angles 
equal to one an<^hel :9 ki'the^aecond figure make a pair of correspond- 
ing angles equal to one anotbexy and in the third figure let the two 
interior angles on one aide of the cutting line be together equal 
to 180^ Show by meams of your ruler and set-square that 
in all yiree cases two of the straight lines are parallel to one 
another* 

From these experiments we are led to conclude : — 

When a straight line cuts two other straight Unes, jf 
(1) a pair of alternate angles are egucbty or 
(8) a pair 6f corresponding angles are eqnal, or 





AHaXiBS OF ▲ TBIAKOXiB 


IB 


{ 3 ) apairofinteHora^l^MtTiesamerideoftkecutiing 
Une are together equal to two right anglee^ 
then the two etraight lines are paroUleL 

Learn this by heart. 

Exp. 57. Draw two stra^ht hues parallel to the same straight 
line (see 44 ), and show by means of your ruler and set-square 
that they are parallel to one another. 

From this experiment we are led to conclude : — 

Straight lines which are parallel to the same straight line 
are parallel to one another. 

Learn this by heart. 

ANGLES OP A TRIANGLE. 

Exp. 58. Draw half a dozen figures of different shsp^ but each 
enclosed by only three straight lines. Call them triangles. 

Exp. 59. Draw a triangle. Let a, /3 and y be its three interior ” 
angles. Measure a, and y. Add their measurenkenta, and note 
the reeultw 

a s d^^eea. 

^ = »9 

y- « 

a + ^ + y =* „ 

Exp. 60. Repeat Exp. 59 with half a dozen different Mangles, and 
say what conclusion you always come to in regard to the sum of the 
interior angles of ea^ triangle. 

Exp. 61. Illustrate the conclusion you arrived at in Exp. 60 by 
the following exjperiment : Draw a trianrfe, cut out the three in 
terior angles, and fit them together as in Pig. 24 . 



F!i!Gr. 24 . 


From these e!^p«i^meB«a ire eire le^ em<d^ 

The, ewn 9f the <m0kie • triable 4e eqvM 4e hw, rtght 

angles^, 

Learn this by heart. 
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Exp. fy* Draw a triangle and produce one of its sides thus 



Fio. 25. 

Measure the ** exterior ” angle a and the two interior and opposite 
angles 0 and y. Compare the number of degrees in a with the sum 
sf the numbers of degrees in jS and y. 

degrees. /3 =* degrees. 

7 ® •> 


^ + y = „ 

Exp. 63 . Repeat Exp. 62 with half a dozen triangles and say^ 
what conclusion you always come to when you com];>are ihe number 
of degrees in an exterior angle with the sum of the numbers of 
degrees in the two interior and opposite angles. 

£^. 64 . Illustrate the conclusion you arrived at in Exp. 63 by 
cutting out and superposing'^ (see Exp. 41) over an exterior angle 
the two 'interior and oppoedte angles of any triangle. 

From these experiments we are led to conclude ; — 

1/ one side of a triangle is produced^ the exterior cmgle so 
formed is equal to the sum of the two interior opposite 
angles. 

Learn this by heart. 

ANGLES OF ANY CONVEX POLYGON. ^ 

Exp. 65 . Draw half a dozen figures of different shapes but each 
enclosed by four or more straight lines. Call them^ polygons. 

A polygon is said to be convex when each of its interior angles is 
less thaxi two right angles, trr* in other words, when all its comers 
point outwards. A in Fig. 26 is a convex polygon. B in Fig. 26 is not^ * 



Wim* Mr 





ANGIiES OP ANY CONVEX POI*YQGN 17 


Hxp. 66 * Oraw a cc^nv^ex polygon. Produce its aides in ordber 
tihus. — 



Liet a, be the exterior angles so formed. Measure 

e, y; bf Add their measurements and note the result : — * 
a =■ degrees. 

/3 = 


% z 


yfr = 


a + ^ + y + d4-*»/A« ,, 

Eacp. 67 . Repeat Exp. 66 with half a dozen convex polygons, 
rarymg the shape and number of sides, and say what conclusion you 
always come to m regard to the sum of the exterior angles of each 
polygon formed by producing its sides in the same order. ; 

Exp. 68 . Illustrate the conclusion you arrived at in Exp. 67 J>y 
the following experiment : Draw a convex polygon ; produce its 
^sides in order ; cut out the exterior angles so formed, and fit 
them together so that their vertices meet and they form a perf^'t 
mosaic (see Fig. 24), ‘ . 

From these experiments we are led to conclude : — 

1/ trie tsides of a convex polygon a/re produced in order^ the 
sum of the angles so formed is equal to four right 
• Lieam this by heart. 

Exp. 69 , Draw a convex polygon and show by measurement tliat 
the sum of its interior angles together with four right angles is equal 
to twice as many right angles as the polygon has sides. 

Deamthia by heart. 


OONSTRUOTIONT AND COMPARISON OF SPEOIAIj TIIIANGDE& 

Exp. 70 . Make a tangle ABC having the angle ABC .= 75% 
BA 2*7 iDi- cund BC = 1*9 in. Measure AC and the angles BAG 


2 
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BCA* (Ans. AC «» 2*87 in. ; angle BAG 39^** ; angle BCA 

= 65^-) 

To make this triangle begin by drawing a line 2*7 in. in length ; at 
one extremity draw a line making with it an angle of 75*^ and from 
this line out o£E a length equal to 1*9 in. 

When making a figure to given measurements it is ^ways well to 
begin by making a rough sketch of the figure in whioh the given 
measurements are written. 


Exp. 71 . Make triangles having the following measurements : — 


(i) Angle ABC = 90®. 

(ii) „ „ -6(r. 

= 26®. 

=• 136®. 
- 15i®. 
« 175i®. 


BA = 1-2 in. 
« 1-6 in. 
■« 1-4 in. 
ss 2‘8 cm. 
B= 4*3 cm. 
« 1-25 in. 


BC = 1-2 in. 
,, = 1*6 in. 

= 1*1 in. 
9 , » 3*1 cm. 
„ = 3*9 cm. 
„ *=s 1*47 in. 


Exp. 7a. Make a triangle ABC having the angle ABC =» 63®, BA 
«2-6 In. and BC— 1*8 in. Make another triangle ABC having these 
same measurements. Measure the remaining sides and angles of 
the two triangles and show that the two triangles are equal to one 
another in all respects. 

Exp. 73 . Show that the two triangles in Exp. 72 are equal in all 
relicts by cutting one out and fi,tti3D^ it exactly over the other. 

Firom these experiments we are led to conclude : — 

Jf two triangles have two sides of the one equal to two sides 
of the othety each to eaoh^ and also the angles contained 
by those sides equals the triangles are congruent^ that is^ 
equal in all respects. 

Learn this by heart. 

Exp. 74. Make a triangle ABC having BC — 4*4 cm., the angle 
ABC — 63® and the angle ACB — 64®. Measure AB, AC and the 
angle BAC* (Ans. AB=4 cm. ; AC— 4*4 cm. ; angle BAC=63®.) 

To make this triangle begin by making BC — 4-4 cm. *and then set 
off angles at B and C equal to 63® and 64® respectively. 


Exp. 75 . Make triangles having the following measiirements : — 



BC 

- 1*6 in. 

Angle ABC 

« 60®. 

Angle ACB 

- 60®. 

<ii) 

If 

- 1*25 in. 

If 

II 

= 90®. 

II 

99 

= 46®. 

im 

If 

— 3*8 cm. 

If 

II 

- 30®. 

»l 

99 

— 60®. 

<17) 

If 

- 1*76 in. 

If 

II 

- 22®. 

II 

99 

« 103® 

<▼) 

If 

4-66 cm. 

If 

II 

«= 64i®. 

II 

99 

== 97®. 

♦vi) 

If 

39*6 mm. 

SI 

II 

- 118i®. 

99 

99 

- 31i®, 


Exp. 76 . Make a triangle ABC having BC — 2*3 in., the angle 
ABC ^ 28® and the angle ACB = 133®. Make another triangle 
ABC having these same measurements. Measure the remaining 
sides and angles of the two triangles and show that the two triangles 
are congruent. 



ISOSCEIiBS TBI^NGIiES 
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Eaqi. 77 * Show Uiat the two tri&ngles in Exp. 76 are congrnent 
by cnttixig one out and fitting it exactly over the othen 

Hxp. 78 . Make a triangle ABC having AB 1*2 in., the angle 
ABC « 63^ and ike angle ACB » 75^ Measure BC, AC and the 
angle BAC. (Ans. BC~0*83 in. ; AC»1*1 in. ; angle BAC^42^*) 
Since the sum of the angles of a triangle is equal to two right angles 
{see Exp. 61) we know that the angle CAB of the required triaD^^e 
ABC is equal to 180^ minus (63" + 75"), that is 42". Hence the triangle 
may bo described in the same way as the triangles of Exp. 75. 

Exp. 79 « Make triangles having the following measurements : — 

(i) BC = 1-4 in. Angle BCA - SO®. Angle BAC « 60". 

(ii) „ « 1-05 in. „ „ «45®. „ „ -90". 

■■ 3*6 cm. ,9 99 “* 43®. i 9 9 , — 72® . 

(iv]) 99 ■» 1*95 in. ,9 99 ® 28®. 99 99 = 17® . 

(▼) 99 ■■ 42*5 mm. ,, *, = 31®. 9 , 9 , — 109". 

(vi) ^9 = 37*5 iqm. „ ** 28}®. ,» « \ = 22i" 

Exp. 8 o. l^iake a triangle ABC having BC = 3*2 cm^ the angle 
SCA — 57® and ike angle BAC — 71®. Make another trian^e ABC 
having these same measurements. Measure the remaining sides and 
angles of the two triangles and show that the two triangles are con- 
gruent. 

Exp. 8z. Show that the two triangles in Exp. 80 are congruent 
by cutting one out and fitting it exactly over the other. 

From experiments 74 to 81 we are 1 m to conclude : — 

Jf two triangUs have two angles of the one egtuil to two angles 
of the other^ eaeh to eaoh^ and also one side of the one 
equal to the corresponding > side of the other^ the triangles 
we congruenL 
Learn this by heart* 

ISOSCELES !rBIANGLES. 

Exp. 83 . Make a triangle ABC having AB and AC each equal 
*to 1*7 in .9 and BC of any length whatever. Measure the angles 
ABC and ACB and compare their measurements. 

Exp. 83 . Make half a dozen triangles of different shapes hut eack 
triangle having two of its sides equal to one another. Call them 
isosceles triangles. ^ Compare the measurements of the two angles in 
each triangle that lie opposite to the equal sides and say what con- 
clusion you always come to. 

From these experiments v^e are led to conclude ; — 

If two sides of a triangle we equals the angles opposite to 
these sides we eqvm* 

Learn this by heart. 

Exp. 84 . MAke a triangle ABC having ike angle ABC and the 
angle ACB each equal to 63®9 and BC of any length whatever# 
Measure AB and AC and compare their measurements. 

1 M CorrjMpondiug " gides are opposite to the equal angles ose In each triavxla 
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Exp. 85. Make half a dozen triangles of different shapes but each 
triangle having two of its angles equal bo one another. Compare^ 
the measurements of the two sides in each triangle that lie opposite- 
bo the equal angles and say what conclusion you always come to. 

From these experiments we are led to conclude : — 

IJ two aTvgles of a triangle are equals the eides opposite 
these angles are eqaaL 

Learn this by heart. 

CONSTRUCTION AND COMPARISON OF SPECIAL TRIANGLES^ 

Exp. 86- Describe a circle with your compasses and notice that 
the boundary of' the circle, which is Called its circumference, is* 
always at the same distance from 4 point within the circle which is 
called its centre. ^This same distance is c^ed the radius qf tKe circle. 

Hold your compasses by the head and* press lightly on the needle- 
point so as not to puncture the paper. 

Exp. 87. Draw circles with your compasses haying the following 
radu : 1 in., i in., 2 cm., 1*8 cm.j 0*9 in., 23 mm. 

In taking lengths with your compasses, open them wide to begin with- 
and then close them to the given length by pressing the legs together, 

Exp. 88 . Find half a dozen different points all distant in.- 
from a given point A, using your compasses. 

Exp. 89. Draw a straight line AB 1 in. Find a point C 
distant 1 m. from A and 1 in. from B. Show that C may Occupy' 
two positions. 

Byidently C lies ^ where the two circles cut one another that ara 
described with centres A and B respectively and df radius » 1 Ixu 
See Fig. 28 . 
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Exp. go. Make a triangle whose three sides each measare of 
:&xi inch. 

Exp. 91. Draw a straight line AB ** 4'3 cm. Find a point C 
-tfistant 3’4 cm. from A and 2*5 cm. from Be Show that C may 
occupy two positions (see Fig. 29). 



Fio. 29. 


Hxp. 92. Make triangles having the following measurements: — 


i) AB — 1*2 in. 

BC 

i) ,, — 1*6 in. 

»> 

i) » 1*3 in. 

»» 

r) ,, — 2*8 cm. 


r) ,, 1*25 in. 

f> 

i) ,, «»27mm. 



=* 1 2 in, 
s 1*5 in, 
1*1 in, 
2= 3*1 cm, 
=r 1*37 in. 
» 32 mm. 


AC => 1*2 in. 

,, =» 0*8 in, 

,, = 0*9 in, 

^ 2*4 cm. 

=2 1 12 m. 

,, = 26*5 mm. 


Exp. 93. Try to make a triangle ABC having AB —34 cm , 
©C « 1*3 cm., and AC «=» 1*8 cm. Why is the construction im- 
jpossible ? 

From this experiment we are led to conclude ; — 

Any two sides of a iria/ngle are together greater than the 
third side. 

Learn this by heart. 


Exp. 94. Make a triangle ABC having AB =* 0*85 in., BC =» 1*7 
Id.,’ AC »» 1*9 in. Make another triangle ABC having these same 
measurements. Measure the angles of the two triangles aud show 
*that the two triangles are congruent. 
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« Exp. 95 . Show that the two triangles in Exp. 94 are congraeni 
by cutting one out and fitting it exactly over the other. 

From these experiments we are led to conclude : — 

If two triangles have the three sides of the one equal to the 
three sides of the other^ each to eaeh^ the triangles are 
congruent. 

Learn this by heart. 

Ea^. 96 . Make a triangle having one of its angles a right cmgle. 
Call it a right-angled triangle and pall the side opposite the right 
angle its hypotenulte. 

Exp. 97 . Make a right-angled triangle ABC in which the angle 
ACB is the right angle, the hypotenuse AB » 3*4 cm* and AC = 
1*5 cm. Measure BC, the angle ABC and the angle BAG. (Ans. 
BC=» 3*05 cm., angle ABC « 26®, angle BAC ■» 64®.) 

To do this, hew by making the right angle ACB ; measure off 
CA » 1*5 cm., and then with centre A and radius = 3*4 cm. make m 
aro of a oircla cutting CB in B (see Fig. 30). 



Fie. 80 . 


Exp. 98 . Make the right-angled triangles having the following 
measurements : — 


(i) Hypotenuse AB «■ 1*5 in. 

AC 

= *8 in. 

(«) >1 

„ as 1*15 iUU 

ft 

a- *75 in. 

(iii) *. 

„ « 3*9 cm. 

ft 

— 2*4 cm. 

(iv) » 

,, es> 37*5 mm. 

f» 

== 22 mm. 


Exp. 99 . Make a right-angled triangle ABC in which the angU 
ACB is a right angle, the hypotenuse AB = 1*6 in. and AC»1*1 in. 
Make another right-angled triangle ABC having these same measure* 
ments. Measure the remaining sides and angles of the two tri- 
angles, and show that the two triangles are congruent. 


Exp. zoo. Show that the two triangles in Exp. 99 are con^menf 
by^ cutting one out and fitting it exactly over the other. 
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From these experiments we are led to conclude : — 

If two rig\t~angled triangles have their hypotenuses equal 
and one side of the one equal to one side of the other ^ 
the triangles are congruent. 

Learn this by heart. 


INEQUALITIES IN TBIANGLBS. 

Exp. zoz. Make a triangle and measure two of its sides. Then 
measure the angles that are opposite to these sides. Tabulate your 
measurements. You will find that the greater side has the greater 
Single -opposite to it and the greater angle has the greater side 
opposite to it. 

Exp. Z02. Repeat Exp. 101 with half a dozen triangles of difierent 
shapes, and learn by heart the conclusions that you always come 
to: — 

(i) If two sides of a triangle are unequal^ the greater side 

has the greater angle opposite to iU 

(ii) If two angles of a triangte a/re unequal^ the greater angle 

has the greater side opposite to it, 

Exp. Z03. Make two triangles having two sides of the one equal 
to two sides of the other, each to each, but not equal in all respite. 
Measure the contained angle and third aide of each triangle. Tabu- 
late your measurements. You will find that the triangle which has 
the greater contained angle has the greater third side, and the 
triangle which has the greater third side has the greater contained 
angle. 

Exp. X 04 « Repeat Exp. 103 with half a dozen pairs of triangles, 
and learn by he^ the conclusions that you always come to : — 

(i) ij two triangles ha/ve two sides of the one equal to two 

sides of the other ^ each to each,, and the contained angles 
unequal^ the triangle which has the greater contatned 
angle has the greater third side. 

(ii) If two triangles have two sides of the one equal to two 

sides of the other^ each to each,, and the third sides un- 
equal^ the triangle which has the greater third side htxs 
the greater contained angle. 

Exp. IDS- Illustrate by drawing a figure and by actual measure- 
ment the following truth : — 

Of all the straight lines that can be drawn to a given straight 
line from a given point outside iU the perpendicular (or 
upright line) is the shortest. 

Learn this by heart. 
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PARAIiIiEIiOGRAMS. 

Hxp. xo6. Draw half a dozen foiir-sided figures of difierent shapes, 
hut make the opposite sides of each figure parallel to one another. 
Call them parallelograms. 

The diagonals of a parallelogram are the straight lines joining 
opposite comers. 

Exp. 107. Illustrate by drawing a figure and by actual measure- 
ment the following truths : — 

The opposite sides and angles of a parallelogram are equal 
and the diagonals bisect one another* 

Xtearn this by heart. 

Hxp. loS. Illustrate by drawing a figure, and by cutting out and 
superposing, the following truth : — 

The diagonals of a parallelogram divide it into two equal 
parts. 

Learn this by heart. 

Exp. 109. Illustrate by drawing a figure, and by actual measure* 
cnent, the following truth : — 

If there are three or more parallel straight lines cmd the 
intercepts made by them on amy straight line that cuts 
them are equal, then the corresponding intercepts on 
any other straight line that cuts them > are also equal. 

Learn this by heart. 

In drawing the figure for this experiment begin by taking points A, 
B, C , . . on any straight line such that “ intercept ” AB =» ** m- 
»tercept ” BC = . . . ; then through A, B, C . . . draw straight lines 
parallel to one another and draw any other straight line to cut th# 
parallels. 


SOMB SIMPLB SOLIDS. 



Tim* 8L 


Fio. 83. 




SOUK 80Ln)S 


ss 



Fig. S3. 

Figs. 31, 32, 33 represent a solid which we shallcall a rectangnlar 
hlock or cuboid. 

Exp. xxo. Copy Fig. 33 on thin cardboard — ^tradng paper may be 
•used with advantage. Cut out this copy and form a model of a rect- 
angular blodk by bending aleng the dotted lines and joining the 
edges with gummed paper. Fig. 33 is called the net ” of a rect- 
angular block. ' 

Exp. XXX. Draw the net and make a model of a reetangnlax block 
of len^h 2*6 in., breadth 1*9 in., and depth 1*4 in. 

Exp. XX2. Draw the net and make a model of a rectangalar block 
whose length, breadth and depth are all equal to one another — say 
£ in. Cali it a cube. 

Exp. xxg. In any rectangular block state 

(a) The number of faces. 

(b) The number of edges. 

(c) ^ The number of comers. 

(d) The shape of each face. 

(e) The'number of edges that meet at each eotner. 

if) The number of faces that meet at each corner. 
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Figs. 34, 35, 36 represent s solid .which we shall call a pTmnid. 



Fia. 34. 



Fio. 35. 



Fig. 36. 
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A pyramid is tnangnilar^ quadrilateral* pentagfonal, hexagonal, 
etc., according as its base (that the face upon which it stands)* 
IS bounded by 3, 4, 5, 6 , etc*, straight lines respectively. 

£xp. 114 . Fig. 36 is the net of a pyramid. Copy it on thin card- 
board and make a model of the pyramid by cutting out the net, bend- 
ing along the dotted lines, and joining the edges with gummed paper. 

Hxp. 115 . Fig. 39 is the net of a pyramid standin g on a regular* 
polygon (that is, a polygon whose sides and angles are equal) as base- 
and having all its side edges equal lio one another. Copy it end 
make a model of the solid and <mJ 1 it a right regular pyramid* 
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1 x 5 . Fig. 42 is the net of a pyramid standing on a triangular 



FiO« 42« 


t>ase. Copy it and make a model of the solid and call it a tetrahedron 
<or triangular pyramid). 

£xp* 1 1 7. Draw the net and make a model of a tetrahedron having 
jah its edges equal to one another* Call it a regular tetrahedroxi. 
Exp. 1 18. In any tetrahedron state I— 

(a) The number of faces. 

(b) The number of edges. 

(c) The number of comers. 

(cZ) The shape of each face. 

?e) The number of edges that meet at each corner, 

{/) The number of faces that meet at each comer. 





SOM£ SIMPIiS SOXilBS 





Fio- 43. 



JEte. 44. 



iu «.4^* 

T\xm 43 44, 4B MprtBaent a aolid whiflh we eiuJi eaB a prise.,. 
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•A Tnism Is trianeular, quadrilateral, pentagonal, 
a.~w.J5ix.g as its bounded by three, four, five, six, eto., etraig 

« U .!>. a» 0.„ It «.a „k. ^ 

4nodel of the solid. , 



Pig. 46. 


Fig. 



Fig 48. 
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E». 130 . Fig. 48 is the net of a prism having all its side edges 
opright to the base. Copy it and make a model of the solid and call 
it a right prism, 

Exp. X2X. Draw the net and make a model of a right tnangular 
prism or wedge. 

Exp. X22. In any right triangular prism state 
(a) The number of faces. 
f5) The number of edges. 

(c) The number of comers. 

(d) The shape of the end faces. 

(e) The shape of the side faces. 

(f) The number of edges that meet at each comer.^ 

(ff) The number of faces that meet at each comer. 

It is important to remember that so far we have not proued mbj 
Geometrical Truths, we have only illustrated them. 



THEOEETICAIi SECTION. 

INTBODUCTORY. 

Think: of some solid body — a common brick for instance.' It has* 
length, breadth and thickness, and these we call its three dimen- 
sions. Now imagine one of these three dimensions — ^its thickness — 
to be gradually cut away until it disappears altogether. There will 
then be nothing left but a face of the brick, and this is an example 
of what we understand by a geometrical surface. Hence a surface* 
lias only two dimensions — length and breadth — and it may be re- 
garded as a boundary of a portion of space. Now imagine this face 
of the brick to have its breadth gradually cut away. When all its 
breadth has gone there will be nothing left but an edge of the 
brick, and this is an example of what we understand by a geometrical 
line. Hence a lino has only one dimension — length — and it may be 
regarded as a boundary of a surface. Finally, imagine this edge of 
the brick to have its length gradually cut away. When it has lost 
all its length there will be nothing left but a comer of the bridk, 
and this is an example of what we understand by a geometrical 
point. Hence a point has no dimensions, and it may be regarded a» 
a boundary or extremity of a line. 

We will now define some terms of frequent use in Geometry. 

DEFINITIONS. 

Def. z. A point is that which has position, but no length, breadth 
or thickness. 

Def. A line has position and length, but no breadth or thiok-^ 
ness. 

The extremities of a line are points. 

If the extremities of a line are fixed, the line is said to be finite or 
limited ; if they are not fixed, it is said to be infinite or unlimited. 

The intersection of two lines is a point or points. This suggestfl a 
convenient way of indicating a point on paper. For example. 

X P 

Is a better way of indicating the point P than 

• P. 

The path (or trace) of a moving point is a line* 

The extent of a line is called its length. 



DEFINITION'S 
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Def. 3* A straight line lies evenly beirvreen its extreme p^nte. 

This definition is not altogether satisfactory, for it only amoimts te 
substituting the word “ evenly ** for the word “ straight,** and nothing 
is gained in clearness. As a matter of fact the idea of a straight line la 
familiar to everyone, and cannot be made more so by definition. But 
straight lines have certain properties which it is well to bear in mind« 
These are they: — 

jfi) Tv 3 o straight lines cannot enclose a s^paee, 

Angjpart of a straight line wUU howefoer placedt He vfhoWg on 
any other part if its extremities are made to faU on that 
other part 

(iii) A straight line is the shortest distance between its extreme 
points. 

If a line is not straight it is said to be curved. 

Def. 4* A surface has position, length and breadth, bat no thiok- 
ness. 

The boundaries of surfaces are lines. 

The intersection of two sui:fa>oes is a line or lines. 

The path (or trace) of a moving line is generally a surface. 

The extent of a surface is called its area. 

Def. 5. A plane surface or plane is a surface in which any two 
points being taken the straight line that joins them lies wholly 
in that Surface. 

The intersecMon of two planes is a straight line. 

If a surface is not plane it is said to be curved. 

Def. 6. A solid has position, length, breadth and thickness. 

The boundaries of solids are surfaces. 

The path (or trace) of a moving surface is generally a solid. 

Notice that the material of a solid does not enter into this definition, 
so that a bubble or a cloud is quite as muoh a solid geometrioally SiS a 
lump of lead. Hence a solid may be defined as a limited XK>rtion of 
space. 

The extent of a solid is called its volume. 

QUESTIONS FOB EXAMINATION.— I. 

Definitions I to 6. 

z. Why is a star not a point ? (Ans. Because it has length, breadth 
and thiokuess.) 

2. Why is a piece of string not a line ? (Ans. Because it has bxeskdth 
and thlc^ess.) 

3. Is a shadow a surface ? (Ans. Xes, because it has position, length 
and breadth, but no thickness.) 

Say whether each of the following is a point, a line, a surface, or a 

Boud 

(a) A sheet of paper. (Ans. A solid.) 

(b) The centre of the earth. (Ans. A point.) 

2 


3 
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(e) A. coat of paint. (Ana. A solid.) 

(a) The equator. (Ans. A line.) 

(e) The North Pole. (Ans. A point.) 

\f) The boundary between the air and water in a tumbler. (Ans. 
A surface.) 

(gr) The crease in a piece of paper that has been folded cmd 
opened out again. (Ans. A line, because it is the inter- 
section of two surfaces.) 

If a straight edge can be made to lie along a surface in every 
direction, why do we know that the surface is a plane ? (Ans. Because 
any two points being taken in the surface the straight line that joins 
them lies wholly in the surface.) 

6. By how many surfaces is a common brick bounded 7 (Ans. Six.) 
7* Name a solid that is bounded by : — 

i (al Pour surfaces. (Alus, A tetrahedron.) 

(ft) Three surfaces. (Ans. A round ruler.) 
cS Two surfaces. (Ams. Half an orange.) 

^ One surface. (Ans. A cricket ball.) 

DEnoronoNs. 

DeCi 7* When two straight lines meet in a point they are said to 
make with each other a plane rectilineal angle or, shortly, an angle* 
The idea of an angle is fundamental and so cannot be satisfactorily 
defined* But we can illustrate the nature of an angle as follows : — 



Pig. 49. 


X*ot AB and AC meet at A, A line may turn about A from the posi- 
tion occupied by AB until it reaches the position occupied AC. 
This revolving Ime is said to turn through the angle made by AB with 
AC, and the aize of the cmgle depends entirely upon the amount of 
turning and not in any way upon the lengths of AB, AC or the revolv- 
ing line. 

Notice that the revolving line can turn from one position to the other 
In either of the two different ways indicated by the arrows. Hence two 
different angles are made bv AB with AC, but the smaller angle is the 
one usually understood as the angle made by AB with AC. The greater 
angle is said to be reflez or re-entrant. 

The angle made by AB with AC is denoted by the letters BAC or 
CAB or mmply A or by inserting a Greek letter. 

The point at which two straight lines meet to form an angle is called 
the Tertez of the angle or the angular point, and the lines themselves 
are called the arma of the angle. 
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When the axms of an angle are in the same straight line bat in 



Fia. 60. 


opposite directions, the angle is sometimes called a straight angle;. 
Def. 8. 'iTwo angles are said to be adjacent when they hawe a com- 
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mon vertex and lie on opposite sides of a common arnu Thus the 
angles ABD, DBC are adjacent. 

Since the angles ABD, DBC together make up the angle ABC, the 
angle ABC is the sum of the angles ABD and DBC, and, therefore, 
the angle DBC is the di&erenoe of the angles ABC and ABD. 

Def. A plane dgure is a part of a plane bounded by one or more 
lines. 

When the boundaries of a plane figure are aJl straight lines they are 
said to enclose a plane rectilineal fig^e and are called its sides, 

A plane rectilineal figure is said to be : — 

Equilateral when all its sides are equal to one another. 

Equiangular when all its angles are equal to one another. 

R^^ilar when it is both equilateral and equiangular. 

The sum of the boundaries of a plane figure is called its perimeter. 

The term “ figure is also used to denote points lines, aurfaoes and 
any combination of these. 

We shall for the present confine ourselves to the study of figures 
in a plane — branch of Geometry called Plane Geometry. 
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QUESTIONS FOB EXAMINATION.— IL 
DEpnanoNs 1 to 9. 

I. Why do we know that only one straight line can be drawn between 
iiwo given points ? (Ans. Because two straight lines cannot enclose a 
space.) 

3 . Which is the most convenient way of showing the straight line from 
one comer of a room to another ? (Ans. By stretching a string, because 
a straight line is the shortest distance between its extreme points.) 

3 . Write down the angle at B in ten dtderent ways. 



Fig. 62. 

(Ans. ABC, CBA, ABE, EBA, DBC, CBD, DBE, EBD, B and 
4 * In the accompanying dgure name the four pairs of adjacent angles. 



Fig. 53. 

(Ans. PQT and TQS, TQS and SQR, PQS and SQR, PQT and 
TQR.) 

5 . Show that the size of an angle does not depend on the lengths of 
Its arms. (See Def. 7.) 

6. In what sense is an angle not a figure ? (Ans. It is not hounded 
or enclosed by its arms.) 

7 . How many angles are there inside a ten-sided rectilineal figure f 
(/is. Ten.) 
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DsFiinxioNs. 

Def. lo. When a straight line standing on another straight line 
makes the adjacent angles equal to one another each of these angl^ 
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called a right angle and the straight line which stands on the other 
called a perpendicular to it. 

li a line, rotating about an extremity, makes a quarter of a complete 
cevolution, it turns through a right angle. 

The ninetieth part of a right angle is called a degree (written 1**). 
The sixtieth part of a degree is called a minute (written I'). The 
sixtieth part of a zninnte is called a second (written V*), 

Def. xz. An obtuse angle is greater than one right angle but less 
than two right angles. 



Fio. 55. 


Def. 12. Ajl acute angle is less than a right angle. 



Fzo. sa 
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Def. 13. A circle is a plane figure contained by one line which la 
called the circumference, and is such that all straight lines drawn- 



Fig. 67. 

from a certain point within the figure to the circumference are equal 
to one another. This point is caUed the centre of the circle. 

The word “ circle ” is used in geometry sometimes to mean the whole 
figure and sometimes only its circumference. 

Def. 14. Any straight line drawn from the centre of a circle to- 
its circun^erence is called a radius of the circle, and any straight line 



Fig. 58. 

drawn through the centre of a circle and terminated both ways hy 
the circumference is called a diameter of the circle. 

Hence a diameter is double a radius of the same circle. 

Two circles are equal if the radii of one are equal to the radii of 
the other. 

Def. 15. The bisector of a magnitude is that which divides it into 
two equal parts — ^the trisectors into three equal parts. 

It is obvious that a finite straight line has only one point of bisection, 
and only one straight line can be drawn to bisect a given plane reotilineal' 
angle* 


QUESTIONS FOR EXAMINATION.— in. 

DmxEaxiosrs 1 to 16. 

I. Oan you think of a smooth surface which Is not a plane ? (Ana*. 
Yes^ — ^the surface of a perfectly polished billiard ball.) 

3. How many straight lines at least are needed to bound a figure T 
(Ans. Three.) 
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3. How many times are the hands of a clock at right angles in the 
course of an hour? (Ans. Twice.) 

4. Prove that any point on a hand of a clock describes a circle. (Ans. 
Because its path is always at the same distance from the centre of the 
clock-face.) 

5. Kame the angle that is left in the accompanying figure if we take 



Fig. 59. 

away the sum of the angles BOC and COD from the difierenoe oi the 
angles AOH and DOE. (Ans. The angle AOB.) 

6. Name a figure having only one boundary. (Ans, A cii^e.) 

OONOERlSriNa THE POSTHEATBS. 

Geometrical truths are proved by means* of figures. To draw 
these figures it must be granted that certain simple constaructions 
are possible, but the fewer they are the better, j^d they must be 
so simple that their possibility is self-evident and requires no proof. 
We sh^ uaake three of these demands and call them our postulates. 
These are they : — 

The Posxuiai!Bs. 

Let it be granted : — 

1 . T^iat a straight line may he drawn from an/y one point to 

any other point, 

2 . That a finite straight line may he produoed to any length 

in that straight line. 

3 . That a circle ma/y he described with aw^ centre and with 

a radius equal to any finite straight line. 

These postulates practically ask that we may use a ruler or straight- 
edge ana compasses, and that the straight Hues and circles drawn 
by means of these instrumeni^ may be regarded as satisfying our 
definitions. As a matter of fact, we know how imperfect they are 
however skilfully they may be drawn, but that is no reason why 
they should not be assumed to be ideally correct. 

Notice that the postulates do not ask to use the ruler for com- 
paring the lengths of lines, but the compasses may be used for 
•carrying lengths from place to place. We may assume that the 
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following simple constructions are possible because they fo!!ov 
imAxediately from postulates 2 and 3 : — 

(a) From a given point io draw a straight line equal to> 
a given straight line, 

(b) From the greater of two given straight lines to eut off 
a part equal to the less. 

QUESTIONS FOR EXAMINATION.— IV. 

DefIKITIONS 1 TO 15 A 2 ffD THE PoSTUIiATBS. 

I„ If two straight lines have their extremities in common, they 
must coincide. Why do we know this? (Ans. Because two siiaighc^ 
lines cannot enclose a space.) 

а. Prove that two right angles are together greater than twice any 
acute angle. (Ans. Because an acute angle is less than a xi^t angle.)< 

3. Prove that any two obtuse angles are together greater than twice 

a right angle. (Ans. Because an obtuse angle is greater than a riuht 
angle.) ® 

4. How would you test geometrically whether a surface is plane or 
not? (Ans. By taking two points in it and seeing if the straight line 
joining them lies wholly in the surface wherever the points be taken > 

5. How would you test geometrically whether a line is straight or 
not*^ (Ans. If it is straight it cannot be made to enclose a space with 
another line that we know to be straight.) 

б. Why are a certain number of postulates necessary? (Ans. To 
enable us to draw the figures that are necessary for the proofs of 
geometrical truths.) 

7. What demands do the postulates make beyond the use of ruler and 
compasses? (Ans. That the figures drawn by these instruments be 
considered geometrically correct.) 

GONOEBNING THE AXIOMS- 

To prove a statement we must show that it depend^ upon and 
can be inferred from some other statement or statements that have- 
been already proved or that are self-evident. It is clear, then, that 
before we begin to reason about figures we must assume the truth 
of certain simple statements. They must be as few as possible and 
so simple that they do not depend for their truth upon statements 
that are still simpler. In other words, it must be impossible to- 
prove them. ^ These self-evident truths are called axioms. They 
form the basis of the whole science of geometry, and all geometrical 
truths are derived from them by a process of reasoning called 
deduction. 

We shall arrange our axioms under two headings : — 

(a) General axioms, which are true of magnitudes of all kinds. 

(o) Geometrical axioms, which are true of geometrical magnitudes 
only. 
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Gekebjll Axioms. 

Aac. I. Things which are equal to the same thing are equal to 
<me another. 

Ax. 2. If equals be added to equals the wholes are equal. 

As a particular case of this axiom we have : — 

Things which are doubles of the same thing are equal to one 
another. 

Ax. 3. Jf equals he taken from equals the remainders are equal. 
Ax. 4. If equals he added to unequals the wholes are unequal. 
Ax. 5. If equals he taken from unequals the remainders are un^ 
equals 

Ax. 6, Things which are halves of the same thing are equal to 
one another. 

Ax, 7. The whole is equal to the sum of its parts* 

Hence the whole is greater than its part. 

Geomdstrigai. Axiobis. 

Ax. 8, Any magnitude can he transferred from one position to 
another without its shape or size undergoing any change. 

Ax. 9, Magnitudes which coincide with one another^ tha.t is 
which exactly fill up the same space^ are equal to one another, 
Kotice that It is not sufficient for the magnitudes to fill up equal 
spaces. They must fill up the very same space. 

The process of applying one magnitude to another for the purpose of 
comparison is called superposition* 

Ax. xo. Two straight lines cannot enclose a space* 

Ax. II. All right angles are equal. 

Ax. 12. See page 56. 

QUESTIONS FOE EXAMINATION.— V. 

DbEINITIONS 1 TO 15, THE PoSTUIiATBS AND AXIOKo. 

X. How many dimensions of space have the following ? — 

(a) A oirole. (Ans. Two.) 

(h) The centre of a circle. (Ans. None.) 

ici The circumference of a circle. (Ans. One.) 

{a) A tennis ball. (Ans. Three.) 

2. Within what limits do the postulates demand the use of ruler and 
ooxnpasses? (Ans. That they be used for joining points, producing lines 
and describing circles, but not for measuring len^hs.) 

3. Why are a certain number of axioms necessary 7 (Ans. To give 
grounds for deduoing other geometrical truths that are not sc self-* 
evident.) 
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4. Which axioms do the following reasonings illustrate ? — 

(a) Two men are the same age. If they both live they will b* 
the same age twenty years hence. (Ans. Az. 2.) 

(d) Three bullets are cast in the same mould, hence all three 
bullets will be equal to one another. (Ans. Ax. 9.) 

(0) A is richer than B. If each loses £50 one will still be rioher 
than the other. (Ans. Az. 5.) 

5. Prove that the radius of a circle is less than the straight line 
joining the centre of the circle to any point outside the oirol'e. (Ans. 
Because a radius can be drawn which, when produced, will pass through 
the outside point, and the whole is greater than its part.) 

5. In what two ways can the equality of geometrical magnitudes be 
tested ? (Ans. (i) By seeing if they are equal to the same thing (^. 
1) ; (ii) By seeing if they can be made to coincide with one another 
(Ax. 9).) 

7. An angle ABC is folded so that BC lies along BA and then opened 
out. Why do we know that the crease divides the angle mto two equal 
parts? (Ans. Because one part can be exactly superposed over the 
other.) 

8. C is a point in the straight line AB. The paper Is folded so that 
CB lies along CA and then opened out. Why do we know that the , 
crease is perpendicular to AB ? (Ans. Because the crease makes angles 
with AB which we know to be equal since one oan be exactly superposed 
over the other.) 
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THB PROPOSITIONS. 

We are now prepared to enter upon a series of separate discnssiontt 
4 »lled propositions, relating to the terms that we nave defined and 
regulate by the postulates and axioms that we have laid down. 
These propositions are of two kinds : theorems and problems. 

A theorem is a proposition in which some geometrical property 
is required to be demonstrated^ e-g. : — 

If two straight lines intersect, the vertically opposite angles 
are equaL 

A problem is a proposition in which some geometrical construe- 
tion 18 r^uired to be effected, e.g. : — 

Bisect a given finite straight line. 

Remember, then, that in a theorem something has to be proved, 
while in a problem something has to be done. The statement or 
enunciation of a proposition is naturally divided into two parts. 
In the case of a theorem it consists of the hypothesis or conditions 
assumed, and the conclusion or assertion to be proved. Thus in the 
theorem, “If two straight lines intersect, the vertically opposite 
angles are equal,*’ we have: — 

Hypothesis — It is assumed that two straight lines intersect. 
Conclusion — ^It is to be proved that the vertically opposite 
angles are equal. 

In the case of a problem the enunciation consists of the data or ' 
things given and the quaesita or things required. Thus in the pro- 
blem, “ Bisect a riven finite straight line,’’ we have : — 

Datum — ^^l^ere is given a finite straight line. 

Qusesitum — It is required to bisect it. 

Every proposition consists of four jwuts : — 

I. The general enunciation, wmch states in general teras^ the 
conditions of the theorem or problem. 

H. The particular enunciation, wnich repeats the general 
enunciation in special terms and makes it refer to some 
Tiarticular figure. 

m. The construction, in which such lines are drawn, on the 
authority of the postulates, as may be necessary to 
prepare the figure for demonstration. 
lY. The demonstration or proof, which shows that the theorem 
is true or the problem is possible, as illustrated by the 
figure. 

Problems belong to Practical Geometiry, and will be considered 
under that branch of the subject. 
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SYMBOLS. 



fox plus. 

„ rniniis. 

,, angle. 

,9 is equal to» are equal to, 
equal to, equal. 

H perpendicidar. 

„ parallel. 

99 triangle. 

,9 is equal in all respects to, 
equal in all respects to. 


^ for is greater than, are greater 
than, greater than. 

<^ „ is less than, are less than, 
less than. 

© „ circle. 

*.• „ because. 

„ therefore. 

□gm,, parallelogram. 


A symbol followed by the letter s denotes that it is being used in 
the pluraL 


ABBEEVIA-TIONS. 


st. for straight. hypot. for hypotenuse. 

•ft. ,9 right. Q.B.i). 99 quod erat demon- 

sq. 99 square. strandum (which was 

pt. 99 point. to be proved), 

join AB (for example) for draw a Q.s.r. „ quod erat faciendum 
straight line from A to B. (which was to be 

hyp. for hypothesis. done). 

And all obvious contractions such as quadX. for quadrilateral 
and equiang, for “ equiangular 



XHBOBBMS 




THEOBBMS. 

In proving the following theorems we shall assume that certaizi 
eonstructions are possible* though they fall outside the scope of the 
postulates. 

These hypothetical constmctioos are : — 

(а) A line or angle can be divided into any number of 
parts. 

(б) line can be drawn from any point in any desired 
direction and of any desired length. 

(c) A figure can be reproduced or plctced in any position. 
Though we may not know how to peirform these con s tr uc tions*, 
we can perfectly esbsily imagine them as having been performed. 
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ANGLES AT A POINT. 

Thbobsm 1. 

(Euo. I. 13.) 

Gren. TJ €L struight line sta/nds on cbnotheT siTCbight line 4he 

9 w/n of the two a/nglee so formed is equal to two right angles. 
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Part. Hnun. Let the at. line DC stand on the at. line AB so as to 
form the 2 L_s BCD and DCA. 

It is reqcL to prove that 

L BCD + L BCA = 2 rt. Us- 
Const. Suppose CE to have been drawn _L to AB. 

Proof. U BCD + U BCA = UBCD + U BCE + U ECA. 

- U BCE + U ECA. 

“2rt. U»- Q.E.D. 


QUESTIONS FOB EXAMINATION.— Yl. 

I. Distinguish between a theorem and a problem. 

3. Name the four parts of a proposition and state the purpose of each 
part. 

g. What is the hypothesis in Theorem 1 ? 

4. What is the oonolusion in Theorem 1 ? 

5. Bepeat Axiom 7. What use is made of Axiom 7 in Theorem 1 T 

6. What hypothetical construction is employed in Theorem 1 ? 

7* Prove Theorem 1 by rotating a line about C from the position CB 
to the position CD and thence to the position CA, remembering that a 
cil^t angle is a quarter of a complete revolution. 
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Definitions. 

Def. 1 6. When two angles are together equal to two right anglesy 
eaoh is said to be the supplement of die other and the two angles are 
said to be supplementary. 

Thus in Fig. 60, the angle ACD is the supplement of the angle DCB« 

Def. 17. When two angles are together equal to one right angle» 
each is said to be the complement of the other and the two angles are 
said to be complementary. 

Thus in Fig. 60, the angle BCD is the complement of the angle DC&. 

Def. 18. A corollary is a geometrical truth that can be easily 
deduced from a proved proposition. 

We shall now give some corollaries on Theorem 1 and some exer- 
cises to be work^ out by the student. 

Cor. I. If two straight lines cut o'ne another^ the four angles they 
make at the •point where they cut are together equal to Jour right 
angles. 

Cor. 2. All the angles made by av/y number of straight lines that 
meet at a pointy taken in order^ are together equal to fowr right 
angles. 

Exercises. 

f. What is the complement of each of the following I 7— 

(i) 17®. (Ans. 78^) 

(ii) 29® 18'. (Ana. 60® 47'.) 

(iii) 82® 26' 16", (Ans. 7® 83' 46".) 

2« What Is the supplement of each of the following Is ? — 

(i) 73®. (Ana. 107®.) 

(ii) 86® 67', (Ana 144® S'.) 

pH) 115® 19' 42". (Ans. 64® 4Xr 18".) 

3. If several at. lines stand upon another at. line at the same pt. the 
eonseoutive | ^a so formed axe together » 2 rt. 1 a (See Fig* 61.) 
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4 . The supplement of an acute L 1® obtuse. 

S i ® that are complements of the same are to one another* 

6, I ^3 that are supplementa of the same are ^ to one another. 

7 . If there are 16 raya in a pexfeot star, show that the angle between 
S oonseoutiye rajs is 24®. 
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8 » Th«re are 12 spokes in a wheel. Find the L between 2 con- 
seonliye spokes. (80**.) 

9 . Of the 4 Ls formed by 2 st. lines cutting one another, if one is a 
rt. L. they are all rt. \_b, 

la Oan an I *■ its own supplement, and, if so, how many degs. 
are there in it ? (Yes. 90®.) 

11 * Oan an I = its own complement, and, if so, how many degs. are 
there in it ? ^es. 45®.) 

12 . an I be double its own supplement, and, if so, how many 

degs. are there in it ? (Yes. 120°.) 

X 3 , Can an I be i of its own complement, and, if so, how many degs. 
are there in ItT (Yes. 15®.) 

14 . If d st* ItTie sta/nds on another st* line the bisectors of the 2 i e so 
formed are J_ to one another* (Bom. Schl. Final.) 

IS* If L AOB = 72°, how many degs. are there in the reflex L made 
by OA with OB? (288°.) 

z6* BD ia the bisector of L_ ABC and DB is produced to E. Prove 
that L ABE -LCBE. 

17 , The internal and external bisectors of an angle make with one 
another an I « | the sum of the 1 and its supplement. Note.— 
If the arm CB of I ABC is producea to D, the bisector of L ABD is 
called the extemarbisector of L. ABC. 

* lA In Fig. 60 prove that L ECO is * of the diflerenoc of Ls BCD, 
OCA. 
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Thsohsu 2. 

(Euc. I. 14.) 

^ Gen. Hnmi.^^ at a point in a straight 14ne two other straight 
lines on opposite sides it make the adjacent angles together eqwal 
to two right angles these two straight lines are in one and the seme 
straight line. 



Part. £nu]i. At the point C xn the st. line CD and on opposite 
«ides of it, let the st. lines CA, CB make the adj. L-S r>CA, DCB 
together = 2 rt. L.s. 

It is reqd. to prom that 

CA and CB are in one and the same st line* 

Const. Produce BC to R. 

Proof. DC stands upon the st. line HCB, 

L. DCE + L DCB = 2 rt. L_8 . . * Th. 1- 

But L DCA + L DCB 2 rt. L-S . . . Hyp. 

.% L- DCE + L DCB = L DCA + L DCB. 

.% L DCE = L DCA. 

CA coincides with CE. 

But, by construction, CE and CB are in one and the 
same st. line. 

•*. CA and CB are in one and the same st. line. 

Def. 19 . Two theorems a^e said tp be converse each of the other 
when the hypothesis of each is the conclusion of the oth®p. 

This is true in the case of Theorems 1 ant' 2, for *m Theorem 1 we 
assume that two straight lines meet one another and we prove that two 
adjacent angles formed by them are together equal to two right angles, 
while in Theorem 2 we assume that two adjacent angles axe together 
equal to two right angles and we prove that they are formed by two 
straight lines meeting one another. 

The converse of a theorem need not be tn^e though the theorem itself 
may be true. For example, the enunciation, 

■* If a man is a negro, he must have a dark aUii,** 
is true, but its converse, 

^ Xf a mATi has a dark skin, he must be a negro,** 

Is evident^ z«ot true. 
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The oonTerse of a theorem whose hypothesis is made np of flereraJ 
distinct hypotheses and whose conclusion is made up of several distinct 
conclusions is obtained by interchanging one of the conclusions and one 
of the hypotheses. For further explanation see note on Theorem 14 « 

QUESTIONS FOR EXAMINATION.—VH, 

X. Into what two parts can the enunciation of a theorem be divided T 

2. If the words on opposite sides of it were omitted, would the 
enunciation of Theorem 2 still hold good? 

3. Repeat Axiom 1 and show what use is made of it in the proof of 
Theorem 2. What other axiom is used ? 

4. When are two theorems said to be each the converse of the other ?* 

5. State the converse of the enunciation : — 

“ All birds have wings 

6. In the proof of Theorem 2 we assume that if two angles are equal 
their arms can be made to coincide. Prove this by superposition. 

Exercises. 

19. OA> OB, OC, OD meet at O. TheLs AOB, BOC, COD, DOA 
are all rt. L.s. Prove that OA is in the same st. line as OC and OB 
as OD. 

20. OA, OB, OC, OD meet at O. L AOB + L BOC =» L- COD 

H- 1 DOA. Prove that OC is in the same st. line as OA. 

21. OA, OB, OC, OD meet at O. |_ AOB ** LCOD and IBOC 
B I DOA. Prove that OC is in the same st. line as OA andX>B as 
OD. 

22. If the bisectors of 2 ad]. | s are to one another, prove that the 

adj, I ^s are formed by 2 st. lines meeting one another. 

23. At the pt. C in the st. line AB, 2 st. lines CD, CE on opp. sides 
of it make L DCA = I ECB. Prove that CD and CE are in the 
same St. line. (Punj. Fur. Schls. Mid.) 

* 24. AOB is an acute |. Prove that the bisectors of the acute 
AOB and of the reflex ADB are in one and the same st. Ihie. 

Def. 20 . Of the four angles formed by two intersecting at. 
lines those that are opposite one another are called vertically 
opposite angles. 
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Thus, in Fig. 63, c and fi are vertically opposite angles and so are 
y and S* 
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Thsobxm 3. 

(Euc. 1. 15.) 

Geo. Ennn. 1/ two straight lines inUrseet, the veriioalty apposite 
emgles <ure equdL 



Fza. 64. 

Part. Emm. Iiet the st. lines AB, CD intersect at £, forming the 
iLs a, ft y, 6. 

It is reqd, to prove that 

t a == vert opp. L y- 
/3 = vert. opp. L ^ 

Proof* *.* BE stands on CD, 

L_a + LL i3 = 2rt. Lj»* • • Th, 1. 

Again *.* CE stands on AB, 

• L3 + Lr=-2rt.Ls. . . Th. 1. 

•‘•L« + L-^=“L^ + L.y)i 

L a = L- y. 

Similarly L.^ == L 6 . q. b.i> 

QUESTIONS FOR EXAMINATION.—VUI. 

1 * Why do we know that two straight lines cannot intersect in more 
than one point ? (Ans. Because two straight lines cannot enclose a 
space.) 

2 , Define “ vertically opposite angles. 

3 . Repeat Axiom 11, and show what use is made of Axioia 11 in the 
proof of Theorem 8 . 

4 . Give the hypothesis and the conclusion in the enrnoiation, ** All 
men will die*’, 

C If two straight lines meet at a point, how many angles do they 
mc&e with one another ? (Ans. 2.) 

6 . From the defn. of a line prove that the intersection of two lines 
is a point or points. 

EsEcrcises. 

25 . How many degs. are there in the supplement of f of a rt. I 
(Ans. 126®.) 

26 . In Fig. 64 prove that I ^ = L S. 

27 . OA arid OB meet af U. OC” and OD are draton from O X ^ 

OA and OB respectively. Irove that | COD is either equal or sup- 

plementary to I AOB. 

28 . Two adiTl 8 are supplementary. How many degs. are there in 
the L foMied byliheir bisectors ? (Ans. 90®.) 

29 . The bisectors of vert. opp. | s cure tn one and the same st. Ime. 

♦ 3 a AB and CD intersect at E. EF is the bisector of \_^ AEC. 
Prove that FE produced will bisect the vert. opp. | DEB. 
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PABALLBIi STEAIGHT LINES. 

Def. 2x. Straight lines, in the same plane, whioh do not meet 
howevM: far they are produced in mthor direction, are said to be 
paralleL 

Note. — a straight line cuts two otlier straight lines, eight angles- 
are formed at the two points of intei'section, as in Fig. 65. Of 
these 

0t ri are called exterior angles, 
r, d, e, f are called interior angles 
y, € and ( are called alternate ancrles. 

^ ; A C » Vf ^ y are called corr^pouding angles. 

The cutting line is called a transversaL 



Fig. 65. 
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Theobsu 4.* 

(Euc. I. 27.) 

Gen. Hntm. When a straight line cuts two other straight lines, if 
a pazr oj alternate angles are equaX, then the two straight lines are 
parallel 



Pro. 66. 

Part. Enim. Let the st. line HF oat the two other «t. lines AB, 
CD la E, F respy. and make L. a = alt. L 

It is reqoL to prove that 

AB is I to CD. 

Coxist. If AB and CO are not \\, they will meet when produced 
either in one direction or in the odier. 

Suppose they meet at G when produced in the direction of A and 
C. 

Now imagine a copy, G'A'E^F'C' to be made of the fig. GAEFC 
on tracing paper, and this copy to be tamed round in its own plane 
and to take up a position so that E'F' may coincide with FE- 

Proofo *.• L A'E'F' « L. AEF = L « 

-- 1 ^ ^ ^ 

•*. E'A' will lie along FD. 

And L E'F'C' « L EFC 

= supplement of | . 

supplement of L. « • 

«LFEB . 

F'C' will lie along EB- 

Henee EB and FD when produced in the direction of 
will meet at G'. 

But, if this were so, we should have two st. lines enclosing a 
space, which wo know to be impossible- 

AB, CD cannot meet when produced in either direction. 

AB is II to CD. 

* The Proof of this Theot*^m is difficult for a beginner^ and may 
be omitted when reading the book for the first time. 


Hyp. 


Th. 1. 
Hyp. 
Th. 1. 


B and D 
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ON REDUCTIO AD ABSURDUM. 

It ia sometimes easier to prove that a statement cannot be untrue 
than to prove that it is true. And these two conclusions come to 
the same thing. For example, if we prove that two ^ven straight 
lines eannot be unequal, it is the same thing as proving that they 
are equal. A line of argument frequently used in geometry for 
proving the truth of a statement in this round-about manner is 
called the reductio ad absurdum (reducing to an absurdity). This 
method amounts to showing that if the statement whose truth we 
wish to prove is assumed to be untrue then impossible results must 
follow. It has been pointed out that the reauotio ad absurdum 
only shows that the stetement is true and not why it is true, and 
-so is less valuable than a direct proof. 

The reductio ad absurdum is used in the proof of Theorem 4 , 
iind is often useful in proving converse propositions. 

QUESTIONS FOB EXAMINATION.— IX. 

z. Repeat the defbiition of parallel straight lines and point out the 
necessity of the words **in the same plane 

2. Show by a diagram what you understand by “ two alternate 
a.ngle8 

3. What name is given to the method of proof employed in Theorem 
4 ? Why is it so called ? 

4. What falsa assumption led to the impossible conclusion in 
Theorem 4 ? 

5. Repeat Axiom 8. What use is made of Axiom 8 in the proof of 
Tiieorem 4 ? 

6. Enunciate the previous theorem that is employed in the proof of 
Theorem 4 . 

7. Prove by redtLcUo ad absurdum that two straight lines cannot 
have a common segment. 


Exercises. 

31. If all the Is of a filg. bounded by 4 st. lines are rt. [_b prove that 
Its opp. sides arefj. 

^ If ^st, Unes are to the same et, line they are || to one amothor. 
33. The bisectors of either pair of alt. |_b in Fig. 66 are ||. 

34* When a st. line cuts 2 other st. lines if a pair of ext. but non-adj. 
on opp. sides of the cutting line, are the 2 st. lines are [|. 

* 35, Prove that only one st, line can be drawn J. to a given at. line 
from a given pt. within it. 
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Thxorkm 5. 


(Euc. I. 28.) 

a straight line cuts two other straight lines^ if 
W ^ of correspoTiding angles are equals or 

W -A P<x^r oftnterior angles on the same aide of the cvUing 
41 . 41 . 4 <xre together equal to Vwo right angles^ 

then the two straight lines are parallel. 

Part. Enim. Let the st. line HF cut the 2 other at. lines AB, CI> 
and make (A) {_a « corresp. L 

2 ^ ^ L® A y OTi the same side of EK together »» 



^ , Fio. 67* 

It ts reqdU to prove that 


AB is II eo CO. 

Proof of (A) L a vert. opp. L ^ • • 

But La*" corresp. L ^ • • 

••• L^ = alt. L/5. 

AB is f| to CD • • * 


Proof of 


■ (B) L ^ + L y = 2 rt. L« • 

Also Ly + Li3-«2rt.LB • 

••Ld + Ly = l_y + L/5. 

‘ = aTt. ■ ■ 


L^ 

.% AB is II to CD 


L/5. 


rph.3^ 

Hjp. 


Th. 4. 

Q.X.]>. 

Th.!. 

Hyp. 


Th. A. 
Q.An. 


ON DIRBOTION AND SENSE. 

Straight lines that make equal angles with any line of reference^ 
as, for ezanqple, the four lines in Fig. 68, are said to have the same 



Fio. 68. 

direction. But these angles that determine the .directions of n se^ 
of straight lines are what we haTs called ** corresponding angles 
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■Hence it follows from Theorem 5 that lines having the same direc- 
iion are parallel. 

Any lino may be supposed to have been traced by a point moving? 
-from either extremity towards the other. We recognise tlus by 
saying that a line may be drawn in either of two opposite senses — 
•for instance, from right to left or from left to right. So, too, a 
number of parallel straight lines can be drawn all in the same sense 
•or some in one sense and some in another. 

Agaii^ a line rotating about an extremity may be supposed to 
■move either clockwise or counter-clockwise. We recognise this by 
■saying that a line rotating clockwise and a line rotating coimter- 
clockwise are rotating in opposite senses. 

Thus we can speak of two parallel straight lines or of two angles 
of rotation being ** equal in magnitude and opposite in sense,’’ or, 
briefly, “ equal and opposite ”. 

QUESTIONS FOR EXAMINATION.— X. 

X. Repeat the definition of parallel straight lines and point out the 
necessity of the words “ in either direction 

2. What axioms are employed in proving Theorem 5 ? 

3. How can the direction of a straight line be determined ? 

4. Why do we know that AB and CD in Fig. 67 are in the same 
•direction ? 

5. Prove that straight lines in the same direction are parallel to one 
another. 

6. In Fig. 67 show that AB can be made to lie along CD by two 
■equal rotations in opposite senses. 

7. Prove by Theorem 6 that parallel straight lines can be correctly 
•drawn by the aid of set-squares. 

Exercises. 

36. H ail the r a of a fig. bounded by 4 st. lines are rt. 1 s, prove by 
Theorem 6 in 2 omerent ways that its opp. sides are ||. 

37. When a st, line outs 2 other st, lines, if a pair of exterior | s on 
the same side of the cutting line are together =» 2 rt. Cs, then the 
•2 st, lines are ||. 

38. ^ Prove Theorem 5 in the same way as Theorem 4. 

Axiom 12 (Playfair’s Axiom). Two straight lines that intersect 
‘•one another cannot both he parallel to the same straight line. 

For example, PQ and PR cannot both be parallel to AB because they 
Intersect at P. ^ 



Fxo. 69. 
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Thbobem 6. 

(Euc. I. 29.) 

Gen, Hnun. If a straight line euts two parallel straight lines, 

(A) alternate angles are equal, 

(B) corresponding angles are equal, and 

(O) the interior angles on the same side of the cutting line are- 
together equal to two right angles. 



Fia. 70. 

Part. Bnun, Let the st. line EF cut the 2 (1 st. lines AB, CI> h>- 
G, H respy- 

It ts reqd. to prove that 

(A) L AGH = alt. L GHD, 

(B) L EGB ~ corresp. L GHD, and 

(O) int. I s BGH, GHD on the same side of EF together 

2 rU I 8. 

Proof of (A) n L AGH is not -= L GHD, 

Suppose GK to have been drawn making L KGH alt. (_ OHD^ 


KG is II to CD Th. i. 

But AG is II to CD ..... Byp. 
KG and AG are both |1 to CD . 

which is impossible ..... Playfair’s Axiom.- 

.*. 1 AGH cannot be unequal to L. GHD, 

that is, 1_ AGH = alt. L GHD. q.b.I).- 

Proof of (B) •.• L EGB ==» vert. opp. L AGH . . Th. 3. 

and L AGH = alt. L GHD . . . Th. 6 (a). 

1 EGB «» oorresp. | GHD. 

Proof of (O) ••• L BGH + L AGH = 2 rt. L.a . . Th. 1. 

and L AGH « alt. 1_ GHD . . . Th. 6 (a).- 

L BGH + L GHD = 2 rt. Ls. q.b.d. 


Cor. Two angles whose arms cure parallel and drawn in the same 
sense are equal. 
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QUESTIONS FOR EXAMUIATION.— XI. 

1. Wh&t false assumption is made in the proof of Theorem 6, and what 

impossible oonolusion is the result ? 

* 

2* Why is a redtictio ad ahsurdmn proof less valuable than a direct 
proof ? 

3. Prove that parallel straight lines have the same direction. 

4. In Fig. 70, assuming that parallel straight lines have the same 
-direction, prove that L AGH = L GHD. 

5. Prove as a corollary of Theorem 6 : “If a straight line cuts two 
other straight lines, so as to make the sum of the two interior angles on 
the same side of it less than two right angles, the two straight lines, if 
continually produced, will meet on that side on which are the angles 
whose sum is less than two right angles (Euclid’s Twelfth Axiom.) 

6. What different kinds of magnitude are treated of in Plane Geo- 
metry? 


Exercises, 

3a A fig. is bounded by A st, lines of which opp. pairs are Ij : prove 
that its A La are together =. A rt. L^- 

m If one of the A \_b in the fig. of Ex. 89 is a rt. L prove that all 
its Ls are rt. ]__b. (Calc. F. A. Exam.) 

4X« Prove that the opp. Ls hi the fig. of Ex. 89 are =: to one another. 

42. If AB is J_ to CD it is also JL lo all $t, lines || to CD. 

43. AB, CD are ±a to £F, GH respy. If EF is || to GH prove that 
AB is II to CD. 

44. The \ between 2 st, lines is =» or ewpiplerrimtary to the \ between 
2 others which are _Ls to them respy. 

45. If a st. line cuts 2 || st. lines, prove that the bisectors of alt. Ls 
are |j. 

*45. If a Bt. line outs 2 |[ st. lines, prove that the biseotors of the 4 int. 
|_s form a 4-8ided fig. whose opp. sides are || and whose L_s are all rt, 

*47. In the flig. of Ex. 89 prove that the bisectors of the Is a 4- 
sided fig. whose opp. sides are || and whose l_s are all rt. Y s. (Bom. 
Prev.) 

*48. Of 2 st. lines, if one is while the other is not 1. to a third st, line 
prove that these 2 st. lines cannot he ||. * 

- ^rfe, ^ 3 Lfi a A we together 
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Theobjbm 7. 

{ 3 BjUC« X* 30 *) 

Gen. E n u n, Straight lines which are parallel to the same straight 
line are parallel to one another. 

Part. Hnun. Liet the at. lines AB. CD be each | to the at. line 
EF. 



Pig. 71. 

It is reqd, to prove that 

AB is I to CD. 

Proof. If AB and CD are not they will intersect if produced 
far enough, and then two st. lines that intersect would &>th be | 
to the same st. line. 

But this is impossible .... Playfair’s Axiom. 

.-. AB and CD will not intersect, however far produced. 

AB is U to CD. Q.X.D. 

QUESTIONS EOB EXAMINATION.— XII. 

X. State the converse of Theorem 7 . 

2. Repeat Playfair’s Axiom. What use is made of it in the proof of 
Theorem 7 ? 

3. If two straight lines are each parallel to a third straight line that 
lies between them, deduce immediately from the definition of parallel 
straight lines that they are parallel to one another. 

4. What two kinds of surfaces are treated of in geometry ? 

g. What positive property has a geometrical point ? 

6. What do you understand hy the expression L AOB + L BOC — 
L. AOC? 

Exercises. 

50. If a st. line is [t to one of 2 n st. lines, it is Q to the other. 

51. If a st. line is not || to one of 2 U st. lines, it is not 11 to the other* 

52. AB and AC are each H to DE. Prove that AB and AC are in 
one and the same st. line. 

* 53. Prove Theorem 7 hy means of Theorems 4 and & (Euclid’s proof). 

^ 54. If 2 st. lines are not ||, prove that all st. lines cuttog them 
make alt. L_b which difiex by the same | . 
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BEOTIUjINBAIi PIQUBES.— EQUAIiITIBS. 
DKBTcaTioire. 

Def. 22. A triangle is a figure bounded by three straight lines. 



Pio. 72 . 

The aide of a triangle on 'whioh it may be supposed to stand is called 
its base and the opposite comer is then called its vertex. 

The line drawn perpendicular to the base from the vertex is called its 
he^ht or altitude. 

line joining a vertex to the middle point of the apposite side is 
called a median. 

Every triangle has three angles as well as three sides, or six parts 
altogether. It has also an area. 

Del 23. An equilateral triangle is one which has its three sides 
equal. 



Pia. 73 . 

Def* 24. An isosceles triangle is one which has two sides equal. 



Pie. 74 . 

Hence an equilateral triangle is also isosceles. 

The two equal sides of an isosceles triangle axe usually spoken of as 
its sides^ and the remaining side as its base. 
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Oef« 25* scalene triangle is one which has three unequal sides. 



Fig. 75. 

Def. 26. A right-sCng^led triangle is one which has s right angle. 



Pig. 76 . 

In a right-angled triangle the side which la opposite to the right 
angle is called its hypotenuse, and the other two sides its base and 
perpendicular. 

Def. 27. An obtuse-angled triangle is one which has an obtuse 
angle. 



Pig. 77. 

Def. 28* Aw acute-angled triangle is one which has thr^ aonte 
angles. 



PxG. 78. 
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Def. sg. A quadrilateral is a plane figure bounded by /our straight 
lines. 



Fia. 79. 


Def. 30. A polygon is a plane figure bounded by /our or more 
straight lines. 



Fio. 80. 


Hence a quadrilateral is a polygon. 

A five-sided polygon is called a ^peTitctgon* 


A six-sided 
A seven-sided 
An eight-sided 
A nine-sided 
A ten-sided 
An eleven-sided 
A twelve-sided 
A fifteen-sided 


„ hexagon, 

„ heptagon, 
an octagon, 
a nonagon, 

„ decagon, 
ojxmidecagon, 
a dodecagon, 
guindecagon. 


Def. 31. A convex polygon has each of its angles less than two 
right angles. 



Via, 81 . 

Def. 3a. A regular polygon has all its sides equal and all its analeo 
aqnal (see Def. 9 ). ^ 
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Fis. 82. 


Cfef. 33. The diag^onals of a polygon are straight lines Joining 
opposite comers. 



Fxo. 83* 


Note. If all the sides of a plane rectilineal figure are produced in 
the sense in which a point would move to trace out the figure, they 
are said to be produced in order. 



Fio. 84-. 

The angles formed by producing the sides of a plane reciflineal 
®®?«\wnSrmrtnS^”»“^“® rectilineal figure, those that 1^ 

angle d. 
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Thzorbm 8. 

(Euc. I. 32.) 

Gen. Rnnn. The mm of the angles of a fricmgte is equal to two 
right angles* 



Fxa. 85. 


Part. Eniin. Let ABC be a A- 
It is reqd. to prove that 

LA + LB + L-C-=2rfe.L.s- 


Const. Produce BC to D. 

Suppose CH to bare been drawn || to BA. 

Proof. *.* C£ is [| tofBA and AC cuts tberu, 

LA«.alt. L.ACE . . . Th. 6 (a). 


And CE is 


II to BA and BD outs them, 

L B « corresp. L ECD . . Th. 6 (b)- 

L. A + L B - U ACE + L BCD - L ACD. 
L.A + L.B + LC«L. ACD + L. ACB 

*» 2 rt. i a . . . Th. 

Q.B.D, 


Cof. I. Any two angles of a triangle are together less than two 
right angles. (Euc. L 17.) 

Cor. 2 . If two triangles have two angles of the one equal to two 
angles of the others their remaining angles are equal. 

Cor. 3 . If one side of a triangle is produced^ the eaterior angle 
so formed is equal to the sum of the two interior opposite angles- 
(Euc. I. 32.) 

Cor. 4 . If one side of a triangle is produced^ the exterior angle 
so form.pd is greater than either of the interior opposite angles. 
(Euc. I. 16.) 
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QUESTIONS FOB EXAMINATION.—XIII. 

1. Olassify triangles {i) with regard to their sides, (ii) with regard to 
their angles. 

2. What is a hypothetical* constraction? Is any use made of a 
hypothetical construction in the proof of Theorem 8 ? If so, where ? 

3. Suppose DAH to have been drawn parallel to the side BC of a 
triangle ABC, prove t,hat the three angles of the tnangle are equal to 
two right angles without any further construction- 

4. Illustrate the truth of Theorem 8 by turning down the comers of 
a triangular piece of paper so that they may meet at a point in one of 
the sides. 

5. A m an walks round and round a triangular course ABC. Draw a 
jliagram to show the three angles through which he turns. Can yon 
give any reason for supposing that the sum of these three angles is 
equal to four right angles ? 

6. If the sum of the three angles turned through by the man in question 
6 is equal to four right angles, prove that the* sum of the angles of the 
triangle ABC is equal to two right angles. 


Hscercises. 

55. Show that each \ of an equiang. ^ | rt. 

56. If 2 Li.s of a ^ are complementary, prove that the remaining \ 

is a rt. 1 

57, If 2 I B of a are together remaining | , prove that the ^ is 

rt. 1 d. 

58, Every Jcfc. [ ^d has 2 aoute j a and they are complementary. 

gj. K any 2 L«s of a are together ;> remaining | , the ^ is aoute 

60. State and prove the converse of Ex. 59 . 


61. One I ' of a is half each of the other two. Find its magnitude. 
( 36 °.) 

62. If 2 I a of a ^ are together -< remaining L, the is obtuse 

L_d. 

63. State and prove the converse of Ex. 62 . 

64. If 2 Is of a A 63 ® 11' 62 " and 81 ® 49 ' 28 " respectively, what 1 » 

the remaining | ? ( 34 ® 68' 46 ".) 

65. The 1 formed by the bisectors of any 2 | ^3 of a ^ is always an 

obtuse L. 

66. Tlie sitm of the of a guoM. = 4 rt. 1 s. (Bomb. Matrio.) 


67. At least 2 of the \ a of every are aoute. 

68. Two I s of a ^ are = one another and each is i remaining 

Find the 3 [^a. ( 45 ^ 45 ®, 90 °.) 

69. The 3 Is of a ^ are a, p, > a := 5 y, P = A y. ^Jlnd a, p, y« 
( 90 ^, 72 ®, 18 ®.Tr 

’70. The 4 1 s of a quadl. are a, p, y, 8. a sx 5 8» P ^ 4 S, v 2 S. 
Find a, p, y.T. ( 160 ®, 120 ®, 60 ®. 80 ®.) 

3 


4 
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7x» The beuse BC of a A ABC Is produced to D. BE and CE* 

bisTOtin^ the I ABC, ACD respy. meet at E. Prove that I BEC 

- iLBAC. 

72. If the sides of a A are produced in-order, two, at least, of the ext, 

1 so formed must be obtuse. 

73. If one side of a quadl. is produced, the ext. | so formed Is ^ 

the sum of any 2 of the int. opp. Ls. 

74. If one side of a A produced, is the ext. | > the int. adj. I ? 

Draw a dg. and give reasons for your answer. (Punj. Eur. ScETs. 
High.) 


75. Could the Is at the base of any A either obtuse or rt. L_8 ? 
Cive a reason. (Beng. Eur. Schls. Mid.) 

76. The bisector AD of thejf BAC of a A ABC meets the si de B C 
in D and BC is produced to ET Prove that I ABE + I ACE^ *2^ 

L. ade, 

77. If the opp. I 8 of a guadl, are =, the opp. sides are I). 

7& ABCD is a quadL, and the bisectors of the |_s A and B meet at 
E. Prove that LC + LD=: 2 LE. 

79. Prove that the sum of the L_s of a A ^ rt. Ls by joining the 
vertex to any pt. in the base. 

80. From any pt. in the base of a A JLa are drawn to the 2 sides of 
the A* Prove that the sum of the L® roade by the J,s with the base 
-• vert. L of A* (Punj. Mat,) 

8z. T?ie X drcvum from the rt. | of a rt. Id ^ to the opp, side 

divides the rt, \ d A into 2 As. such that th^ s^ the first taJcen in 
order are equal respy. to the \ s of the second, taken in ord^. ^ 

*83. The sides of a quadl. are produced in order. Prove that the 

biseotors of the 4 ext. L® ^c^rm another quadl. whose opp. | s are 

supplementaxy. 

* 83. The biseotors of the \_b B, C of a A ABC meet in D. Prove 
that 


LBDC - iL a 


90®. 


•84. In a AABC, IB + 126® and I B - I C - 74®. 

Find L A, LTB and (64r, 100®, 26®.) 


,.*85. Prove that if the sides of any A or^ produced beyond the base, and 

0te esGt. L® formed are bisected, me bisectors unit include an\ half 

the sum of the base angles. 


* 86. The base BC of a A ABC is produced both ways and the ext. 
Is so formed are biseotedT^ st, lines meeting at D. Prove that 

L BDC -h iLA - 90®. 

* 87. ABC is a A* ad, BE, CF are drawn within the A »o that 
I BAD « L. CBE^ L ACF. If AD, BE, CF do not meet in a 

prove that they form a A whose | ^s, taken in order, are equal 

respy. to the Jx® A ABC taken in order. 

* 88. If a trisector of an ext. I of a A i® ll a triseotor of an Int. I j 
prove that the other triseotor ofike eziT L II ^ triseotor of an int. 
f , (Bombay Previous.) 
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Theorem Ql 
(Euc. 1. 32, Cor.) 

Gen. Ennti. If the sides of a convex polygon are ^odueed in order 
the sum' of the angles so formed is equal to four right angles* 



Ft©. 86. 

Part. Enun- Let ABCD bo a convex polygon whose sides eta 
pxodueed m order so as to form the ext. L._s y, d. 

It is reqd. to prove that 

I <x 4 * I ^ + L* y L d = 4 rfc. I H* 

Const. Through any point O supi>ose the at. lines OE, OF, CG,, 
OH to have been drawn || to and in the same sense as AB, BC^ CD^ 
DA respy. 

Proof* Since OB, OF are drawn respy. jj to and m the same sense 
as the arms of the | a. 

EOF ft • . Th. 6, Cor. 

_ FOG, 

GOH, 

I HOE, 

_ _ _ _eof + L-FOG+lgoh + lhoe, 

=» 4 rt. 1 a . . . Th. 1, Cor. 2. 

Q.B.n. 

Cor. The sum of the interior angles of any convex polygon together 
with four right angles is equal to twice as many right angles as the 
polygon has sides. 

^oof. Produce the sides in order, then, 

AB int, L^s -h all ext. \_b ^ twice as many it, | ^s dSthe polygon 

has sides . Th. 1. 

*•, All int. Ls + 4 rfe. L-S ■■ twice aa many rt, L_s as the poWgon 
hassiM Th.9* 

Q.IB.D. 


Similarly 
1 a + | ^ + 1 y + 


'5 = 
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QUESTIONS FOB EXAMINATION.— XIV. 

t. Explain the following terms : vertex of a triangle, hypotenuse, 
diagonal. 

2 . Draw a diagram of a polygon that is» and another of a polygon that 
is not, convex. 

3 . What do you mean by producing the sides of a polygon in oi-deft f 

t . The sides of a polygon can be produced in order jSrst in one sense 
then in the opposite sense. Show that two di£Eerent sets of exterior 
angles are thus formed. 

5 . Illustrate the truth of Theorem 9 by rotation about the angular 
points of the polygon. 

6 . Prove the corollary of Theorem 9 for a polygon whether convex 
or not by joining one angular pomt to all the rest. 

Exercises, 

89 . Show that an ext. | of a reg, octagon s 45^. 

90 . How many degs. are there in each ext. of (1) a reg. pentagon, 
(2) a reg. nonagon ? (72°, 40°.) 

91 . Each ext. 1 of a reg. polygon = f of a rt. L_. Find the number 
of sides. (Madrafiniilatrio.) (10.) 

92 . Each ext. L- of a reg. polygon is half a degree. Find the number 
of sides. (720.) 

93 . How many degs, are there in the sum of the int. | s of a polygon 

of (1) 4 sides, (2) 7 sides ? (860°, 900°.) 

94 , If the sum of the int. | s of a polygon 12 rt. | s, how many 

sides has it ? ( 8 .) 

95 . Show that each I of a reg. polygon with 16 sides » of a rt. 
\ . (Punj. Eur. Sohls. High.) 

96 . How many degs. are there in each int. | of (1) a reg. hexagon, 
( 2 ) a reg. dodecagon ? (U. P. Eur. Sohls. Hight) (120°, 160°.) 

97 . If each int. J_ of an equiangular polygon is 150°, find the number 
of its sides. (Punj. Mat.) (12.) 

. 98 , Six of the int. | s of a reg. polygon 9 rt. | ^b. Find the number 

of sides. ( 8 .) 

99 . Could ( 1 ) reg. octagons, ( 2 ) reg. hexagons, be fitted together so as 
to form a perfect mosaic ? (No ; yes.) 

xoo. Prove that the sum of the int. [__b of a convex octagon is tJ^rce 
times the bv0ol of the ext. (^s. 

xoz> How many diagonals has (1) a pentagon, ( 2 ) a hexagon ? (6, 
102 . ^Bxaw a pentagon having all its [^s but not all its sides is* 

103 . Draw a pentagon having all its sides but not all its 
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I04« Kve of the Ls of a hexagon are 182®, 175®. 151®, 96®, 130®. Fii^d 
the remaining \^, (86®.) 

2n 4 

105. JBaoh of the Lj® of an equiangular polygon of n sides ss — — 

Lt* Enr* Sohla High.) 

106. Find the ratio of an { of a reg. octagon to an ( of a zeg. hexa- 

gon. (9 : 8.) 

107. How many sides has a con'^ex polygon whose ext. |^i taken hi 

order are together = sum of its int. Ls ? (4.) 

108. The sides of a reg. octagon are prodnced both ways till they meet. 
Show that eight rt. L® formed where they meet. 

lOQ.- A reg. polygon of more than 4 sides must have idl its ext. L* 
tbSuteV 

xxo. A reg. polygon of more than 4 sides must have all its int. L^ 
obtuse. 

*1X1. Can any r^. polygon have its ext- L® P) ^5®, (ii) 20®, {iii) 25® ? 

*izs^ Can any reg- polygon have its int. L® P) iSO®, (ii) 135®, (iii) 140® T 

*113. What reg. rect. figs., having the same number of sides, can be 
fitted together so as to make perfect mosaics ? 

If the sides of a convex polygon of n sid^ be produced both 
ways the sum of the L® between each alternate pair = 2 (n - 4) rt. L®- 
{Calo. F. E.) 

Def. 34. Figures which can he made by superposition to coincide 
er ft exa^ly are said to be congruent. 

Hence, by Axiom 9, congruent f gures are egucU in aZl respects ox 
identically eguod^ 

The only ultimate test of the identical e|g[uality of two figures is that 
they can he made to coincide by superposition. 

Of two congruent figures one is sometimes called the duplicate of the 
other. 

The sign ^ denotes the congruence of two figures, thus 
A ABC = A def 

xneans that the triangles ABC and DHF are equal in all respects, or 
all the parts of the triangle ABC are equal to all the parts of the triangle 
43EF, each to each. 

When all the angles of one figure are equal to all the angles of 
another figure, each to each, taken in order, we speak of the figures 
heir^ eqwangula/r. Thus two congruent triangles are equiangular. 
^Hotioe that we used the word equiangular ” in a difieorent sense on 
page 36. 

Def. 35« Three or more lines are said to be concmreat when they 
jpeet in the sanae point. 

Def. 36. Three or more points are said to be coilineftr when they 
lie on the same straight line. 
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Thsobsm 10. 

(Hue. L 4.) 

Gen. Enun. If two triangles have two sides of the one equal to two 
aides of the other ^ each to each^ and also the angles contained lyg 
those sides equals the triangles are congruent. 



ExOa 87 * 

Part. Enun. Let ABC, DEF be 2 having 
f AB = DE 

j AC = DF 

V contained |_ A ss dohtained L 
It is reqd, to prove that 

A ABC = A DEF. 

Proof. Apply A ABC to A DEF so that A falls on D and AB 
lies along DE. 

Then AB = DE Hyp. 

B falls on E. 

And •-•L.A*='LD . . . . ... Hyp- 

AC lies along DF. 

And •.• AC =» DF Hyp. 

C falls on F.' 

.'•A ABC coincides with A DEF. 

A ABC = A DEF. 

QUBSTIOlfTS FOB EXAMINATION.— XV. 

X. Define congruent figures. 

2. Bepeat the axiom by which we know that congruent figures are 
equal in all Respects. 

3 * Which of the aodoxns does the process of superposition involve 

4. If twQc figures are congruent must they be equal in area, and if 
they are equal in area must they be congruent f 
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5. Illustrate the two difierent xneaxungs o£ the term ** eqniangulu ” 
in geometry. 

6. Prove Theorem 10 by applying the triangle DHF to the triangle 
ABC in Pig. 87. 


Exer ci ses. 

Note. — When two triangles, which have to be proved oongruent, over- 
lap each other, it is advisable for beginners to make a separate i^etoh 
of each. ^ 

115. The line that bisects one of the Ls of an equilat. ^ divides the 
into 2 » parts. 

xz6. ABCD is a reg» guadL Prove that the diag^ AC bisects each of 
DAB, DCB. 

xzy. ABCD is a reg. quadl. Prove that the 2 diags. cure =. 

xx8. ABCD is a reg. quadh H, G are the mid. pta. of AB, BC* 
CD. Prove that EF * FG. 

XX9. In the fig. of Ex. 118 prove that AF « DF, 

Z3a In the fig. of Ex. 118 prove that BG » DF. 

X2X. The Ime that bisects the vert. of cm isos. ^ bisects the base and 

is X 

122. If the St* line joining the xnid. pt. of the base of a ^ to the 
vertex is _L to the base, prove that the ^ is isos. 

X23. AOB, COD are 2 diams. of the same 0. Prove that AC 
BD. 

124. A radius OC of a Q is J_ to a diam. AOB. Prove that AC ^ 
CB. 

X25. AOB, COD are 2 diams. of the same Q at rt. [_s to one 
another. Prove that AC ~ CB == BD =» DA. 

126. If the diags. of a guadl. bisect each other at rU [_j8, prove that 
quadl, is equilaU 

127. AB bisects CD at rt. j s. Prove that any pt. on AB is eqni- 
distant from C and D. 

128. Prove that the 2 diags. of a reg. pentagon drawn from any 
angular pt. are 

129. Prove that 8 of the diags. of a reg. hexagon form an equilat. 

130. PQ and RS bisect one another at T. Prove that the PST 
can be applied to the RTQ so as to coincide with it, 

igx. ABCD is a quad! AB = AD and the diag. AC bisects | BAD « 

Prove that CB *« CD and AC bisects | BCD* 

132. ABCD is a reg. quadl. If b parts AE, AF are cut ofi from 
AB, AD, prove that DE == BF. 

133. If 2 ^s are congruent, prove that the st. lines joining theix vexw 
tioes to the mid-pts. of their bases are 
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134. pt, on the bisector of the vert* \^ofcm isos* is equidistant 
from the eoatremiUes of the base* 

135. Two pts. P, Q are taken on the sides of a A equidistant from 
the vertex, and similarly 3 other pts, R, S. Prove that PS = RQ. 

136- ABC is an isos. A- sides AB, AC are produced to D, B 

BO that AD = AE, Prove that BE « CD. 

137. In the quadl. ABCD» if AD =» BC and L. DAB 5= L. CBA,. 
£»rove that DB = CA* 

138. Prove that any pt. in a diag. of a reg. quadl. is equidistant from 
2 angular pts., 

139. ABCD is a quadl. having AD =» BC and L ADC = L BCD.. 
If E is the mid. pt. of DC prove that AE = BE. 

140. On the » sides AB, AC of an isos. A ABC, 2 pts. D, E are' 
taken such that AD = AE. Prove that A ADC= A AEB. 

14Z. AB and CD bisect one another. Prove that AC is il to DB and 
AD is II to CB. 

142. ABC is a A* D, E are the mid. pts. of BC, BA. The ±,s at D^ 
E meet at F. Prove that FA « FB = FC. 

143. If the opp. sides of a quadl. are and also one pair of opp. | a,. 

prove that its opp. sides are ||. 

X44. If the from each of the angular pts. of a A upon the opp. side 
always bisects that side, prove that the A equilat, 

145. Prove that if one diag. of a quadL bisects the other at rt. 1 s it 

divides the quadl. into 2 As which are ss in all respects. (Mad. Matrio.^ • 

146. ABC is a A* BA, CA are produced to D, E so that AD *= AB 
and AE = AC* Prove that DE is || to BC. (Bomb. Matric.) 

147. ABC is a A- B, E are the mid, pts. of AB, AC. BE, CD are 
produced to F, G so that EF =; BE and DG CD. Prove that AG 
and AF are in one and the same st. line. (Bomb. Matrio.) 

148. If 2 As hanse 2 |s of the one = 2 Is of the other y.eacn u> each^ 
and also the sloes adj. ioThese Ls ^^proveTy superpos%tio 7 i that the As 
are conqm&nt. 

149. Prove that the Is at the base of cm isos. A supposing 

the bisector of the vert. to have been drcuum. 

150. ABCD, EFGH are 2 quadls. having AB = EF, BC = FG* " 
CD = GH, L ABC «= I EFG, I BCD = L.FGH. Prove by super! 
position that quadl. ABCD = quaali EFGH. 

^151. The st* Unes that join the extremities of « cmd || st. Unes toward^ 
the same parts are themselves » and ||. (Euo. I. 33.) 

*152. Prom P, any pt. within a rt. I AOB, PM is drawn ± to AO 
and produced to Q so that MQ Piy^lind PN is drawn X to BO and. 

P roduced to R so that NR « PN. Prove that QR passes through 0 >< 
80m. Previous.) 
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ThSOBJSK lli 

X» 20*) 

Gen. gfinw- If two triangles have two angles of the one eqwal ic two 
angles of the other^ each to each, and also one side of the one equal 
to the corresponding side of the other, the triangles are congruint^ 



Fig. 88.. 

Part. Enun, Let ABC, DEF be 2 As havmg 

r BC = EF 

iLB=LE 
Ilc = lf 

It is reqd, to prove that 

AABC=AI>EF. 

Proof. Apply A ABC to A DEF so tbat B falls on E and BC lies 
along RF« 

Then %• BC EF • • • « • « Eyxw 

C falls on F, 

and\*LB = LE .••••• Hyp. 
.*• BA lies along ED, 

and *•* I C I F • • • • • • Hyp. 

CA lies along FD, 

A falls on both HD and FD, 

•*. A falls on D the pt. of interseotion of ED and FD, 
A ABC coincides with A DEF, 

.% A ABC = A DEF. 

Note. If we are given | A ~ | D instead of L C » L F, 

then j B = I E and L A =» 1 D, 

L. C = F . . . . Th. 8, Oor. 2 . 

and the proof may be continued as before. 

QUESTIONS FOR BXAMINATION---aCVI. 

, 1. Prove Theorem 11 when BC is given equal to EF, &e B 

•qnaJ to the angle H, and the angle A eqnal to the an^p.^ D In Fig. 88. 

If a side and two angles of one triangle are eqnaJ to a idde and two 
angles of another triangle, show that the triangles need not be eqnal la 
ill respects. 

3. Deduce from Theorem 11 that a triangle is determined having 
given a side and the two adjacent angles. 

4. What seven separate statements are included in the expression 

A ABC = A DEF? 
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5. Pxov« Theorem 11 by redMcUo cudL absfurd/um, (Eaclid's prod) 

6. From the defin. of a surface prove that the intersection ot two surfaces 
Is a Ime or lines. 

Hxercdses. 

' *53i V bisector of an\of a ^ is also X ^ opp. side^ the ^ is 
isos. (Beng. Fur. Solus. Mid.) 

154. JRt, I d As housing an acute | of the one =» an acute | of the 

other y and oTso their hypotenuses n, cure equal in all respects, 

15s ^ Zi ABC ~ DEF, prove that the Xs from the vertex to the 
base of ea^ A * 

156. A ABC = A DEF. If the bisectors of the La A, D meet^ 
the oases in G, H respy., prove that AG » DH. 

157. PV is the bisector of an | QPR and SVT is drawn X ^ 

meeting PQ, PR in S, T respy. Prove that ^ PSV = PTV. 

158. Through R the mid. pi. of a st. line PQ any st. line is drawn 
ana X^ PS, QT are dropped upon it from P, Q : show that PS * QT. 
(U. P. Eur. Schls. Mid.) 

159. Through R the mid. pt. of a st. hne PQ any st, line is drcuwn 
which meets, in S, T respy., the lines PS, QX dravm X* to PQ at 
P, Q, Show that PS = QT. 

160. ABC is a A. BDE is drawn X ^ lbs bisector of the | A, 

meeting the bisectorin D and AC in E. Show that BD « DE. 

161. ABCD is a qusidl. The diag. AC bisects the | s A and C.. 

Prove that ADC = A ABC. 

162. In the fig. of Ex. 161 prove that AC bisects BD at rt. I a. 

163. If the opp. sides of a guadl, are || prove that they cure also ». 

If the opp. sides of a quadl. cure || prove that its diags, bisect one 
another, 

165. ABC is a A* Through A, B, C st. lines are drawn [| to BC,. 
CA,. AB respy., meeting one another in D, E, F. Prove that A, B, C 
are the mid. pts, of EF, FD, DE. 

xdd. A is a pt. on the near bank of an impassable river directly opp.. 



Fio. 89 . 

an object E on the far bank. AC is drawn X to AE and bisected at 
B. CD is drawn X to AC meeting EB produced at D. Prove that 
CD - AE. 
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167. To wh&t useful purpose can the construction in Bx« 166 be turned^ 
*z6S. AB and AC are 2 st. lines intersecting at A. D is tbe znid-pt: 
of a st. line terminated by AB and AC. Prove that D cannot be tne 
mid-pt. of any other st. line terminated by AB and AC. 

/169. In a if a Ji be drawn from one extremity of the bcae to the 
bisector of the vert. prove that (i) it wUL make with either of the sides 

contammg the vert. ] an I ■■ i 0/ L* » ^ make 

toith the base an\ » ^ a^ce. of the base t s, (CaicI P. B.) 

Def. 37. An ajds of ^mzuetry of a figure is a line about which the 
figure can be folded so t^t one half may coincide with the other half. 
A diameter is an axis of symmetry of a oiroia 
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Theokbm 12. 

(Buc. I- 5.) 

Gr0]i. Enun. Tf two Bides ot cl tTio/figlB cltc th^ ungl 68 \ 

opposite to these sides a/te eguaU 


F1&. 90. 

Part. Enun. Let ABC be a having 

AB « AC. 

It is read, to prove that 

LC-LB. 

Const. Suppose AD to have been drawn bisecting L. BAG, cutting 
BCin D. 

Proof. In the As ABD, ACD, 

{ AB — AC .... Hyp. 

AD is common to both As, 

L BAD * L_ CAD , . • Const. 

A abd ^ A acd . ^ . Th. lo; 
L, ^ ^ L— B. - 

Cor* 1. If the equal sides of an isosceles tricmgle are produced^ the 
angles on the other side of the hose will he equah 
Cor. a. The bisector of the vertical angle of an isosceles triangle 
bisects the base. 

Cor. 3. The bisector of the vertical angle of on isosceles triangle 
is perpendicukt^r to the base. 



QUESTIONS FOB EXAMINATION.— XVII. 

1. What do yon understand by an ” axis of symmetry ” of a figure ? 

2. Draw an axis of symmetry in (1) an isosceles triangle, (2) an etpxh 
lateral triangle, and say how mauv there are in each case. 
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3. Can you give a reaeou why only one straight line can be drawn to 
bisect a given angle ? 

4. Prove Theorem 12 by folding the triangle about the bisector of the 
vertical angle. 

5* Prove Theorem 12 by showing that the triangle itself and its own 
" trace ” reversed are congruent figures. 

6, Can you think of a curved surface on which it is possible to draw 
a straight line ? (Ans. Yes ; the surface of a round ruler ox of a oauadle 
extinguisher.) 


Hxercises. 

If a is equiZateral it is also eguiang^ulat. 

171. The from the vertex of an isos, j^tothe biise divides the /\ into 

2 = parts, 

172. The bisector of the vert. | of am isos. ^ divides the ^ irtto 2 ■■ 

parts. 

X73- The st. line joining the vertex to the mid. pt. of the base of cun isos* 
/\ abides the into 2 « parts. 

174. ABC is an isos. A. D, E, F are the mid. pts. of BC» CA» AB. 
Prove that DEF is an SS. 

175. The st lines joining the mid. pts. of the sides of an isos. to the 
app. ends of the base are (U. P. Bur. Sohls. High.) 

176. ABC is an isos. A* D, E are pts. on the base suoh that DBs 
EC. Prove that L ADE = L AED. 

177. How many degrees are there in each of the \ a of an isos. rt. 

LdA? ( 90 ^ 46 ^ 45 ".) 

178. ABC is an isos. A* produced both ways to D, 

E so that BD = CE, Prove that AD « AE. 

179. The ■= sides AB, AC of an isos. A ABC are produced beyond 
the vertex A* to E, F so that AE = AF. Prove that EC *= FB. (tJ. P* 
Eur. Schls. Mid.) 

180. ABC, DEF are 2 isos. A s, If vert. I A « vert. | D, prove 

that L r E and*L^ C *» L,. . (Bomb. Sohl. Pinal.) 

' 181. If a side of am %sos. A ^ produced beyond the vertex^ prove that 

the ext. I so formed is double either of the base Ls of the A* 

182. ABCD is an equilat. quadl. Prove that | A — 1 C and ® 

-LD. 

183. AB is a diam. of a Q and C is a pt. on the drctmfce. Frove 

that L ACB is u r^. I 

184. Prove that the st. line drawn [[ to the base of an igos* A through 

the vertex makes | ^s with the sides of the A* 
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185. Bqtdlet. DBG, EGA, FAB are described on the aides of an 
equilat. ^ ABG. Provo that DEF is an equilat. 

186. The dAaugs. of an eguilat, guaM^ bisect the | s through which they 

pass. 

x87. Oi^he diags. of an egwilat. guadl. bisect one another at rt. | s, 

x88. Pts. Q, R are taken on the aides AB, BG, GA of an equilat. 
y\ ABG, so that AP « BQ « CR. Prove that PQ « QR «■ RP. 

189- The 3 st. lines Joining the angular ^ts. of an eguilat. ^ to the mid. 
pts, of the opp, sides are b. 

X90. The st. lines Joining the xnid. pts, of the aides of an equilat. /\ 
are themselves the sides of an equilat. A. . 

191. ABG, DBG are 2 isos. As standing on the same base . RCj 
Prove that AD or AD produced bisects BG at rt. | ^s. (Mad. MatrioJ 

IQ2. The B sides AB, AG of an isos. ABG are produced to D, E 
so that AD B AE. If BE and CD intersect at F, prove that ^ BDF 
= ACEF. 

195. ABG is an isos. The bisector of the vert. I A meets 

the bisector of the base I B at D. Prove that CD bise^s the base 

L c. 

^ prove that AD produced will bisect 

Z95. On the same base and on the same side of it there oannot be 2 
isos. As having their vertices outside one another. 

*196. The B sides BA, CA of an isos. A BAG are produced 
beyond the vertex A to pts. E, F so that AE^ b AF ; FB, EC are 
joined and bisected at Prove that AIC b AE. (Calc. F. B. 

Bxam.) 

*197. Xf 2 As Tiave 2 sides of the one » 2 sides of the other ^ each to 
each, and the I s opp. to 2 equal sides b, the Is qpp, to the 2 other equal 
sides are either b or supplementary, ((jalo. PI A.) 

*198. If AC, the hypotenuse of a rt. Ld ABC, b 2 AB, prove that 
J BAG b 2 1 AGB. 

*199. An equilat. A A'B'C' has its angular pts. on the sides of another 
equilat. A ABC soTaiat A' falls on BC, B’ on CA, and C' on AB. 
Provo that the ^s B^AC% C^BA', A'CB are congruent. (Bomb, 
Prevloas.) 
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Tbeoebu 13. 

(Euc. I. 6.) 

Gen. Enun. If two angles of a triangle wre equals the eidee 
opposite to these angles are equaL 



Fia. 91. 


Part. Hnun. Let ABC be a ^ having 

L B « L c. 

It is reqd. to prove that 

AC « AB. 

Const. Suppose AD to have been drawn bisecting L BAC, eatting 
BC in D. 


Proof. In the As ABD, ACD. 

rL B - L C 
•ri LBAD - L. CAD 
V AD is* common 

AABD = A ACD 
AC “ AB. 


Hyp. 

Const. 

Th. 11. 


Q.E.X). 


QUESTIONS FOB EXAMINATION.— XVIH. 

1. What relation does Theorem 13 bear to Theorem ? Q-ive the 
enunciations of two other theorems related in the same way. 

2. Prove Theorem 18 by folding the triangle about the bisector of 
tihe vertical angle. 

3. Prove Theorem 18 by showing that the triangle itself and its own 
* trace *’ reversed are oongruent figures. 
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4. Prove Theorem 18 on the false assumption that AB is greater 
t&an AC. (Euclid*s proof.) 

5. What do you understand by a side or angle being common to two 
triangles ? 

6. Which of the axioms is an immediate inference from the definition 
•of a straight line ? 

Exercises. 

200. If a eqmcungular it is also eqidlateraZ. 

201. ABC is a A having LB « 2 L A. DB bisecting L B meets 
AC in D. Prove mat BD =» DA, 

202. If the bisectors of the base | s B and C of an isos. A ABC 

meet at O, prove that OB » OC* 

203. The sides of an isos. A ABC are produced and the bisectors 

of the I at the other side of the base BC meet at O. Prove that OB 

« OC. 

204. In the fig. of Bx. 202 prove that OA bisects | BAC. 

205. ABC Is a A* B are pts. in AC» AB respy. such that BD 

CE and L BBC =» L ECB. Prove that AB « AC. 

206. In the sides AB, AC of an isos. A ABC, 2 pts. D, E are taken 
such that DE is || to BC. Prove that AD « AE. 

207. The 2 sides of a being prodwedt if the [^s on the other s%de oj 
the base are prove that the A isos* 

208. State and prove a converse of Ex. 202. 

209. The side BC of a A ABC is produced to D. If the bisector of . 
L ACD is !1 to AB, prove that CA *=» CB. (Bomb. Matric.) 

210. BC is the base of an isos. A ABC. BP and CP are drawn X* 
to AB, AC respy. meeting at P. Prove that BP =* ClP. 

211. D is a pt. in the hypot* AC of a rL {_JL f\ ABC such that 
L DBA «■ L BAB. Prove that DA »» DB « DC. 

2x2, Prove that the hypoU AC of a rt. \d A ABC %s double the Une , 
joinmg B to the rmdpt. of AC. (Bom. ScEl, Fmal.) 

213. OC is the bisector of an L AO]^ and CD is drawn || to AO 
meeting OB in D. Prove that DO » DC. 

214. The sides AB, AC of an isos.- A ABC are produced to D, E 
respy. so that BD « CE. If BE, CD meet at F, prove that BF — 
CF. 

215. In the fig. of Ex. 214 prove that AF bisects L BAC. 

2x6. Two pts. D, E are taken on the sides AB, AC of an isos. A 
ABC so that BD » CE. If BE, CD meet at F, prove that BF » 
CF. 

217. In the fig. of Ex. 216 prove that AF bisects | BAC. 

2x8. In the fig. of Ex. 216 prove that AF produced bisects BC at rt« 

L.8. 

219. ABC ia a A having AB unequal to AC, 
eibsurdum that L ^BC is unequal to L ACB. • 


Prove by reduotiu> ad 
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M 20 , State and prove the convexse of Sbc. 219 . 

22Z« !I?he base BC of a ^ ABC is produced both ways to D and E, 
tf AD » AH and [_ BAD » CAE, prove that AB = AC. 

222. In a qnadL ABCD, if L. ^ prove that 

BA — BC. 

*223. ABC is an iso a_A. D is any pt, tahen in the side AC. ^e 
side AB is produced to £so that BE =s CD. Prove that BC bisects 
OH. 


*224. State and prove the 0<»iveise8 of Br. 221 « 

*22«» ABCD isa goadh havin<^L_A — • f ,, B and L_ C = L _ P* Prove 
that AD — BC. 

*226. ABCDl8aqaadL'haviztt|.A««f BandDC {|to AB. Prove 
that AD - BC. 

*227. ABC is an isos^A havingL B — 2 L A If BD 

biaectuig |_ B meets ACTm .D# prove that SD — BC. 

*22& D is fhe^mediPi, otthe hose BCof a A«ABC. If AT>bi 8 scts\ 
BACjprooe ABsA(!m ^ (Mad. hfateio^ 

*22^ Al^ 'CD are 2 st. 'HneS intersecting at D and the adj. |s so 
formed are bisected; if .through *any E m DC a st. line is 

•drawn 11 to AB meeting the bisectors in T and Z, show that XY — 
XZ« (Punj. Inter.) 

*^30. Ti one aonte at the base of a is donhle the other I at the 
base and a X is drawn from the vertex npon the base, show %at the 
difEce. between the pajrts into which the base is divided « the smaller 
side. (Bomb. Matrio.) 

*;^x. Pexpendicnlaxs AD and BE are drawn from the i_s of a A 
ABC to meet the opp. sides produced if neoessshry in D, E ; F is the 
mid. pt. of the side AB ; ^ve that FE = FD. (Calc. P. E.) 

*232. ABC is a A. D is the mid. pt. of BC and BE, CF are the Xs 
from B and C on CA AB. The X bo EF through H meets the line 
J^nlng F and D in G. Prove that FD — DG. ^ad. P. A) 
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Thborjsm 14. 

(Philo's proof of Euc. L 8.) 

Gen. Ennn. If two triangles have the three sides of the one equal 
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to the three sides of the other, each to each the triangles are eon^ 
gruenU 

Part. Enun. Let ABC. DEF be 2 having 

rAB « DE, 

\ac = DF, 

IbC *= EF. ‘ 

It is reqd. to prove that 

AABC = AI>EF. 

Const, Let BC be not less than either AB or AC. 

Now *.• EF = BC, . . - . . • - • 

A DEF can be placed so that EF coincides with BC and the 
pt. D falls on the side of BC opp. to A, 

Let G be the pt. on which D falls so that GBC is the new position 
of the A DEF. 

Join AG, 


Proof. 

and 


AB - DE . 

« GB . 

L.BAG-LBGA 
AC « DF . 

« GC . 

L. CAG - L CGA 
.% L. BAG + L CAG - L BGA + L CGA 

U bac * L bgc 

*LEDF 


Hyp. 
Const. 
Th. 12- 
Hyp. 
Const. 
Th. I2r 


Const. 
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Hence in the As ABC, D£F 
r AB « DB 
-J AC - DF 

^contained L. BAC — contained L BDF 

AABC = ADEF . . . . Tb. 10. 

O.B.P. 

Note I. The reason for the assumption that BC is not than 
either AB or AC is to ensure AG fallmg between B and C. If BC 
were less than either AB or AC we should have to place the A DEF 
eo that DE might coincide with AB or I>F with AC according as AB 
-er AC were not less thw either of the other two sides of the A ABC. 

Note 2. The enunciation of Theorem 14 is obtained interchaxig- 
ing one_of the hypotheses and one of the eonolosians in the ezxunola< 

Theorem 24. 

SypotTieses. 

AB = DE 
AC » DF 
BC « EF. 


tion of Theorem 10 , thus : — 
Theorem xo» 
Hypotheses^ 

AB « DE 
AC DF 
L bag « |_ EPF. 


Conclusions, 


Co7i elusions. 


BC - EF 
1_ ABC =• L_ DEF 
1 _ ACB •= L_ DFE 
A ABC - A DBF. 



L_ EPF 
L. DEF 
' 1 _ DFE 
■ A DEF. 


Hence Theorem 14 is a converse of Theorem lO. (See pi^e 49 .) 


QUESTIONS FOn EXAMINATION. — XIX. 

X. In Theorem 11 £F iu the figure is made to coincide with HC, 
because BC is not less than either AB or AC **. Is this condition 
neoessaiy ? .If so, why? 

2. Prove Theorem 11 when BCin the figure is less than AB and also 
less than AC. 

? . There are three separate hypotheses and four sepsLrate oonclusicns 
he enunciation of Theorem 11 . Btate them. 

4. What two other theorems have we proved dealing with the con- 
gruenoe of triangles ? Give the three separate hypoth^es and the four 
separate concluuons in each case. 

5. As far as you know at present what parts of a triangle being given 
enable you to determine the finangle in all respects ? 

6. Which of the axioms is an immediate inference from the definition 
of parallel straight lines ? 


Exercises. 

233. If the 3 aides of one A «■ the 8 sides of amo&iety the 8 

I a of the one ^ the 3 J s of the other ^ each to each, (Mad. Matiio.) 

234. Bquilat. A s pn « bases are congruent. 
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235. A, By C, D are pts. on the circumfce. of a Q whose centre Is 
If AB «= CD prove that AOB = ^ COD. 

256. Two 0s out one another at A and B. Ji their centres are C» D 
respy. prove that ^ CAD ~ CBD. 

237. A and B are pts. on the circumfce. of a 0 whose centre is O. 
If O is joined to C the mid. pt. of AB, prove that ^ AOC = ^ BOC. 

238. If the opp. sides of a guadl. are =, its opp. ( s cere also 

239. In a quadl. ABCD if AB =» AD and CB »» CD prove that 
diag. AC divides it into 2 a parts. 

A pt. D is taken inside an equilat. ^ ABC so that | DBC 

L DCB. Frove that DA bisects L__ BAC. 

241. PQRS is a quadl. in which PQ a SR and PR a SO- Prove 
that I QPS « L RSP, and, if QS, PR meet in O, PO « SO. 
(MadrMatno.) 

242. The diags. of a quadl. are « and its opp. sides are ||. Prove that- 

all its I s are-rt. Ls- 

243. ABC is an isos. A. BO, CO bisecting the base | s meet at O.- 

Prove that AO bisects the vert. | . 

244. On the same base AB and on the same side of it, 2 >\ s ABCr 
ABp are descd. having AC =» BD and BC » AD. If BCTand AD 
out in Hy prove that AH a BH. 

245. In the fig. of Ex. 244 prove that AHC S A BED. 

246. If the opp. sides of a quadl. cere » th&y are also [|. (U. P* Eurr 

Schls. L&d.) 

247. ABCD is a quadl. AB a CD, AD » BC, AC BD. Prove 
that LA»L-BaL.CaL.I>- 

248. BAC is an | . 'From centre A a Q is descd. cutting AB, AC at 

D, H From centres D, H 0s are descd. with «« radii, cutting^ 

one anoth^ in F. Prove that AF Insects | BAC. 

249. On the same base and on the same side of it there cannot be 2 
different equilat. A® constructed. (Bom. Soh. Final.) 

250. If A s lie on the same side of a common base, and have the sides 
terminating In one extremity of that base a, the other sides must be 
unequal. (Mad. Matno.) (Euo. I. 7 .) 

251. ABCD is a ‘^-sided' frame loosely jointed at the comers. A er 6 ss^ 
har AC will make the frame rigtd. Prove this. (Bom, Sohl. Final.) 

252 . If a A ABC 3b turned over about the side BC, prove that BC 
Is X to the St. line joining the >2 positions of A. 

253. ABCD is a 4 -sided fig. such that AB » AD and CB » CD- 
Prove that BD and AC cut ht rt. Ls.' (Beng, Eur. Schls. iMid.) 

254. If 2 0s cut one another^ th^ si, line jovning their centres bisects at 
rt. 1 S'the si. Ivnejoinirig their ' pts. of intersection. 

255. Four pts. A, B, C, D are so situated that AC « BC and AD 
a BD. Prove that CD or CD, produced bisects AB. 
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3^. ABCD is an eqnilat. q.uadl. Prove tliat any pfc. on BD is 
equidistant from A and C. 

257. State and prove a converse of Ex. 256. 

2^ ABCD is an equilat. quadl. AC is bisected at O. If O is joined 
to the angular pts. B and prove that OB and CD are in one stndght 
line. (Bomb. Matrio.) 

259. Four pts. are taken in a plane such that the distance between 
any two is equal to the distance between the other two ; find the fonn 
o£ the quadl. obtained by joining the 4 pts. (Bomb. Matrio.) 

♦26a .The $ JL« drmon from the rmd,pts* ofiheMee of a ^ are 
currmt, (Punj. Interm.) 

*261. Om O eamot cut cmo&ier m more 

*262. The d JLe drawn from Hhs verUcea of a j^io Wte 0$$^ Mea arm 
tofiwwrent* 

This point of oonourrenoe is called the orB&ocei^reof the f\m 

*263. ABC is an isos. A* The line AD bisecting the base BC ia 
produced to £ and DEms^e equal to AD. E is joiiM to the raid. 
of AB and AC by lines cutting BC in P and 0« Prove that AFEG ia 
an equilat. quadl. (Punj. Hat.) 

*264. In the equal sides AB, AC of an isos. A ABC, 2 pis. X, Y are 
taken so that AX » AY, and CX, BY are drawn intersecting at O. 
Prove that AO bisects the vert. BAC> and also bisects the base at 
rt. La. (Punj, Inter.) 



OF OEOMBTBT 


THBOJtXOf 15* 

Gen. Enim. Tf two right-angled Mangles have their hypotenuses 
equals and one side of the one equal to one side of the other^ the 
triangles are congruent 



C 



Part. Hntm. Let ABC» DBF be 2 rt. I d /\s having 
i hypot. AC =» hypot. DF. 

\ AB = DE. 

It is reqd. to prove that ABC S A OEF. 

Const DH » AB. 

DEF can be placed so that D£ coincides with 


Proofs 


the F falls on the side of AB opp. to C. 
Let G oe the pt on which F falls so that ABG is 

E osition of the DEF. 

.8 ABC, ABG (** DBF) are rt. L-S 
a*. CrISOI IS a st. line • • • • 

••• AG -■ DF 

<AC 

•% L. ACG ■■ L. AGC • • • • • 

- L dfe . ... 

Hence in the As ABC, DEF 

rL. • • • • 

^[IC-L.F 

I AC - DF 

A ABC s A I>EF 


QUESTIONS FOB EXAMINATION.--.XX. 


t AB and 

} the new 

^p- 
Th. 2. 

CtHlst. 

Hyp. 

Th. 12. 

Oonst. 

SP" ^ 

Proved. 
Hyp. 
Th. 11. 

Q.S.B 


I, In what five caBes does it follow that two triangles axe oongment 
beorase three parts of one triangle are equal rospaotivaly to three pe^ 
of the other? 
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2. In what two cases does it not follow that two tiiangles are eon^eat 
because three parts of one triangle are equal lespectiTelT to three parte 
of the other? 

3. Prove that the sum and difference of two geometrical magrdtadea 
are together double the greater. 

^ Draw diagrams to illustrate adjacent angles, reflex angle, ex- 
terior angle. 

5, What name is given to the process of reasoning by which we prove 
a proposition in geometry? 

6 . What do you mean by saying that two angles are “ eqmd and 
opposite ” ? 

Exerdses. 

265. A, B ore 2 pfs. on the eircumfee. 0/ a 0 whose centre tsO. Prove 
Oiatthe ± from 0 on AB divides AB into 2 tapcarts. 

266. BD, CE are drawn to the sides AC, AB of a ^ ABC. li 
BD a CE, prove that AB AC 

267. A, B, C, D are 4 pts. on the ciicumfce. of a 0 whose centre is 0 . 
If the Xs OP, OQ troin 0 on AB, CD respy. are » , prove that AB** CD. 

268. In the fig. of Ex. 267 , if AB a CD prove that OP « OQ. 

269. DE, DF are drawn X^ the sides AC, AB of a ^ ABC from 
the mid. pt. of the base. If DE = DF prove that AB = AC. 

270. The ± from the 'leftex to the base of m isos, ^dwides the ^into 
2 - parte. 

271. If i ^s have 2 sides of the one = 2 sides of the other ^ each to eaoh, 
and their heights prove that they are => in all respects. 

*272. The bisectors of the 3 mtemal \_jofa^ are concurrenL 

*273. The bisectors of 2 external \_jof a ^ and the Hseetor of the 3rd 
interned L ore conevnent. 

*274. The hmetors of the mtemal [_3 of areg. polygon are conament, 

*275. The Xs at the mid. pis. of the sides of a reg. polygon are con- 
ewrmi. 
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Theobsm 16, 

(Euo. L 18.) 

Gen. Enun. If two sides of a triangle are unequal^ the greater 
side has the greater angle opposite to iU 



Fid. 94. 


Part. Enun. Let ABC be a having 

AB > AC. 

It is reqdu to prove that 

L ACB>L. ABC. 
Const. From AB out off AD — AC. 

Join CD, 

Proof. •.* AD = AC . . • • . 

.\LADC-L.ACD. 
but ext. L ADC > int. op^ L ABC 
.-. L ACD>U ABC 
butL- ACB>L ACD 
.-. L. ACB>L ABC 


• Const. 
Th. 12 . 
Th. 8 , Cor. 4, 


Q.E.n. . 


QUESTIONS FOR EXAMINATION.— XXI. 


X. Compare the enunciations of Theorem 16 and Theorem 12 and 
«how, by altering the wording, that one is an extension of the other, 

2 . By which of the postulates are we able to out ofi from the greater 
of two given straight lines a part equal to the less ? 

3 . Prove Theorem 16 by bisecting IB AC in figure 94 by a straight 
line A£ meeting BC in E and joiningED. 

t Prove Theorem 16 by describing a circle with A (in fig. 94) as centre 
ACf the shorter side, as radius, cutting BC or BC produced in D 
and joirung AD. 

5 * Prove Theorem 16 by producing the shorter side AC ^ fig. 94) to 
D and cutting ofi AD » AB and joining BD. 

6 . What do you understand by coTictfrrent ImeSt the mediam of a 
irumgle^ the height of a triangle t 
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Exercises. 

276. If ths L« at the has» 0/ a A iJis A « ^000 

indirectly by using Theorem 16. 

277. ABC is a A* If AC < AB prove that L ABC is aonte. 

2^ The greatest side of any A ^ tJie greatest L ogiP* ♦f* 

279. ABCD is a qtiadl. having AB ■= A0 bnt BC < DC. Prove 
that LABOL ADC. 

280. ABCD is a quadl. whose opp. sides are ||. If AB > BC, prove 
that AC lies between DC and the bisector of BCD. 

281. ABCD is a quadl. of which AD is the longest side and BC the 
shortest. Show that I ABC > 1 ADC and L BCD > 1 BAD. 
(XT, P. Eur. Schls. MidlJ 

282. The base of an isos. A ^ ^ == sides. Prove that 

vert. L > 60^ 

283. Prove that L A of a AABC is an acute I , a rt. L or an obtuse 
L according as the median A& ■» or •< i BCT 

*284. ABCD is a quadh in which L ABC *= L- BCD, but CD >-AB, 
Prove that L BAD > L, ADC. 

*285. If the vert, L- o/a A ^ contamed by tmegual sides, the st line 
joining it to the mid, pt, cf the base shaU faU between the longer side and 
the st line that bisects the (Bomb. Previous.) 

*286. The base of a A whose sides are unequal is divided into 2 parts 
bj a fit. line bisecting ^ vert. I • Prove that the greater part is ad- 
jacent to the greater side. (Bomb. Matrio.) 
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Thtsobbm 17. 

(Euo. I. 190 

Gen. Enun. If two angles of a triangle are wnequal^ the greater 
angle has the greater side opposite to it. 

Part. Ennn, Let ABC be a A having 

LC>LB. 

It is reqd. to prove that 

AB> AC. 



Fza. 96. 


Pcoof. If AB is not > AC 

either (i) AB = AC 
or (ii) AB -< AC. 

But if AB = AC 

then L_ C = L B Th. 12 . 

which is impossible B.yp. 

AndifAB<AC 

then L C < L B Th. 16. 

which is impossible . . . Hyp, 

AB must be > AC. Q.B.n. 

Note. In Theorem 17 use is made of what is known as the proof 
by exhaustion. It depends upon the principle that when one of 
several mutually exclusive suppositions must be true, and all thes^ 
suppositions are proved false except one, that remaining supposition 
must be true. 


QUESTIONS FOR EXAMINATION.— XXII. 

I. Is Theorem 17 the converse of Theorem 16 ? If so, why ? 
a. What method of proof is used in Theorem 17 ? Uesoribe it. 

3 . Enunciate a Theorem that we have already proved of which 
Theorem 17 may be regarded as an extension 



BBOTH^INBAIi FiatJBBa — ^lOTIQTJAIiITIBS 


&1 


4. In fig. 94 fliaw CD making L BCD «i^C-L.B)on the 
same side of BC as A and then give a direct proofof Theorem 17. 

5. Deduce the equality of straight angles from Ax. 11« 

6. ProTe Theorem 8 by the method of rotation. 

Exercises. 

287. In an obtuse Ld ^ the greatest dde is opp. the obtuse L* 

288. In a rt. Ld the hypot. is the greatest side. 

289. From the vertex A of a A ABC a X is drawn meeting the base 
or base produced in D« Prove mat BD ^ BA and. CD ^ CA. Hence^ 

290. Prove that 2 sidss of a A are together "> the Brd 

291. The greatest L of any A ^ ^ greatest side qgp, to iU 

292. The bisectors of the base la B, C of a ABC meet at D* If 
AB > AC prove that DB > DCT* 

293. The base BC of an isos. A ABC is produced to any pt. D. 
Prove that AD > AB. 

294. Prove that either eids of an isos^ A ^ drawn frofn Hfu 

vertex to aavypL in the hose. 

295. Prove that the greater side of a scalene A > the at. line dzavm 
from the vertex to wiy pt. in the base. (Bomb. Matiio.) 

296. O is a pt. within the A ABC such that OC ■■ AC. Prove 
thatBC>AC. 

297. Not more than 2 ■« sf. lines can he dra/wn from oigivenpt* to a 
given st, Une* 

298. ABC is a A which BC is not < either AB or AC. Prove 
that the foot of the X fwm A on BC lies between B and C. 

299. The bisector of the L-^ ofe,^ ABC meets BC in D. Prove 
that AB > BD and AC >CD. 

^3oa ABC is a A obtuse L^ ^ ^ ^ 

tespy. Prove that BC > DE. 

♦301. ABC is a A- bisectors of the ert. L« ® ^ moetf 

at D. If AB < AQ that BD > CD. 

*302. The iw sides AB, AC of an isos. A produced to D, B respy. 

BC and DE are produced to meet at F. jProve that AD AH. 

*303. A, B. C are pts. taken in order on the oiroumfoe. of a sconi- 
oirole. Prove that A^ AB and AC BC. 

*304. The ride BA of a A ABC is pioduced to D and *he I • 
CAD. CBA are bisected by st, lines meeting in E* BE outs AC m 
F. Prove tha>t EF > AF. (Oal. F. E.) 

*305. In a rt. L^ A joining the rt. L any pt. («oept the 

mid. pt.) of the nypot* > one part of the hypot. and < the othex« 
(Oalo. Mat.,) 
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Teeob^ 18. 

(Euo. I. 20.) 

Gen. Enun. Any two sides of a triangle are together greater than 
ihe third side^ 



Fia. 96. 


iPart Enun. Let ABC be a A* 


It is reqd. to prove that 

any two sides are together >• the third side. 

Const. Produce BA to D. 

From AD out off AE ** AC. 

Join CE. 


Proof! AC *“ AE 

.% LAEC - L ACE. 

But L BCE > L_ ACE. 

LBCE>LAEa 

>LBEC. 

• BE> BC 

But BE = BA + AE = BA + AC 
BA + AOBC. 
(Similarly it may be proved that 
AB + BC> AC, 

AC + CB > AB, 

Cor. The difference of any two sides of a 
the third side. 


« • Const, 

• • Th. 12. 

• • Th. 17. 

• • Const. 


Q,x.x>. 

triangle is less than 


QUESTIONS FOB EXAMINATION.— XXHL 
s. In Big, 96 prove that AB ^ BC > AC. 

a. Is it possible to construct a triangle whose sides xneasnre T lii«» 8 
Ui«» 16 in. respectively ? Give a reason for your answer. 
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^ From which of the definltioziB may Theorem 18 be regarded as an 
Immediate inferenoe? 

4* Oan any two amglaa at a txian^^e be together greater than the 
Ihiid ? Give examples. 

g. Prove Theorem 18 by drawing the bisector of an angle of a triangle 
>0 meet the opposite side and using Theorem 8, Cot, 4, and Theorem 17. 
6« Draw two straight lines equal in magnitude but opposite in sense* 


Hxrercises. 

306. An/y S sides of a duadh are together > the Ath side. (Beng. Bur* 
Sohls. Mid.) 

joy. ABC is a ^ and D is any pt. in AC. Prove that AC + BC > 
AID H- BD. 

308. Prove that perim. of pentagon ABCDH perim, of ^ ABD. 

309. The pentagon PQRST has its vertices on the sides of anoliher 
pentagon ABCD]& Prove that perim. of pentagon PQRST <; penm. 
of pentagon ABCDH. 

310. Either side of an isos. > half the base. 

3x1. ABC is a D, E are pts. on AB, AC respy. Prove that 
perim. of ^ ABC > perim. of quad! BDHC. 

3x2. Two opp. sides of a quadl. are together < sum of the diags. 

3x3. O is awy pt. inside a A ABC. Prove that OA + OB + OC > 
i (AB + BC + CA). (AhahTlMat.) 

314. O is any pt. inside a hexagon ABCDEF. Prove that OA + 
OB + OC-f OD + OE-hOF> i (AB+BC+CD + DE+EF+FA). 

315, The perim. of a guadl. > the sum of the diags."^ 

3x6. The sum of the 4 st. lines drawn from a gitren pt, to the vertices 
of any quad!. > the sum of the diags. of the quadl. Prove this and 
mention the exceptional case. (Punj. Inter.) 

317. No st. line oan be drawn in a © > a diam. 

3x8. The diags. of a quadl. are together > half the perimeter. 

^ 319. E is a pt. on the side AB of an isos, A ABC and D is the mid. 
t, of the base. Prove that the diffce. between DE and DB < difPce. 
etween AC and AE. 

* *320. Inside a A ABC a pt. O is taken. Prove that AB + AC > 
OB 4* OC. (Euo. I. 21.) 

*321. Inside a Q apLp is takem. Of all st. Imes that can he dravyrs 
to the circmnfce. from P, jffee greatest is that whkih passes through the 
centre. 

*322. Inside aQ a ^ F is tciken. Of all st.^Tmes that can he drators 
to thecircumfce. from F, the least is that which^ when gproducedf passes 
through the centu^. 

*323. Outside a Q a pt. P is taken. Of aM st. lines that can he drawn 
to tM eireumfce. from P, the e^eateat is that which passes through the 
ssntre^ 
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• *324* Outsids a 0 a pL P is taken. Of all sL Unes that can be drawn 
to the circumfce, from P, the least is that wJnch^ when produced^ pastes 
through the centre, 

*325. O is any pt. within a ^ ABC. Profoe that AB -H BC + CA > 
OA + OB 4* OC. (Allah. Mat.) 

*326. In awu /\ ABC. AB 4- AC *!> tnmce the median AD. (Calc. Mat.) 

*327. In any ^ the mm of the medians < the perim, (Bomb. Prev.> 

*328. O is any pt. within an equilat. ^ ABC. Of the 8 st. lines OAt 
OB» OC prove that any 2 are together >> the 8rd. 

*329. If one can be placed inside another^ prove that it must have 
a smaller perimeter, 

*330. In any ^ the perim, < Ujoice the sum of the medians, 

*331. In the A ABC, AB > AC and H is a pt. on the bisector of I 
A. J^ove that AB - AC > EB - EC. 

*332. E is a pt. on the biseotor of the ext. I at A of a A ABC. 
Prove that EB 4 - EC> AB 4- AC. 


Tbbobsh 19 . 

(Euo. L 24 .) 

Gen. Enun. If two triangles have two sides of the one equal to two 
sides of the other, each to each, but the contained angles unequal^ 
then the base of that which has the greater contained angle is greater 
than the base of the other. 

Part. Emm. Let ABC, DEF be 2 having 

{ AB « DE 
AC - DF 

contained L. BAC > contained L EOF.' 

/( is reqd, to prove that 

base BC > bcbse EF. 



Case I. — ^Fio^ 9 Ti 
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Case II. — Fia. 98. 

Const. Apply ^ ABC to DBF so tliat A falls on D and AB 
lies idox!^ DH. 

Then AB »= DE Hyp. 

B falls on H, 

and %• L. BAC >- L- EBP . . . • . Hyp. 

AC fa5ls outside \ EDF. 

Xiet G be the pt. on which C falls so that DEG is the new 
position of A. ABC. 

Suppose DH to have been drawn bisecting L FDG cutting 
EG in H. 

Join FH. 

Proof. Case I. Suppose F is In the st. line EG* 

Then EG > EF 
t.e., BC > EF* 

Case XI* Suppose F is not in the st. line EG* 

In the As DHF, DHG 


( DF « DG 

. Hyp. 

%• < DH is common. 


( L fdh * L gdh . 

* Const. 

HF « HG 

* Th. 10. 

Now in A EFH 


EH + HF > EF 

• Th. 18. 

i*e«» EH + HG^ EF 


i,e*f BC > EF. 



QUESTIONS FOB EXAMINATION.— XXIV. 

1 . In figure 98 suppose AC ^ AB and prove the proposition. 

а. What hypothetical construction is employed in Theorem 19 and 
which of the postulates? 

^ What theorem have we already proved which is a particular case 
ofTheowm 19? 

4 . How could yon illustrate the truth of Theorem 19 with a pair of 
compasses ? 

5 ; How many parts has every triangle and what are they? 

б . Prove that straight lines in the same direction make equal angles 
with every line that outs them* 
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Exercises. 

333, A, B, C ore pts. on the oiicuntfce. of a Q whose- centre is O, 
If C/AOB > L BOC prdve that AB > BC. 

334. A, B, C, D are pts* on tb.e clroumfce. of a 0 'whose centre is Or 
If L AOB > L COD prove that AB >• CD. 

33C. AD is a median of the ^ ABC, and L ADB < a rt. Prove 
that AC>AB* 

336., At C the mid. pt; of AB a st. line CD is drawn so that L_ 
ACD is an obtuse L. Prove that AD >• BD/ ' 

337. PQRS is a quadl. having PS = QR and L PSR >• L 
Prove that PR > QS. 

*338. AB is a diam. of a 0. Of all other st, lines that cm he dra/wn 
frtm A to pts, cm the cvrcimfce, of the 0, those which make smaller angles 
with AB > those which make greater angles, ' ' - ' - ’ 

* 339 - AB is a diam. of a Q whose centre is O and 'P is apt. on AB 
between A and 0 , Of all oilier st. lines that can be drawn from P to pis. 
an th 6 ckrcfwmfce. of the 0 those which make smaller mgles with PB > 
those which make greater angles. 

*340. ABCD is a quadl. whose opp. sides are || and ABC is obtuse. 
Prove that AC > BD. 

*341. D, E are pts. taken respy. in the sides ABi AC of a '£i ABC 
so that BD CE. If AB > AC prove that BE > DC, 

*342. ABC is a A whose sides AB, AC ate produced to D, E respy 
sothatBD-CE. If AC> AB prove that BE > DC. 



BBCTIIiIKEAX* FIGTJBSS. — ^IHEQUAi^ixxjao 


Thsorsh 20* 

(Euo. 1. 25.) 

Gen. Emm* jTjT triangles have two sides of the one equal to 
iufo sides of the other^ eaeh to ecuih, hut the hoses unequal^ then the 
angle contamed by the sides of that which has the greater beue is 
greater than the angle contained by the sides of the other. 

Part. Enmi. Let ABQ DBF be 2 As hayiziir 
e AB - DE 

\ AC « DF 

Ibaae BC > base £F. 

It is reqd. to prove that 

contained L BAC > contained L EDF. 



Era. 99 . 


Proof. If L. bag is not > EDF 

either (i)L. BAC -L EDF 
or(ii)L.BAC<L.EDF. 
But if L BAC -L. EDF 

then BC «* EF - • • 

which is impossible. 


And if L BAC<L EDF 

then BC ^ EF ^ ^ 

which is impossible 
,, LBACnwM* be>L.EDF. 


4 


Th. 10 . 
Hyp. 

Hi. 1 ». 
Hyp. 


5 
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ELEMENTS OF OEOMETBY 


QUESTIONS FOR EXAMINATION.— XXV. 


X. What resamblanoe is there between the method of proof ased In 
Theorem 20 and that used in Theorem 17 ? 

Z What relation is there between Theorem 20 and Theorem 19 ? 
Enunciate other theorems that we have proved bearing the same 
relation to one another. 

% What theorem have we already proved which is a particular case 
of Theorem 20 ? 

4. How could you illustrate the truth of Theorem 20 with a pair of 
compasses ? 

5 . How can a finite stxaight line be bisected by folding ? 

6. How long will it take the minute hand of a clock to turn through 
(i) 84”, (ii) 168”. (iii) 824”? (Ans. (i) 14 mins., (ii) 28 mins., (Ui) 64 
silxta.) 

Exercises. 


343. A, B, C are pts. on the oiroumfoe. of a 0 whose centra is 0. 
If AB > BC, prove that L_ AOB > L_ BOC. 

344. A, B, C, D are pts. on the (nroumfoe. of a 0 whose centre is 0. 
If AB > CD, prove that [_ AOB > \__ COD. 

345. PQRS is a quadl. having PS >■ QR and PR > QS. Prove 
that [_ PSR > L QRS. 

346. PQRS is a quadl. having PS >■ QR and PQ < RS. Prove 
thatl_PSQ<LSQR 

347. AD is a median of the A ABC and AC > AB. Prove that 
LADB<art.L. (Oalo.F.B0 

^^8. In the fig. of Ex. 347 If E is any pt. in AD prove that CB > 


*349. D, E are pts. taken respy. in the sides AB, AC of a A ABC 
eo thart BD - Ca If BE > CD prove that AB > AC. 

”3Sa ABC is a A whose sides AB, AC axe produced to D, E respy, 
so uat BD •= Ca If BE > DC prove that AC > AB. 

*351. PQRS is a quadl. having PS • QR and PSR > I QRS 

Prove that L PQR > L QPS. 

*3SZ ABC is an isos. A whose vertex is A and D is any pt. within 
II. DCB>DBC, prove that ^ BAD >1^ CAD. 



BBOTlIilNBAIi FiaXTBBS. — INBQtJAXiXTIBS 


Wf 


Thbo&em 21. 

Ennn. Of oM the straight lines that ean he dswm to a ^ven 
straight line from a given point outside il^ the perpendiouUvr is Idis 
shortest^ 



Fia. 100. 

Part. H&un. Let AB be a given st. line^ O a given pt. outside it, 
OP the JL from O to AB and OQ any other st. line meeting AB in 

Q- 

It is reqd, to %yrove that 

OP<OQ. 

Proot ••• L OPQ ■■ 1 rt. L 


And L OPQ + L OQP < 2 rt. L-S 
' <; 1 rfe- L- 


Hyp. 

_ Th. S, Oor. 1. 

L OQP _ 

.•.L.OQP<LOPQ. 

OP < OQ . . • . Th. 17 . 

Q.B.n. 

Def. 38. The distance of a point from a straight line is the per- 
pendicular from the point on to the line. 


QUESTIONS FOR EXAMINATION.— XXVI. 

r. Define the distance of a point from a straight line and ezplado 
why the distance of a point from a straight line is fixed and constant. 

- 2. Gan a straight line be equidistant &om two or more points lying 
on the same side of it ? 

3. Give an example of a point equidistant from six straight lines. 

4. Give an example of a moving point tracing out a line. (Ans. The 
centre of a wheel refiling along a ro^.) 

5. Give an example of a moving line tracing out a surface. (Ans. 
The length of a swinging pendulum.) 

6. Give an example of a moving surface tracing out a solid. (Ans. 
The top surface of a pair of bellows at work.) 
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BXiEMBNTS OF OBOM2TBT 


EzerdaeSt 


Fnra by Thtoram 31 that tht hypot. ia tbt graatasi dda ol a H. 

354. In cm %$o$, ^ the extnmitiee of the baee are eqmdistant from the 
ppp^ sides* 

^55. In an isos* the mid, pt. of the hose is egvidistantfrom the qpp, 
eidesT 

356. Awypt on the bisector 0/ on L. it equidistant from the arms of 
the\_^* 

357. II a pt. ifl aquidist&nt from tha arms of an it lias on tbe 
bisector. 

358. The pt. in which the bisector of the vert. I of a A meets the 
base is eqnimstant from the sides. (Beng. Bur. S(mls. Midi) 

355), The pt. of intersection of the bisectors of 3 L^s of a is equi- 
distant from the 8 sides of the 

360. ABC is a A, AB, AC are produced to D, E re^. The 
bisectors of the \s DBC« ECB meet at O. Prove that O is equidistant 
from AB, BC, CA. 

36Z. ABC is a A. Prove that B and C are equidistant from the st. 
line joining A to t^ mid. pt. of BC. 

36a. Q is the mid, pt, of a st. line AB. Prove that A and B are equi- 
distant from any st line dramn through C (X7. P. Eur. Schls. Mid.) 

363. If a diag. of a quadl. is eq^uidistant from the outlying angular 
pts., prove that this diag. bisects tne other diag. of the quadl.. 

364. R is the mid. pt. of PQ. Prove that R ia equidistant from |) st. 
lines drawn through P and Q. 

365. If the pt, E is halfway between 2 || st, lines AB, CD, prove that 
BXs the mid, pt of all st lines through £ terminated by AB, CD. 


*366, Of all the st lines that can he drawn to a given st line from a 
given pt outside it, those that make smaller Ijs with the those which 
make greater La. 

*367. There oannotbemore than 2 pU.of intarsectionbetweenaet line 
end a Q* 



BABAIil«BLOG|Utf S AST> !rBAPBZnJlf« 


AVA 


FABALIiEI^OGBAMS AND TBAPBZn7H& 
DKFiNrnoNS- 

Def^ 59 , A piurallelo^am is a quadrilateral whose opposite sides 
are paialleL 



Fig. 101* 

The side of a parallelogram on which it may be supposed to stand b 
called its base* The line drawn ;^rpendionlar to the base trom any 
point on the opposite side is called its heig^ht or altitude* 

Def, 40 * A rhombus is a paxallelogxam haying two adjacent sides 
equal. 



Fzo* 103. 

jDef, 4 X, A rectangle is a parallelc^p»m haying one of its englea 
a right angle* 



JPxw. 108. 
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BIiBMSNTS OF aBOMBlST 


Def. 43. A sqnare is a rectongle havmg two adjacent ddee eqnat. 



Fxo. lOi. 

DeL 43« A trapezium is a quadrilateral haying only one pair of 
opposite sides parallel. 



Fza. 105. 


Def. 44. An isosceles trapezium is a trapezium in which the sides^ 
that are not parallel are equal to one another. 



Fm. lOA 

DeC. 4^ The orthogcmid^^jC^eGtion of one straight line on another 
of unlimmd length is the portion of the latter intercepted between 
the perpendiculin drawn to it from the extremities of the former. 







FABAIjLBLOGBAMS and trapeziums 108 
0 rth<^n.l projeotioa of AB on CD in Fig. 107 mA 



Pw. 107. 



Pia. lot 
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BliEMENTS OF GEOMBTBT 


Theorem 22. 

(Euc. I. 34.) 

Geo. Eiiuii* (A) The opposite sides and angles of a parallelogram 
are equals cmd each diagonal bisects the parallelogram. 



Fi0. 109. 


Part. Eniin. Lat ABCD be a Ogm and AC, BD its dUiga. 

It is reqdn to prove that 

J AB « CD ; AD « CB, 

L. bad - I DCB ; L. ABC = L CDA, 

AC, BD each bisect Ogna ABCD, 

Proof. *.* AB is II to DC ...... Hyp. 

and BD cuts them. 

.% L ABD « alt. L CDB . . . Th. 6 (a)- 

Again *.* AD is || to BC - . . . • Hyp. 

and BD cuts them. 


LADB«alt. LCBD • . . Th. 6 (a). 

Hence in the As ABD, CDB 

A ABD - L CDB, 

J L ADB « L- CBD, 

Led is common. 


A ABD = ACDB . . . . Th. 11. 

r AB « CD ; AD - CB, 
so that h BAD - L. DCB, 

IBD bisects the IZJspii ABCD. 

Bimilarly, by using the diag. AC it may be proTed that 
r AB CD ; AD CB, 

JLABC-LCDA, 
vAC bisects the Ogm ABCD* 
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Cveiu Enun, (B) The duigonaXe of a paraUelcgram hieeei one- 
mnother. 

Part. En no . liet ABCD be m /Ugm and let its dii^ AC, Bl> 
Intersect at O. 

It i 9 reqd, to prove ihcd 

/AO - OC, 

\DO « OB. 

In the As AOD, COB 

rLADB-alt. LCBD . . . Th. 6 {a> 

•••-{ L AOD ■■ vert. opp. L COB. • Th. 3 . 

I AD-CB . . . Th. 22 (A). 

A AOD = A COB . . . Th. 11. 


60 that 


/AO - OC, 




\DO - OB. 

Cor. I. If one pair of adjacent sidee of a parallelogram are equal, 
all its Bides wre equdL 

Cor. 2. If one angle of a parallelogram is a right angle, aU its 
angles are right angles. 

Cor* 3. Pa/rallel straight lines are everywhere equtdistcmL 


QUBSTIONB FOB BXAMIHATION.-.XXV'n. 

t. Given a parallelogtam how most it he modified to become (a) a 
ceotangle, (bl-a rhombus, (o) a square ? 

а. fibcplain the term ** orthc^onal projeoldon **. 

5. Draw a parallelogram and a tiiangle on the same base and of the 
same height. 

4. In figure 109 , prove that L ABC ■■ L CDA. 

. 5. Through how many degrees does the minute hand of a dooh turn 
In w ten mmutes, (ii) twenty-five minutes ? {Ans. (i) 60 ^, (ii) 

б. How could we test the straightness of (1) th^ edge of a squaze box, 
|S) the bore of a gun ? Which of the prope^es of a straight line do we 
make use of in each case ? <Ans. (1) We mi^t apply a straight-edge 
smd see that the two lines do not enclose a space. (2) We might look 
along it and see that the bore has the same direction throughout, in 
ether words, lies evenly between its two ends.) 

Exercises. 

568. AU the sides of esq. are and all its are rU ]^s* 

369. AB and CD are smd | st. lines drawn in the same esBSS« 
Prove that AD and BC bisect one another. 

37a A quadU whose opp. sides are «« must he a nqnu 

371. A guadl. whose cpp, L_jf are must he a 
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EIiBMBNTS Of ‘ GEOMBTBY 


.^375*.^^ nam uihoB^ diags, are — mustibe a rsct, 

373. If the diag, AC of the ZZ7g^ ABCD biseots |_ OAB^ It mait 
Aleo bisect |_ DCB. 

374. The diage. of a reet. are 

375. A diag. of a w eqmdietcmt from the outt/ymg angular pts» 

376. The St. line joining the mid. pts. of 2 opp. sides of a CJSox is Q to 
the remaining sides. 

377- If a OgzQ iB not a reot. its diags. are not — . 

3^ Through the angular pts. of a ^ st. lines are drawn 0 to the opp. 
sides ; prove that the area of the so formed is 4 times the area of the 
original 

379. Any st. line drawn through the pt. of intersection of the diags. 
of a ZZZZgm and terminated by the sides of the Ogm (a) is biseoted ^ 
eadh diag., (6) divides the fZ/gm into 2 «« parts. (Bomb. Previous.) 

380. The diage. of a rhombus bisect the L« through which they pass. 

381. If the diags. of a quadl. bisect one another it must be a £Jgm. 

382- The diage. of a rhombus out one another at rt. \ «. (U. P. Bur 

Schls. Mid.) 

383. The diags. of a square are » and cut one another at rU I s. 

384. In the sides AD, BC of a CJK'oi ABCD, two pts. E, F are taken 
so that AE — CF. Prove that AECF is a nara. 

385. In the £g. of Ex. 884 prove that EF divides the £I7gm into 2 
a parts. 

386. If a reet. and a A are on the same base and of the same heightr 
the area of the reet. is do^le that of the (U. P. Eur. Sohls. Mid.) 

387. If AD, BC are the = sides of an isos, tramesium ABCD prove 
fhaf L A = L B. 

388. In the sides AB, BC, CD, DA of aOgxn ABCD, 4 pts. P, Q,. 
R, S are taken respy. such that AP CR and BQ — DS. Prove that 
PQRS is a CJgpi. 

389. The median AD of a A ABC is produced to E so that DE 
AD. E is joined to B and CT^ Prove that ABEC is a ZZ/gm. 

3^. A ABC and a £Jgm APQC are on the same base AC and 
on the same side of it ; the JLs from a and P on AC are «■. Prove that 
BP and PQ are in one st. line. (Allah. Mat.) 

391. If the diag. AC of a IZJgm ABCD bisects L A, prove that the. 
dia^. BD biseots [_s B and D. 

392. The orthogonal projections of « and || st. lines on the same st. line 
are «. 

393. AB, BC are respy, — and || to DE, EF. Prove that AC la « 
ana tl to DF. 

394. The st. lines joining the extremities of unequal and || st. lihee 
toward the same parts cannot be \\, 

^5. Show by foldUsg that eithw diag. of a rhombus is an axis of 
symmetry. 
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396. How many axes of sjmmetzy has a moiaogls, and whan do they 
tie? 

M ^ tnpeziiun ate lapplamaiitaij. (Bom. 

* 398. ABCD is a OgiQ and AC is prodaoed to E so that CE<-AC 
If the BCEF is completed, prove that the pts. D, Ci F an- 
oollmeac. 

* 390. The medians BD, C£ of a ^ ABC are produced to P, G ee 
that BD ■■ DF and CE *■ EG. Prove that the pta. G, A, F are 
oollinear. 

* 40& If the bisectors of the |__s of a qnadl. form a rect. the qnadL is 
aOgm. 

* mi. If 2 pts. P, Q are taken in the a sides AB, AC of an isos. ^ 
ABC so that BP a* CQ, show that PQ is H to BC (Calc. F. E.) 

* 402. P is any pt. in the base BC of an isos. ABC Prove that 
the sum of the Xs from P to AB and AC is constant. 

* 403. P is any pt. within an eqoilat. Prove that the sum of the 

Xb from P to the 8 sides is constant. 

*401^ Prove that aquadl. which has two opp. sides and two opp. 
obtuseL_s =s is a 06“- 

* 405. ABCD is a Ogm. P is Kin pt. on CD. PA, PB are joined 
and DE. CF are drawn || to PA, PB respy. meeting AB produced in 
E and r . Prove that length of EF is independent of the petition of P. 
(Beng. But. Schls. Mid.) 

* 406. The longer side of a 08 ^ ^ double the shorter. Prove that 
the lines bisecting the 4 |_a will enclose a 08>u whose diag. » the 
shorter side of the original Ogrn. (Calc. F. E.) 

* 407. ABC is any A. The side AC is bisected at D and on AB, BC 

g uares ABEF, BH(^ are described (outside A ASC). Show that 
H- 2 BD. (Mad.F.A.) 

* ioS. If from the angular pts. of the squares desod. upon the sides of 
, a rt. Ijd Xs be let fall upon the hypot. produced, prove that the tjru 
extreme Xt will together » the hypot. (Bom. Schl. Final.) 

* 409. ABC is a L_d at C. On BC, AC equilat. As DBC, 
ECA are desed., aooEA, DB are produced to meet in F. £had the 
magnitude of (__ AFB and prove that FC u X to DE. (Mad, F. A \ 
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EXiBMBKTS OF OBOMBTBT 


Thsoexm 23* 

Gen* Enna. If there are three or more parallel eiroighi linee^ and 
the intercepts made by them on any straight line that outs them Ore 
equals then the corresponding intercepts on any other straight line 
that cuts them are also egucu. 



Fia. 110. 


11 at. lines' out b^r the st« line* 
intercept CE. 


Part Hniiiu Let AB, CD. £F be 
ACE, BDF and let intercept AC » 

It is reqd, to prove that 

intercept BD *= intercept DF. 
Const Suppose AM. CN to hare been drawn each 
meetmg CD, EF in M, N respy. 

Proof. %*CDi8||toEF 

L_ ACM « corresp. | C£N « 

Again *.* AM is II to CN . • , • 

L CAM «» corresp. L ECN • 
in the As ACM, CEN 
fL ACM « L CEN. 

-^LCAM « UECN. 

^AiC ■■ CE i • • • • 

Hence A ACM = A CEN . • • 


I to BF, and 

Hyp. 

Th. 6 (b). 
Th. 7. 

Th. 6 (b). 


Hyp. 
Th. 11. 


so that AM — > CN. 

But AM BD ABDM is a Ogm 
And CN ^ DF •.* CDFN is a Ogm 
.% BD -1 DF. 


Th. 22 (a). 
Th. 22 U). 
q.B.n.. 


Cor. s. The straight line dratm through the middle point of aside' 
ef a triable parallel to the base bisects the remaining side. 

Car. a. The straight line ufhich joins the middle points of the sides 
of a Memglo is parallel to the base* 
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QUESTIONS FOR EXAMINATION-— XXVm. 

X* In fig. 110 pcoYe that CM » HN and hence that CD »» 
J(AB + EF)- 

3 - Give the hypothec and conolnsion ol Theorem 28 and enun^ate 
the converse- 

^ If the sum and difference of two straight lines are a inohes and h 
incmes respeotivelyy find the length of each line in terms of a and t. 

4. pTOve the corollary of Theorem 9 for a polygon whether convex or 
not by joining a point within the polygon to its angular points. 

5. Explain the terms : orthocentre^ the external bisector of an angle.. 
interc^t^ perimeter^ duplicate. 

6 . Prove that any triangle can be folded so that its angular points 
meet at the foot of the perpendicular from an angular point on to the 
opposite side. 


Exercises. 

4x0. AB, CD, EF are S st. lines making inierc^is on any tretns- 
versaU Prove that AB> CD, EF are ||s. 

4XX- All st. lines drawn from the vertex of a to pts. in the base 
are bisected by the st- line joining the mid. pts- of the sides of the A - 

412. D, E> F are the mid. pts. of the sides BC, CA, AB of a /\ 
ABC- Prove that BFED, CEFD, AEDF are nems. 

4^ In the figure of Ex- 412 prove that the AFE, BDF, CEO,. 
DEF are oongruent. 

*414- The st. line Joining the mid. pts. of the sides o/a ^ ^ base. 

j(U. P. Eur. Sohla. Mid.) 

* 4x5. AB, CD are 2 non-ifUersecting st. lines. Prove that the sum of 
the _Ls from A and B on CD «« twice the _L from the mid. pt. of AB 
on CD- 

* 4x6- AB is a st. line lying outside the ZUgm PQRS- Prove that 
the sum of the J^s from P and R on AB — the sum of the from Q 
and S on AB. 

* 4x7. The st. lines joining ihe mkd. pts. of adj, sides of a guadU form 
a CJg^* (Bomb. Previous.) 

* 4x8. The st. lines joining ihe mid. pts. of the opp. sides of a quadl. 
* bisect each other. (Bomb. Sohl. Final.) 

* 4x9. The st. lines joining the mid- pts. of 2 opp. sides of a quadl. to 
the mid. pta. of the diags. form a ntaa. 

* 420. The st- lines joining the mid. pts. of opp- sides of a quadl. and 
the st. line joining the mid. pts. of the diage. are concurrent and bisect 
one another. 

* 421. In a quadl. if the diags. axe at xt. Lj*, show that the Bnea 
bisecting opp. sides are «• ; if the dia^ are «•, show that the llnea 
bisecting opp. sides are at xt. ) s . (Mad. B. 0 . E.) 

♦422. ABCD is a EJgm. E, F ore ihe mid. pts. 0/ AB» CD rsspy* 
Prove that BF and ED trisect AC. (Allah. Mat.) 
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SLBKBNTS 07 OBOIOETBT 


■ *4^ If til* A ABC is It. [__d at A, prova that the medlaii thxoagb 
A is half the hypot. 

' *424. The st. line joining the mid. pts. of the diags, of a trapezium 
is II to the II sides. 

*42^ The st. line joimng the mid. pts. of the non-parallel sides of a 
trapeman ■> f mm of || sides. 

*426. The medians of a ^ are eonourrenU (OaJc. F. A*) 

This point of oonourrenoe is called the centroid of the 

* 427. The pU which the medians of a ^ meet is a pU of trisectim 
■of each mediane (Bomb* Sohl. Final.) 

* 428. P, Q are the nude ptse of the sides AB, AD of a ABCD. 
Trofoe that CP, CQ trisect BD. 

* 429. If the medians of a ^ are the ^ is equilat. 

* 43a The sum of the medians of a ^ ^ | perimeter of (Mad. 
F. B.) 

* 431. From the ends of the base of a A J.s are drawn to the bisector 

of the vert. L > the feet of the ±,s are equally distant from 

the mid. pt. of the base. (Oalo. Mat.) 

* 432. In any A ABC, BP and CQ are on any line through A, 
and M is the midTpt. of BC. Show that MP « MQ. (Beng, Bur. 
Schls. Mid.) 

* 433- If through the mid. pt. of the base of a A a f® drawn |1 

to one of the sides, prove that its intercept between the internal and 
external bisectors of the vert. L =* ^^i® other side. (Mad, F. E.) 

*434. D, E, F are the mid. pts. of the sides BC, CA, AB of a A 
ABC ; FG is drawn || to BE meeting DE produced in G ; prove that 
the sides of the A CFG are equal to the medians of the A ABC. 
(Bom. Previous.) 

* 435. ABC is a A which AB » 2 AC. BA is produced to D and 
ext. I CAD is bisected by AE, cutting BC produced in E ; prove that 
C is^e mid. pt. of BE. (Bom. SchL Final.) 

* 436. ABC is a Att. Ld at C and D, E, F are the mid. pts. of BC, 
CA, AB respy. IfEF and DF, produced if necessary, meet the J. 
from C on AB in 6 and H xespy. prove that AG is || to BH. (Mad. 
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LOCI- 

Imagine a point moving at a constant distance from a fixed point. 
Its path will clearly be the circumference of a drcTe having the fixed 
point for centre and the constant distance for radius. All points on 
the oircuxnference of this circle, and no other points, are at the con- 
stant distance from the fixed point. This is expressed by saying 
that the circumference of this circle is the locos of a point moving 
under the given condition. 

Similarly we can understand the locus of a point moving at a 
constant Stance from a given stndght line to be two straight lines 
parallel to, but on opposite sides of, the given straight line and at 
the constant distance from it* Hence : — 

Def. 46. Ji every point on a line, or group of lines, satisfies a 
given condition, and no other point does so, then that line or group 
of lines is called the locus of the point satisfying that condition. 

In proving a required locus it is necessary to show : — 

(i) That every point satisfying the given condition lies an the 
supposed toons. 

(ii) That every point on the supposed locus satisfies the given 
condition. 

If the locus of one point cuts the locus of another point, the point 
or points where the Joci intersect must satisfy the condition of each 
locus. This suggests a me^od for finding the position of a point 
which is subject to two conditions. Suppose, for example, we wish 
to find a point distant an inch from two given points A and B. If 
« such a point exists at all, it will lie at the intersection of the two 
circles described from A and B respectively as centres and e^h of 
radius one inch, and there will be two solutions, one solution or 
no solution, according as these circles out one another, touch one 
another, or lie entirely outside one another. 

^e form of a locus or part of a locus can be obtaiiicd by finding 
several consecutive points which satisfy the given condition and 
joining them by a continuous line. This is called plotting the 
locus. 
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Tbborxm 24. 

Gen. Enim* The locue of a point which is equidistant from two 
fixed points is the perpendicular bisector of the straight h'ne joining 
the two points^ 


p 
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Part. Hniuu (1) Let A, B be two fixed pts. 

Let P be any pt. equidistant from A and B* 

It is reqd^ to prove that 

P lies on theperp. bisector of the st. line joining A, B. 
'Const Suppose AB, the st. line joining A B, bisected at C 
Jom PC, PA PB. 

Proof. In the As PCA PCB 

{ CA ■* CB •••••* Oonst* 

PC is common. 

PA ” PB .••••• Hyp. 

L PCA »- L PCB Th. 14. 

That is P lies on the perp. bisector of the st. line joining A B. 
Part £nun« (2) Let A, B be two fixed pts. 

Let P' be any pt. lying on P'C the perp. bisector 
of the st. line joining A, B. 

It is reqd. to prove that 

P' is equidistant from A amd B. 

Const Join PA P'B. 

Proot In the As P'CA P'CB 


j CA » CB . 

-{ p'C is common. 
P'CA « I P'CB 
PA - P'B 


Hyp. 
Th. 10. 


That is P is equidistant from A and B. 

Henbe the req^ locus is the perp. bisector of AB. 


O.B.n. 
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Tno&xii S§. 

Gm. Bitiiti. Ths locu9 ofapomt which is equidistwni front two 
intersecting straight lines consists of the pair of straight lines which 
hiseet ths angles between the two g%ven Ustesm 
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Part. Hntm. (1) Let AHB, CHD be two intersectang st. liaee. 

Let P be any pt. equidistant from AEB axxd 
CED. 

It is reqd^ to prove that 

P lies on one or other of the bisectors k>/ the I e between AEB 

and CED. 

Const. Suppose PM, PN drawn J_s to AEB, CED respy. 

Join PE. . ^ 

Proof. In the As PEM, PEN 

PhA “ PN ••••»« SLyp. 

- PE is Qommon. 

Irt. L- PME = It. L PNE . ; r CJonst. 

UPEM = LPEN Th. 15. 

That IS P lies on one or other of the bisectors of the Is between 
AEB and CED. 

Part. Enun. (2) Xiet AEB, CED be two intersecting st. lines (see 
figure next page). 

Let be any pt. lying on P'E, one or other of 
the bisectors ot the Ljg between AHB and CED. 
It is reqdL to prove that 

P' is equidistant from AEB and CED. 
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Coast Suppose P^M\ P'N' dr&wn J_s to AHE^ CED reapy. 

Proof. In the As P'EM', P'EN' 

rL P'EM' - L P'EN' .... Hyp. 

4 rt. L P'M'E « rt. L P'N'E . . Const 

vP'E is common. 

.% P'M' - P'N' Th. 11. 


That is P' is equidistant from AEB and CED. 

Hence the reqd. locus is the pair of bisectors of the to between 
AEB and CED. o.n.n 


QUESTIONS FOB EXAMINATION.— XXIX. 

X. Define the locus of a point satisfying a given condition. Give u>- 
example. 

2. Suppose it proved that all points satisfying a given condition lie 
on a certain line. Can we conclude that this line is the locus of these 
points ? If not, why not ? (Ana, No, We can only conclude that the 
locus of these pomes lies along this line. It might consist of only 
portions of this line.) 

3. What ia the locus of : — 

(i) The end of a line rotating about its other end V 
(ii) A point on the circumference of a oirole rotating about Ita 
centre ? 

(liil A point on a radius of a oirole rotating about its centre ? 

(iv) The oentie of a oirole rolling along a fixed straight line 7 
(v) The centre of a circle rolling along the oirouxnferenoe of 
a fixed oirole? 

4. Write down the converse propositions of the proposition : If the 
op^site sides of a four-sided figure are parallel opposite sides are 
equal and its diagonals bisect one another ’*• Which of them are true f 

jSr Whatdoyou understand reasoning? Give an example. 

A Define the term transversal. Name the various angles made by 
a transversal with two straight lines. 
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Exercises* 

437. The locus of A pt* at a const, distance from a fixed st. line Is 
a pair of lines {| to tixe fixed line. 

438. The loons of a pt. equidistant from S fixed tl «t. lines is a st« line 
fi to each of them. 

439. The locus of the Tertex of a A on a siTen base as^ having the 
median bisecting the base of a givenlength is a 0. 

440. Find tiiie locus of the centre of a 0 of given radios which rolls 
along the inidde of the oiroumfoe. of a given 0. 

44X. Find the locus of pts. on the radii of a given 0 at equal dis- 
tances from the centre. 

443. Find the loons of all pts. in a given direction from a fixed pt. 

443. Find the loons of the vertices of isos. A s on a given base. 

* 444* Find the locus of mid. pts. of st. lines drawn from a given pt. to 
meet a given st. line. 

'*445. St. lines are drawn from a given pt. to meet a given st. lint 
and men produced to double their lengths. Find the looms of their 
extremities. 

* 446. A line of given length moves with its ends on 3 fixed st. lines tA 
rt. 1^8 to one another. Fmd the locus of its mid. pt. (Oalo. Mat.) 

* 447. A pt. moves so that the diSce. of its distances from 2 fixed 
intersecting st. lines is const. Find its locus. 

* 448. A pt. moves so that the sum of its distances from 3 fixed inter- 
secting st. Imes is const. Find its locus. 

iNTBBSXOnOK 07 LOOZ. 

449* Find a pt. in a given st. line equidistant from 3 given pts. 'When 
Is mere no such pt. ? 

450. Find a pt. in a given st. line equidistant from 3 given st. lines. 
Show that there are generallv 3 such pts. When is there only one such 
pt. and when is there no such pt. ? (Mad. Mat.) 

451. Find a pt. in a given st. line at a given distance from a given pt* 
-Show that there may be 3 such pts. When is there no saoh pt. ? 

452. Find a pt.i in a given st. line at a given distance from a given 
st. line. Show that there are generally 3 such pts. When is there no 
such pt. ? 

453* Find a pt. at a given distance from a fixed pt^ and equidistant 
from 2 other fixed pts. Show that there may be 2 such pts. When is 
there no such pt. ? 

454. Find a pt. equidistant from 3 given || st. lines and at a given dis- 
tance from a given pt. Show that there may be 2 snoh pts. When is 
there no vad^ pt. ? 

455. Find a pt. equidistant from 8 nts. which are not oellinsar* 
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456. Find a pt. equidistant from the sides of a Show that there 

are 4 such pts* * 

457. Find a pt. equidistant from 2 given st. lines and at a given dis- 
tance from a fixed pt. Show that there may be 4 such pts. When are 
there only 2 such pts. and when is there no such pt. ? 

458. Find a pt. equidistant from 2 given st. lines and at a given dis- 
tance from another given st. line. Show that there are generally 4 such 
pts. When are there only 2 such pts. and when is there no such pt. 7 

459. Find a pt. equidistant from 2 given st. lines and also equidis- 
tant from 2 given pts. Show that there are generally 2 such pts. When 
is there only one such pt. and when is there no suon pt. ? (Oalo. F. A.y 

460. Two men desire to build a well equidistant from each of 2 
intersecting straight roads, and also equidistant from their 2 houses on 
one of the roads. Show how to find the position of the well. (Bomb, 
Matrio.) 

* 461. Find a pt. at a given distance from 2 given st. lines. Show 
that there are generally 4 such pts. When is there no such pt. ? 

* 462. Find a pt. equidistant from 2 given pts. and at a given distance 
^om a given st. line. Show that there are generally 2 such pts. When 
is there no such pt. ? 

* 463. Find a pt. at a given distance from a given pt. and at the same 
distance from a given st. line. Show that there may be 2 such pts. 
When is there no such pt. ? 

PLOTTnra Looi. 

In working out Fxeroisejs 465 to 471 the student should find some 
consecutive points from conveniently chosen numerical data. 

464. Plot the locus of the mid. pts. of st. lines drawn from a fixed pt. 
to pts. on the oircumfce. of a fixed Q. 

465. Plot the locus of pts. equidistant from a given pt. and a given 
st. line. 

466. Plot the locus of pts. twice the distance from a given pt. as from 
a given st. line. 

467. Plot the locus of pts. twice the distance from one given pt. as 
from another given pt. 

468. Plot the locus of a pt. which moves so that the sum of Its dis- 
tances from 2 given pts. is const. 

469. Plot the locus of a pt. which moves so that the diffoe. of its 
distances from 2 given pts. I9 const. 

470. Plot the locus of a pt. which moves so that its distance from 
one of 2 st. lines intersecting at rt« Is is double its distance from the 
Othei?. 

% 

- 471. Plot idle locuif of the mid. pt. of a st. line PQ whose extremities 
lie on 2 intersecting st. lines OX, OY in such a way that OP OQ *- 
wet. ^ 
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OONOUKRENT LINES IN A TRIANGLEl 

Note* These theorems are collected here for oonTOziience thongh 
each occurs as an exercise irt its appropriate place elsewhere. 

ADi>moKAi» Thbobsm L 

Gen. Emm. 2%eperpendicii2ar histctors of the sidei of a tricmgU are 
eoncwrrmt. 


A 



FlCLliaA 


Part. LetD, H, Fb6theiiud.pt8.ofth0 8idesBCtCi^ A3 

re^y. of a A ABC. The ±s to AC at £ and AB at F must inter-^ 
sect at some phO. (Why?) Join CD. 

It rwL to prooe that 
^ • OD M X to BC. 

CMSt. Join AO, BO, CO. 

Proof. -.-AOPASACFB (Why!^ 

.*• OA « OB. 

Siznilarly OA = OC 
OB « OC 

Now in the As ODB, ODC 

rOB = OC . - • . • Proved. 

OD id common 

tBD « CD Hyp. 

LODB«L.ODC . * . . Th.14. 

Hence OD is X to BC Q.»JO, 

Note. An alternative proof by loci is left as an exerdse for the 
student. 
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ADDinoiirAXi Thbobbm II. 


Gen. Rwin . The perpendiculars drawn from the vertices of a 
triangle to the opposite sides are concurrent. 
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Part. Hnim. Let ABC be a A* 

It is reqd, to wove that 

ihe JLb drawn from A, B, C to BC, CA, AB respy, are concurrent. 

Const Through A, B, C suppose HF» FD, DE drawn II to CB, 
AC, BA respy. 

P^oof. %• AFBC and EABC are ZZZgms., 

FA = BC « AE Th. 22 (a). 

That is A is the mid. pt. of FE. 

Similarly B, C are the mid. pta of DF, ED respy. 

If, then, AG, BH, CK be d^wn J. to EF, FD, DE respy. 

they will be concurrent . . . Addit. Th. I. 

But L AGC «= alt. L. fag (a rt. D . . Th. 6 (a). 

AG is A to BC. 

Similarly BH, CK are A to CA, AB respy. 

Hence the As drawn from A, B, C to BC, CA, AB respy. 
are concurrent q.b.d. 

AjDnmoKAX. Thbobbh IIL 

Getu Enun. The internal bisectors of the angles of a iriangte are 

ooncurreni. 


A 



VKi.uaa. 
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Part. £naxL Iieti ABC be a The internal biseotors of L B* 

and L C must intersect at some pt. O. ( Why ?) Join O A. 

It %8 reqd, to prove that 

LOAB = LOAC 

Const. Suppose OD, OB, OF drawn J. to BC» CA, AB respy. 


Proof. *.• A ODC = A OEC . . • . • (Why ?) 

OD — OB. 

Similarly OD « OF 
OB - OF 

Now in the Aa OEA, OFA 

rOE = OF .... Pieoved.. 

% V OA is common 

Irt- LOEA« rt. LOFA . . . Const. 

A OEA = A OFA . . . . Th. 16, 

So that L OAB = L OAC . q.x.i>. 


Note. An adtemative proof by lod is left as an eraroiss for tbe^ 
student. 

AjDnmoifrAn Thxobbm IV. 

Gen. Emm. The mediema of a Uiangle are concurrstiA 
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Part. Rrtwti. Let ABC be a A. The medians BE and CF must- 
intersect at some pt, G. (Why?) Join AG and {»oduoe AG to* 
meet BC in D. 

It is read to prove that 

BD « DC. 

Const. Produce AD to H making GH » AG. 

Join BH, CH. 

Proof. G is the mid. pt. of AH (Const.) and £ is the mid. pt, 
of AC (Hyp.) 

GE is B to HC .... Th. 23, Cor. 2, 
That is BG is H to HC. 

Similarly GC is U to BH 

BHCG is a Ogm. 

But the diagonals of a Ogni. bisect one another. Hi. 22 (b), 
BD « DC. ^B.nw 
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PBAOTIOAL SBOTIONt 

INTBODUOTOBY. 


ftCANT instniments have been devised for constructing geometrical 
figures, such as the protractor, the set-square and the parallel ruler, 
each instrument serving some special purpose. But it is found that 
nearly all the simpler constructions can be effected by means of a 
ruler (not graduated) and a pair of compasses. Geometers, there- 
fore, Imve always confined themselves to the use of these two in- 
struments when solving problems in elementary geometry, as is 
■clearly indicated by the postulates laid down at the beginning of 
the subject. 

Bvery problem in geometry is an exercise in accurate drawing as 
much as in correct reasoning, and the student should test the 
accuracy of his results by actual measurement whenever he is able 
to do so. 


Found lines should be thick, given lines fairly thick, construction 
lines thin, and lines needed oxily in the proof should be dotted. 

No definite rules can be given for solving problems, and herein an 
exercise in geometry differs from, say, the finding of a cube root in 
arithmetic or the solving of a quadratic equation in algebra. The 
intersection of loci suggests the solution of problems of a certain 
type, but, failing this method, we can often get a useful h^t by 
what is known as the method of analysis. 


By this method we assume the construction of the required figure 
and then, by examining carefully its properties, and noticing how 
its various parts are related to one another, we can often find a 
clue to the building up of the finished figure from the data of the 
moblem, using only the postulates and constructions already proved. 
V ery much the same process would probably be followed by a man 
wishing to construct a watch but having little or no previous know- 
k^e of its mechanism. He would t^e an old watch, pull it to 
pieoes, examine its parts carefully and notice how they J^d been 
fitted together, and then reconstruct the watch. 

The puBing-to-piecea process is called analysis. The putting- 


The method of analysis can be applied to the proving of tfiieorems 
well as to the solving of problems, though not so usefully. 
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It is sometimes possible to construct two or more figures 
astisfying the same set of conditioiis and yet difSuizig fxom one 
another. Such problems, admitting of two or mors omutions, are 
said to be indeterminate. 

Exa^lks or SonxmoN by Akalybib. 

Example x. Construct an iaoacelea triangle having given its has^ 
smd altitudem 



Fio. 118 , 


Let AB be the given base and C the given altitude. 
Analysis. Aussume ABE to be the reqd. 

Draw its altitude ED. 


ED is the altitude of an isos. ^ 
in As ADE, BDE. 
rAE » BE. ... 

•I DE is common. 

Irt. L ADE - rt. L BDE. 
A ade = abde. 

BO that DA M DB 
and this suggests the 


Synthes^ Biseot AB at D 

From D draw DE J. to AB 


Make DE - C. 

Join AE, BE. 

Then shidl ABE be the A 


Ckinit. 

Hyp. 

Th. 16. 

Prob. 2, 
Piob. S. 


ProoL Itt As ADE, BDE 

rAD - Const. 

*.*J DEis oonunon. 

^contained I ADE •- oontmed l_ BDE Const. 

•*. AE « BE . . . • • Th. 10. 

that is, the A i* 

its base and aUatode are of the nqA lengths. 

4.K.S. 
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* Example 2 . Find a point D %n the base BC of a triangle ABC 
such that AD « i (AB + AC). 
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Let ABC be the given A* 

Analysis. Assume D to be the reqd. pt. 

Join DA 

*.* AD « J CAB 4* AC) . . . • 

.% AD « AF if F is the mid. pt. of BE and AEa AC. 
And this suggests the 

Synthesis. From the greater^ AB, of the two sides AB, AC of A 
ABC cut oflf AE ■■ AC. 

Bisect BE at F. • . • • ■ • • Prob. 2. 

With A as centre and radius >■ AF deso. a O cutting BC at D. 
Then shall D be the pt. reqd. 

Proof. Easy* 
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PEOBIiEMS. 
riTNBS ANB ANGLES. 
Pboblfm L 
(Ena L 9.) 

Gen. Ennn. To bisect a given angle^ 
Part. Etton. Let B AC be a given L.« 

li is Tsqd^ io bisect L BAC. 


Eie. 116 . Const. Witb A centre and any radios 

* H <nittrai3r AB. AC at D« £ respy. 
Witb D and B as centres, deac. equal Qs sueh that they interseet 
at a pt. F within L BAC. 

Join AF. 

Then shall AF bisect | BAG* 

Proof. Join DF, BF. 

Tn As DAF, EAF, 

rDA » BA .«•••• Const. 

i AF is common. 

vFD — FB .*•••• Const. 

A DAF = AEAF . . • . Th. 14. 

90 that L DAF - L. JAF, 

that is, AF bisects L. BAC. Q.&.r. 


Exercises. 

47a. Wvide a given L hito 4 ■■ parts. 

473. Divide a ^ven, obtuse [ into 8 — parts. 

^^4. } XHvide a given L hito 2 parts such that one part Is ] of the other- 

^5. .S^dthe pt. of oonourrence the bisectors of the| s of a given A- 

47d.i In a given st. line a piu equidlstsoit from 2 given intersecting 

hues. 
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Problem t* 

(Euo. L 100 

Oen. Emm. To bisect a given finite straiahi l|iu. 
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Part. Emm. Let AB be a given finite st. line. 

It is reqd. to bisect AB. 

Const. With A and B as centres, desc. equal Ofi such that they 
intersect at C and D. 

Join CD cutting AB at H. 

Then shall CD bisect AB at B. 

Proof. Join CA, CB, DA, DB. 

In As ACD, BCD, 


r AC " BC . • « . 

• *4 CD is common. 

• ■ 

Const. 

■ Ida - db . 

• • 

Const. 

.-.A ACD = A BCD . 
so that L ACD - L BCD. 
Again. In As ACE, BCE, 

• • 

Th. 14. 

rAC * BC »*««•• Const. 

CE is common. 

^contained L. ACE — * contained L. BCE 

Proved above. 

AACE = A BCE . 
sOj.that AE BE, 
that is, CD bisects AB at E. 

m . 

Th. 10. 

Q.x.r. 


q.K.7. 
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Exercises. 

477. DlTlde a giTsn finite st. line into 4 «• parts. 

478. Divide a giTen finite st. line into 8 >- parte. 

479. Diyide a given finite st. line into 2 parts each that one part It 
seven times the other. 

480. Find the pt. of concurrence of the perpend, bisectors of the sides 
of a given 

481. Find the pt. of concurrence of the medians of a given 

48a. Find a pt. in a given st. line equidistant from 2 given pts. In 
what case is this impossible 7 (PunJ. Eur. Sohls. Mid.) 

483. Through a given pt. draw a st. line equidistant from 2 given 
pts. 

484. Through the vertex of a ^ draw a st. line equidistant from the 
ends of the base. 

* 485. Given the sum and dlffce. of 2 st. lines, find their lengtbi. 
(Bom. Sohl. Final.) 

* 486. Give the const, only of the particular line in which the vertices 
of all isos. ^8 upon a given base FG must lie. < Allah. Ent.) 

* 487. AB and CD are « st. lines given in position. Show haw to 
find a pt. P such that PAB, PCD may be - in all respects. (Mad. 
F. A.) 

* 488. Find a pt. in the Imse of a ^ sucht that its distance from the 
vertex half the sum of the sides. 
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Peobubm 3. 

(Euo. I. U.) 

Gen. Ennn. To draw a straight lino perpendicular^ to a given 
straight line of unlimited length from a given point in 
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Part. Enun. Let AB be a given st. line of onlimited length and 
C a given pt. in it. 

It is reqd. to draw a A. to AB from C. 


Const. With C as centre and any radius deso. a Q cutting AB in 
D and E. - • 

With D and E as centres deso. equal 0 s such that they 
intersect at a pt. F. 

Join CF. 

Then shall CF be the J. to AB from C. 


Proof. Join FD, FE. 

, In As DCF, ECF 

^CD ■■ CE • « • • A 

. - J CF is common. 

• \FD - FE . 

A 3DCF = A ECF . 
so that L. DCF - \_ ECF, 
and these are adj. L.s. 

Hence CF is th^ JL to AB from C. 


Oonstr 


Const. 
Th. 14. 
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AlternatiiTe Constmctioii. 

(Wheti C is AL or near one end of AB.) 
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Const. Take any convenient pt. D outside AB. 

Join CD. 

With D as centre and radius « DC deso. a 0 catting 
AB at H. 

Join HD. 

produce ED to cut the O at F. 

Join CF. 

Then shall CF be the J_ to AB from C* 


FrooH DC — DF ...... Const. 

1 _ DFC « L DCF . . . . Th. 12 . 

And *.• DC — DE Const. 

L DEC -■ L DCE . . . . Th. 12 . 

L dfc + L dec ** L- DCF + L dce 

« LFCE. 

But L dfc + I DEC + L. FCE =« 2 rt. Th. S. 

L fce - r rt, L, 
that is, CF is the X to AB from C. 


Exercises. 

Draw a st. line at rt. |^8 to a ^ven finite st. line from one of 
ils extremities without produomg the given st. line. (U. P» Bur. Sohli. 
High.) 

490l Draw an angle of 45 ^ with ruler and compasses. 

^91. Draw an angle of 22f*’ with ruler and compasses. 

492. Draw a rt. and divide it into 2 paorts so that one may be 4 
seventh of the other. 

*493. Oonstruot a square having given a diag. 

* 494. Oorstruot a Aomhixa having its 2 dlags. 
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PROBLXH 4 . 

(Buc. I. 12.) 

Gr^ To drauf a atradght line perpendicular to a given 

straight Hne of unlimited length from a given point outeide it. 
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Part. Hnim. Let AB be a given st. line of unlimited length and 
C a given pt. outside it. 

It is reqd. to draw a ±, to AB from C. 

Const. With C as centre deso. a 0 of such a radius that it cut 
AB in D and E. 

With D and E as centres desc. equal 0s such that they 
intersect at a pt. F. 

Join CF cutting AB in G- 

Then shall CG be the ±, to AB from C. 

Proof. Join CD, CE, FD, FE. 

In As DCF, ECF, 


Again. 


contained L, DCG — contained L. ECO 

Proved above. 


DC - EC . 

CF is common. 

• • 

• 

Const. 

DF - EF . 

• • 

• 

Const. 

• DCF = ECF ■ • * 

BO that L DCF « L ECF. 

L In As DCG, ECGf 

• 

Th. 14. 

DC EC . 

CG is common. 

• * 


Const. 





MNBS AND ASraiiBS ,12? 

.% A DCG = A ECG, . ^ . Th. lO. 

so that \ CGD - L CGE. 

And these are adj. \ ^a. 

Henee CG is the ± to AB from C. 


Alternative Com^tniction. 

IWImmbi C is oppointe, or nearly opposite^ one end of AB.) 
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Const. Take any eonvenient pt« D in AB* 

Join CD. 

Biseot CD in B . . • • • « Proh. S. 

With H as centre and radina ■■ HC desc. a 0 ontting AB 
in F. 

Join CF. 

Then shall CF be the X to AB from G* 

Join F£ and prove as in Prob. 3 , alternative oonstmotioii. 

Exercises. 

495. Find the orthooentre of a given A . 

496. Through a given pt, draw a st. line ^aally inclined to 3 given 
Intersecting st. lines. (Beng. Bur. Schls. Mid.) 

. * 497, From 2 given pts. on the same side of a given st. line, draw 2 

st. lines meeting in it, but not in the same st. line, and making ^ \ s 

wHh it. (Allah. Mat.) • 

^ 498. From 2 given pts. on opp- sides of a given st. line, draw 2 st. 
lines meeting in it, but not in the same st. line, and making — L-S 
with it. 

* 499. From a given pt. to 2 |J st. Unas, draw 2 •• at. lines at rt. | ^a to 

one another. (Allah. Mat.^ 


6 
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5 . 

(FiUC* X* 23*} 

Gen. At a given point in a given straight tine^ to make an 

tingle egual to a given angle. 



Fia.*i21. 


Part Enun. Let D Ve a given- pt. in the giv^n st. line EF and 
BAC a given L_. 

it is reqd^ to draw from D a st. line making with EF an \ ^ 

BAC. 

Const With A as centre, and an^ radius, desc. a 0 cutting AB, 
AC at G, H respy. 

With D as centre, and the same radius, deso. a 0 cutting 
EF at K. 

Join GH. 

With K as centre and with radius GH deso. a 0 cutting , 
the 0 with centre D at M. 

Join DM. 

Then shaU L. KDM - L BAC. 

Proof. Join KM. 


In As KDM, GAH, 
rDK - AG . 

4 DM - AH . 

IkM - GH . 

‘ A KDM = A GAH 

so that L. KDM - L. BAC. 


Const 
Const. 
Const. 
Th. 14. 

Q.S.F. 


Exercises. 


500 . ABCD is a quadl. Construct another quad. = ABCD. 

50 Z. Find a pt. in an arm of an equidistant from the vertex and 
from a given pt, in the other arm. 
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502. In the base BC, produced if neces^^ary, of a ^ ABC, find a pit. 
D such 6h&t it is equidistsuat from A and C. 

503. A is a given pt., and B is a given pt. in a given st. line ; draw 
from A to the given st. line a st. line AP snoh that the sum of AP and 
PB & given length >• AB. fBomb. Hatric.) 

504. A is a given pt., aud B is a given pt. in a given st. line ; draw 
from A to the given st. Une a st. Hne AP such that the diHce. of AP 
and PB « a gi^en length. 

* 505. AB IS a given st. Hne, and P is a given pt. Prom P draw 2 st, 

lines tnaking j s with AB whose difice. * a given L_. 

* 506. AB is a given st. line, and P is a given pt. From P draw S st. 

lines making | s with AB whose sum « a given L.. 

* 507. Divide a rt. Ld ^ into 2 ia<». ^s. (Bom. Previous.) 
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isa 


Pboblsh S. 

(Euc. I. 31.) 

Gen. Bmm, Through a given point to draw a straight line parallel 
4o a given straight line. ^ ' 



Tig. 13 SI. 

Part Bntm. Let C be a given pt. and AB a given st. line. 

It is reqd, to draw through C a sU line || to AB. 

Const Take any pt. D in AB. 

Join CD. 

At the pt. C in the st. line CD make alt. 

L DCE « alt. 1 CDB .... Prob. 5. 
Then shall CE be |Ito AB. 

Proof. alt. L DCE = alt. L. CDB • • • Const. 

CE is II to AB . . • • • Th. 4. 

Q.a.F. 


Exercises. 

503 . Oonstrnot a £ 7 gni having given 2 adj. aides and their oontamed 

L* 

509. Oonstrnot a reot. having given its base and height. 

510. Oonstrnot a rhombus having given a side and an | . 

5IZ. Construct a square having given a side. (Euc. I. 46 .) 

5x2. From a given pt. draw a st. line to a given st. line making with 
it an L « a given 

513. AB 18 the bypot. of a rt. L_d ^ ABC : find a pt, D in AB 
such that DB « X from D on AC. (Oalo. F. E.) 

514. From a given pt. draw a st. line to two given || st. lines so that 
the part intercepted may be of a given length. 

•515. Through a given pt, within a given L <b:aw a st. line bounded 
bj the arms of the | and biseotod at the pt. 
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* 516. ABy AC are the «» sides of an isos. Find pts, Sin AB,. 
AC respy. such that BD « DE = EC. 

* 517. Find pts, P, Q in the arms AB, AC of an L BAC snoh that 
PQ may be of a given length and jj to a given at. line. 

* 518. Through a given pt. A draw a st. line to meet the arms of a 
given L m B and C so that AB = BC. 

*519. In a ^ ABC draw a st. line {} to AC and meeting AB, BC in 
O, E respy., so that DE =» AD + CE (Bom. Matric.) 

*520. In a ABC draw a st, line i] to AC and meeting AB, BC in 
D, E respy., so that DE « difEoe. between AD and CE (Mad. Matric.) 

* 521. Inscribe a rhombus in a given so that one of the L^s of the 
rhombus shall coincide with one of the L,s of the (Mad. Matric.) 

* 522. Draw a st. line equally inclined to 2 given intersecting st. lines 
so that the part intercept^ between these lines may be of given length. 
(Mad. Matric.) 

* 523. Draw a st. line DE it to a side BC of a y\ ABC and cutting 
the sides AB, AC in D and E so that BD + CE v- a given length. 
(Mad. F. A.) 
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Peobi<em 7. 

Gen. Enun. To divide a given jvniie straight line into any number 
o/ equal parts. 



Fig. 123 . 


Part. Enun. Lot AB be a given finite st. line. 

It is reqd. to divide it into any number {say five) of equal parts. 
Const. Through A draw AC making any '"'ith AB. 

From AC cut off five equal parts of any length, AD, DE^ 
EF, FG. GH. 

Join HB. 

Through D, E, F, G draw DN, EM, FL, GK ||8 to HB 
and meeting AB in N, M, L, K respy. . Prob. 6. 
Then shaU AN - NM - ML - LK - KB. 

Proof. ••• DN, EM, FL, GK, HB are jls . . . Const. 

And AD - DE « EF = FG - GH . . . Const.^ 

AN « NM - ML - LK - KB. . . Th. 23 . 


Exercises. 

524. Trisect a given finite st. line. 

525. Draw a finite line of any length and divide it Into 7 partSr 
(Pun], Mat.) 

526. Draw a line f of a given finite line. 

527. Divide a given finite line into 2 parts such that one part Is | of 
the other. 

* 52S. A, B, C axe S pts. not in the same st. line. Show howto draw 
through A a st. line such that the J. on it from B shall be double th# 
j on It from C. (Mad. F« A.) 
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TEIANGLEa 


Pboblbu 8. 

Gen. Enon. To construct a triangle hamng given two of Us sides 
and the contained angle. 




ViOu ISA. 


Part EtnuiB. Let a, 6 be 8 giren st lines and y a given l_. 

It is read, to construct a A having 2 sides ’=> 0,0 respy. and the 
contained L_ L. y. 

Const. Draw any at. line CB ■> «. 

At the pt. C in tiie at line CB make L. BCD 

, • * • * • • 1*00- 6a 

From CD cut off CA ^ h. 

Join BA. , , 

Then shall A ABC have the parts that are given. 

/ CB — Const. 

Proof. ‘.M CA - 

ll BCA - L. y . • ' • • • • Const. 

A ABC has the parts that are given. 
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PBOB1.EM 9. 

Gen. Hnan. To eomtruet a triangle having given two of He angles 
and one side* 



Fid* X2IK* 


Part. Enuxi* Let /3, y be 2 giVezi Ls together < 2 rt. L_s and a 
a given st. line. 

It is reqd. to construct a ^ having 2 [_8 — L ft L T ond 

a side ^ a* 



Wsa. ISML 

Const, (i) Draw any st. line BC » a, (Fig* 126.) 

At the B in the st. Ime make L. 

CBA - L. ft . . . ; . . Prob. 6, 

At the pt. C in the st. line BC and on the 
same side of it as L CBA make L BCA 

L >••••••• 


Prob. 6 
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Proof. *.■ 


Then •thall ^ ABC have the parts 'tiiat are given. 

fBC » u . Const. 

•j 1 CBA " j_ if Const. 

^1— BCA = L. y Const* 

.** A ABC has the parts t^t are giren. 



Iia. m. 


Cmt (ii) Draw an; at. line BC * a. (Fig. 127.) 

At the pt. B in the sL line BC m^e 
CBA — L. ^ Proh. &. 

Let a be the L L_® + L.i5 + L.y 

«= 2 rt. I 8. 

At the pt. C in the st. line BC and on the 
same .side of it as 1_ CBA make [___ BCA 
■» L a . . , . . . . Prob. A 

Then shall A ABC have the parts that are given 
Proof. *.• |_ BCA + |_ CBA + [_ BAC =» 2 rt. L_s . Th. 8. 
L “ + L + L BAC = 2 rt. L»‘ 

But l_a + L.)y + [_y*2rt. L*- 
L BAC - L y- 

Hence m A ABC 

( BC ■■ a 
]LCBA = L3 
it BAr - t y 

»% A ABC has Uie parts that are given. 9 .s.v. 
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Problem 10. 

(Euo. 1 22.) 

Gea Enun. To construct a triangle having given its three stdesm 



Via. 12a. 


Part. Enua. Let a, 6, c be 3 given st. lines of which any 2 are 
together > the 3rd, 

It is reqd, to construct a having its sides Of o respy. 
Const. Draw any at. line AB — a. 

With A as centre and radius — b desc. a 0. 

With B as centre and radius » c desc, a O. 

Let these 2 ©s out at C. 

Join AC, Be. 

Then shall ^ ABC have the parts that are given, 

f AB *■ a • , . , . , . Const 

Proof* "J AC ■■ 6 , . , , , , ^ Const* 

IBC ■■ c • , . , , , # Const* 

A ABC has the parts that are given* Q*x.Fr 



x&iAjiaiiSs 


im 


P&OBLXM 

(The Ambignous Case.) 

3ea. Eann. To conatrnct a triarigle having given two of its Hdee 
an d the mngLe opposite one of them. 



ISO. 


Fart. Bnim. Let a, e be 2 given at. linM and a a given L* 

It is reqd, to oonstr^t a ^ having 2 sides «> c respy, and iM 
opp. one ^ them (say a) -■ L_ «. 




- Fia. 180 . 

Const. Draw anj st. line AB «■ o. 

At the pt. A in the st. line AB make L. BAD 

L. a . • • - . . . - Prob. 6. 

With B as centre and radius » a deso. a 0 outting, if 
possible, DA, or DA produced, in 2 pts. C, C'. 

Join BC, BC', 

Case (i) Let C, C' be both on the same side of A as in Fig. 129. 
Then shall ^ ABC and ^ ABC' have the parts that aM 

givfcw. 

Case (ii) Let, C, C' be on opp. sides of A as in Fig. 130. 

The^ shall ^ ABC have the parts that are given. 

Proof. in both Fig. 129 and Fig. 130 

( AB ^ c • . . . . . Const, 

■j BC . • • • . Const. 

^1 BAC *■ I a . . . * . Const. 

ABC has the parts that are given. 

Similarly it may be shown that A ABC' in Fig. 129 haa 
the parts that are given q.b,f. 
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PEOBT.T5M 12, 

Gen. Bnan. To eonstruot a righUangled triangle having given trj^ 
hypotenuse cmd one of its sides^ 



Fig. 131. 


Fart. Bnan. Let c be 2 giFen et. lines of whidi a ;> o« 

It is reqcL to construct a rU f d A having Us hypoU -• a and 
a side — c. 

Const. Draw any at. line AB => c. 

At the pL A in the at. line AB draw AD J. to 

AB ........ Prob. 3. 

With B as centre and radius * a desc. a 0 cutting AD 
in C. 

Join BC. 

Then shall A ABC be a rt. Ijd having the parts that 
are given. 

BAC is a rt. L * . . • . Conat. 

Proof. *.* -{ AB «= c . . . . # • . Const. 

IBC = a Const. 

ABC is a rt. L-d A having the parts that are given. 


Hxercisea 

529 . Construct a A <»< 3 tLal in all respects to a given A* 

530 . Construct an equilat. A having given its base, (liluo. 1. 1.) 
c; 3 X. Construct an isos. A having given its base and a side* 
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. 532. Construct an isos. A on a given base and having each side double 
Its b^e. (U. P. Eur. Schls. Mid^ 

533. Construct an isos. ^ having given its base and altitude. 

534. Construct an isos. having given its base and perimeter. 

535. Construct a rt. l_d ^ having given its hypot. and an acute | . 

536. Construct a rt. | d ^ having given its hypot. and base. 

537. Construct an isos. rt. | d A having given its hypot, 

538. Construct an equilat, A having given its altitude. 

539. Construct a rhombus havmg given an ] and its perimeter. 

540. Oonstrhot an equilat. A whose perimeter is equal to that of 
a given A* 

541. Construct a A hiaving given its 2 sides and altitude. 

542. Construct a A ABC having given AB, BC and the median 
through A. 

543. Construct a A given its base, altitude and a side. 

544. Construct a having given one side and the 2 diags. 

^Bomb. INlatno.) 

543. Construct a rt. I d A having given its hypot, and having one 

acute I = 4 the other. 

546. Construct a rt. J d A having given its base and the X from the 

rt. 1 on the hypot. In wMoh case will the construction fail ? (Punj. 

Mat.) 

547. Construct a rt. | d A having given its base and the | opp. the 

base. 


548. Construct a rhombus having each of its sides » one of its diags. 

549. Gonatructan isos. A having given the vert. | and altitude. 

550. Construct an isos. A whose vert. L_ is 4 times each of its base 
J_B- 

551. Construct an isos. A having given its base and vert. | . 

552. Construct an isos. A having given its base and the sum of its 

vert L and a base I . 

* 553. Construct an isos. A having given its base and the sum of its 
altitude and one of its sides. 

* 554* Construct an isos. A having given its altitude and perimeter. 

* 555- Trisect a rt. | . (Calc. Mat.) 

* 556. Oonstruot a A having given its altitude and the Ls at the base, 

* 557. Construct a A having given its base, one of the | s at the base 

and^e sum of the sides. (Alla^, Mat.) 


* 558. Oonstruot an obtuse | d A having given its greatest side, an 

adi.T_ and the difEoe. of the remg. sides. 

* 559 - Construct a A having given its perimeter and base L_s. 

Construct a rt. | ^d A having given its hypot. and the suzn of 

its tose and perpendicular. 

*561. Consisruot a A having given its base, the diffce. of its base If 
^t.nd the difEoe. of its remaining sides. (Mad. Matno.) 
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*562^ Construot a rt, | A having given the percmetor and one 

acute L* (Mad. Matric.) 

* 563. Construct an equilat. A iia’^ng given a pt. on each of Its sides 
and the line along which its base lies. 

* ^ 4 * E)6soribe a regular hexagon without drawing a ©. (Punj. Bur* 
Schls. High.) 

56s Construct a A having given its medians. 


(Bom. Previous.) 

* 566. On a given st. line as diag. desc. a rhombus with ! s 60 °, 60 °. 
120 °. 120 °. (XL P. Bur. Schls. Mid.) 

* 5<^. Constaniot a square having given the diffce. between a diag. and 
one side. 

* 568- Trisect any angle using compasses and graduaied ruler. 


QUESTIONS BOB EXAMINATION.— XXX. 

X, Distinguish between a problem and a theorem. 

2. What is the datwm, and what Is the gucRsitum in the ennnoiatloxk 
of Problem 1 ? 

3. What simple constructions are assumed as possible in the 8olutio]3< 
of problems, and what instruments are available ? 

4. DejBne the term “ postulate 

5. The equal circles described with centres D and H, in the construo- 
tion of Problem 1 , intersect in two points. Prove that both points Ue 
on the bisector of the angle. 

6. Show, by a figure, the necessity of describing equal oirolos with 
centres D and H, in the construction of Problem 1 , **8uch that they 
intersect 

7. Prove that AF in fiigure 115 is part of the locus of points equidis- 
tant from AB and AC. Where is the other part ? 

8. Prove that FA produced, in fiigure 116 , will bisect the reflex angle 
BAG. 

9. Draw an angle on paper, cut it out and bisect it by folding. Prove 
your result.- 

zo. Prove the construction of Problem 1 by folding about the supposed 
bisector. 

XI. Prove that CD in figure 116 is the perpendtcular bisector of AB. 
- 12. The radii of the equal circles described with A and B as oentree 
in the construction of Problem 2 must be greater thah half AB. Uive 
a reason for this. 

13. Prove that CO in figure 116 is the locus of points equidistant from 
A and B. 

14. Draw a straight line on tracing paper add bisect it by folding. 
Prove your result. 

15. Prove the construction of Problem 2 by folding about the supposed 
bisector. 

16. Deduce Problem 8 as a spaoial case of Problem 1. 
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17. What is a line “ of unlimited let^h” ? (XJ. P. Eut. Sohls. Mid.) 

18. How long at least must the radii of the equal circles be that are 
described in the oonstraction of Problem 8 ? 

10. Why is the line AB in Problem 4 given as of unlimited length ? 
<tJ. P. Bur. Schls. Mid.) 

2a Show^ by a figure, that the construction of Problem 4 fails if the 
circle described with centre C does not out AB. 

2X. Define equal circles. What equal circles are described in the 
construction of Problem 5? 

22. Enunciate the theorem on which the proof of Problem 6 depends, 

23. Of what points is EC in the figure of Problem 6 part of the locus ? 
Where is the other part ? 

24. Enunciate the theorem on which the proof of Problem 7 depends. 
2^ Two triangles are constructed from the same data as the triangle 

in the figure of Problem 8. By what theorem do we know that they are 
congruent ? 

26. What is the reason for the condition that the two given angles in 
Problem 9 are together less than two right angles ? 

27. Enunciate the theorem on which the construction of Problem 9. 
Case (ii), depends. 

28. Wbat is the reason for the condition that the sum of any two oi 
the given straight lines m Problem 10 must be greater than the third ? 
(Beng. Eur. Schls. Mid.) 

29. Prove, by means of a figure, that three lines might be taken such 
that it would be impossible to construct a triangle with sides equal to 
them. (Beng. Eur. Schls. Mid.) 

30. When IS a problem said to be indeterminate f Give ai* example. 
3X. Ill in the figures of Problem 11, a is less than the perpendicular 

from B on AD| prove that the construction fails. 

33. Wherein lies the ambiguity of Problem 11 ? 

33. If, m the figures of Problem 11 (i) a = c, (ii) a =» the perpendicular 
from B on AD, prove that the ambiguity disappears. 

34. In what cases can a tnangle be constructed, having given three 
of Its six parts ? 

35. In what oases can a triangle not be constructed, having given three 
oi Its six parts ? 

36. State the smallest number of, measurements necessary to deter- 
mine a quadrilateral fully, and show that they are bufiicient. Examine 
if three angles and one side would do. (Beng. Eur. Sohls. Mid.) 
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SCALES. 

A SCATS showixxg oru> primary and secondary divisions is called a. 
plain scale. Your graduated ruler, for example, is a plain &>caiey 
because it only shows inches and tenths of an inch, centimetres 
and tenths of a centimetre. 

DiagonsU scales show primary, secondary and tertiary divisions, 
and are used when very accurate measurement is required. Fig. 
132 is a dii^onal scale showing inches, tenths of an inch and 
hundredths of an inch, and consists of: — 



Xta. 183. 

(1) A bottom line divided as a plain scale to show inches 

and tenths of an inch, but only the Bxst prixnary division 
from the left is divided into secondai^ divisions. 

(2) Verticals through the primary divisions of the bottom 
line. 

(3) Parallels to the bottom line at convenient equal dis- 

tances. In this case there are ten parallels because 
there are ten hundredths of an inch in one-tenth of an 
inch. 

4) The top parallel divided in the same way as the bottom 
line. 

Diagonals through the secondary divisiozus of the bottom 
lino 
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Thtt principle of the diagonal scale demnds upon the theorem » 
straight line joining the middle points of the sides of a 
triangle is equal to half the base (Ex. 414), 
from which it follows in F^‘g. 133, which is jwrt of Fig. 132 en- 
larged^ that 
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Exercises. 

569 . Set off a distance of 2*38 in. from the diagonal scale (Fig. 182)* 
with your dividers. 

Set off 2*8 in. from the bottom line as with a plain scale', moVe the 
right-hand point up vertical 2 until it reaches parallel 8, and then 
extend the dividers until the left hand point reaches the intersection 
of parallel 8 and diagonal 3. The required distance is shown in Fig. 132 
thus, * 

570 . Take the following lengths from the diagonal scale (Fig. 182) 
and draw lines of these lengths ; — 

(i) 1*24! in. 

(ii) 2*67 in. 

(iii) 2*18 in. 

(iv) 1-07 in, 

(v) 2*90 m. 

(vi) 0*77 in. 

571. Bead off the distances between A and fi, C and D, fi and F 
marked on the diagonal scale (Fig. 182). 
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573 . 4^ lasgths of the lines 1 , II, III (BHl' ^7 appl7>»g 

them to tho diagonal scaJo (Fig. 132). 



Fis. 134. 

573 . Take the following lengths from your gmdnated ruler* and find 
«heir equivalents in inohes to two plaoes of decimals by applying them 
to the diagonal scale (Fig. 182) : — 
if) 3 cm. 

(ii) 8*5 onu 

(iii) 43 mm. 
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DRAWING TO SOaILB. 

If a drawing of a large object is made so that any line an inch 
long taken from the drawing corresponds bo and represents a hne 
a mile long in the object, the drawing is said to be ‘‘drawn to 

scale," and, since every line in the drawing is ” f y ^ 

” 63360 ftofcual length in the object, this fraction is ealled the 

representative fraction (R. F.) of ^ the scale. Thus in a map drawn 
to the scale of 1 inch to 50 miles, we have 

^ ^ 1 in. .1 1 

R. r. - 50 naHea “ 60 x J.760 x 36 " 3168000’ 
and in a map drawn to the scale of 1*25*^ inches to 7 furlongs. We 
have 

„ _ 1*25 in. _ 1*25 _ 1 

“ 7 fur. ” 7 X 220 X 36 “ 44352" 

N.B.— The numerator of the R. F. is always unity. 


Exercises. 


^ 7 ^ Drawings are made to the following scales. Work out ike 
R, F. in each case: — ♦ 

(i) 1 in, — 1 yd. 

(ii) 1 in. ss 1 mhe. 

(iiij 1 in. = 8-6 ft. 

(iv) I In. furlongs. 

M 3*5 in. « 16 poles. 

(vi) 2*3 in. ai 1 metre (1 metre =■ 89*37 in.). 

575 * The R, F. of a map is length on the map will 

represent 21 miles ? 

576 u The distance between two towns as shown on a map is 2*5 in. 
The actual distance between them is 94 miles. Find the R. F. of the 


map. 

577 . The R. F. of a French map is many English 

miles aparb are two towns whioh are found on the map to be distant 
2-3 cm. from each other (1 metre » 89*37 in.) 7 

578 . A square has a side of 14 in. Oonstruot it to the scale of 1 in. 
to 1 ft.» and measure the diag. (Gamb. lioo. Prel.) 

579. A square fort of 100 yds. side is to be defended by muskets of 
SKX) yds. range. Show by a diagram how much ground will be under 
range. Scale 100 yds. to 1 in. (CoU. of Precep. Jun.) 
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580. Ay By Cy Dy Ey F aie the comers of & regular hexagon each 
side of which is 11 miles. Construct the hexagon to the scale of 1 in. 
to 10 miles, and measure the lengths of AC and AD to the nearest 
mile. (Oamb. Loo. PreL) 

581. A yacht sails successively 2 miles N.W., miles S.W,, 1 mile 
due S., miles due £. Draw a plan of the course to scale 1 in« » 
1 mile, and fuid by measurement the distance between the yacht’s first 
and last position. 

582. A ladder reaches from a spot 24 ft. distant from the base of a 
house to a window 30 ft. from the ground. Fmd^ by drawing and 
measurement the length of the ladder. Scale 12 ft. to 1 in. {Ooll. 
of Precep. Sen.) 

583. Six telegraph posts, each 25 ft. high, are to be placed at equal 
distances apart along a straight, level ro^ The first and sixth are 
350 yds. from each other Make a drawing to show the positions of 
the posts to a scale of 80 yda to 1 in. (Coll, of Precep, Sen.) 

584. Find the representative fraction of the accompanying scale. 



Fia. 135. 



Sketch the floor of the room in which you are sitting and make 
of it. Scale 20 ft. « 1 in. 


a 
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CONSTBUOTION OP SCALES. 

Having decided upon what scale a him or plan is to be drawn, 
the scale itself must be constructed. The following examples il- 
lustrate the methods of construction both for plain scales and for 
diagonal scales : — 

Hx:ample z. Construct a scale of 100 ft. to an inch to show a 
ength of 10 ft. Let the scale itself be 3 in. long. 



Pro. 136. 


(1) Find the representative fraction 

R.F. 

( 2 ) 


1 

1200 ’ 


100 ft. " 100 X 12 in. 

Find the distance represented by the whole length of the 
scale. 

1 in. represents 100 ft. 

.-.Sin. „ 300 ft. 

(a) Draw a line 3 in. long and divide it into primary divisions 
of wnvenient lengths — ^in this case into three prirna^/ 
/A\ ^ each division represents 100 ft. 

(4) Hivide the first primary division from the left into teir» 
secondary divisions so that each secondary division re- 
presents 10 ft. 

(5) Number the 

Fig. 136. 

Bromple z. The rapresentative fraction of a plan >a Con- 

fwt. Let the scale itself be about 3 in. long. 
W Determine the whole length of the scale and the 
represented by it. 

R* F. « rix. 

1 m. represents 126 in. 

~ ® » , 376 in. >» 31i feet 

JSow a* distance to be rtpresenteo oi 

the whole length of the scale, so wo assume the nearest 


divisions and complete the scale as in 
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tfonvexiieiit number and then determine bj proportion 
erhat the whole length of the scale will bec<meie. 
Assaine30 ft. 


SU ft. : 30 ft. «« 3 in. : 


30 X 3. 


^ 30 X 3. 

•nd-gj^m. 


2“88m. 


Thus the whole length of the scale will be 2*38 in. and the 
distance represented by it will be 30 ft. 

(2) Draw a line 2*88 in. long and divide it into primary diri- 
aions of convement lengths — in this case into three 



Fio. 137. 

primary divisions, so that each division represents 

( 3 ) Pi vide the first primary division from the left into ton 

secondary divisions so that each secondary divimon 
represents 1 ft. , i • 

(4) Number the divisions and complete the scale as m 

Fig. 137. 

Example 3 . Construct a diagonal scale of 1 mile to an ^ 
show miles, tenths of a mile and hundredths of a mile* Ijet the 

scale ^ boSom line 3 in. long and divide it as a plain 

scale RF.^^-g^toatoTTiBilea andtwiihsef 

» nail®- . . , ». • . 

( 2 ) Draw verticals throi^h tihie pnmary divisions* ^ 

(3) Draw ten parallels to Uie bottoin line at ^want equal 

inter^s^ taken on the first verti^ ia. ^ 

/'d) Join the first secondary diviteon from the left to the »■ 
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. tfdma left of the top parallel and draw di^onals parallel 
to this from the remaining secondary divisions. 

(5) Number the divisions and complete the scale as iq 
F ig. 138. 



Fio. 138. 

Hxample 4. Construct a diagonal scale R. F. A to show yards, 
feet and mches. Let the scale itself be about 3 in. long. 







CONSTRUCTION OF SCAX4BS l&l 

(X) < Determine tlie whole length of the scale and the distance* 
represented by it. 

R. F. = 

1 in. represents 95 in. 

• ‘•3 in. ,, 285 . in. *» 71 J yds. 

Now 7 H yds. is an awkward distance to be represeli^ed by 
the whole length of the scale so we assume the ‘neares* 
convenient number and then determiney by proptortion 
what the whfole length of the scale will become. 

Assume 8 yds. 

7 ii yds. : 8 yds = 3 in. : in. 

.3x8. , 

and m. =* 3*03 in. (Correct to the nearest hundredth 

of an inch.) 

l^us the whole length of the scale will be 3*03 in. and the 
.distance represented by it will be 8 yds- 

( 2 ) Draw a bottom Hne 3'03 in^ long and divide it as a plain 
i|o^e R. F. lAr into primary and secondary, divisione so 
as to represent yards and feet» then complete the soale 
and number the' divisions ^as in Fig. 139 * 


Exercises. 

586. Draw a st. line 4 t in. long. This line represents 6 ft. Divide it 
to show feet and inches, and complete and figure the scale. (Gazab 
Loo. Prel.) 

587. Oonatruot a plain scale R. F. to show 100 yda 

588. Construct a plain scale R. F. ^ to measure yards and feet. 
The scale must be long enough to measure 6’ yds. (Oxf. Loo. Prel.) 

589. Draw a plain scale of J in. to 1 ft. to show feet and inches, 5 ft" 
being the greatest distance shown. (Oamb. Loc. Prel.) 

590. Construct a plain soale R. F. ^ to show feet and inches. 

59X. Draw a plain scale of in. to 1 ft. to show feet and inches 

4. ft. being the greatest distance shown. (Camb. Loo. Prel.) 

592. Make a plain scale R. F. ^ to represent feet and inches. The 
scale must be long enough to measure 5 ffc. (Ozf. Xtoo. Prel) 

593. Draw a soale of furlongs and chains to accompany a map on 
8 furlongs 6 chains measures 2^ in. (Oxf. Loo. ^n.) 

1^. Draw a st. line 4 ^ in. long to represent 5 miles. Construct on 
thi^ne a plain scale, showing miles ana fnrlongSy to measxuce distances 
up to 5 miles. 

A man walks from A 2 miles in a northerly direotioii to B ; he then 
walks 3 miles 2 furlongs in an easterly direction to C. By use of the 
scale, find to the nearest furlong the distance from A to d (Camb. Xjoc. 
Jun.) 


6 * 
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. 595 i DttkVr a sfc line of lengtsh 4J in. to represent 4:0 miles.' Con^ruot 
on thiB a plain scale, showing single miles, to measure up to 40 miles. 

On a map two places B and C are found to be respy. 25 miles and 
so miles from A and I BAC - 40®.^ By use of the scale, find the 
distance from B to C toQie nearest mile, (Oamb. Loo, Jun.) 

596 , Construct a plain scale R. F, ir to show decimetres (t metre 
« 89*87 in.) and use it to draw a qtuadl. ABCD from the following 
data 

AB » 1*9 metres AD « 1*4 metres I ABC = 90® L “ 70® 
L CDA « 

Bind by measurement the remaining sides of the quad!. 

597 ; Draw a st. lino 4 ^ in. long to represent 15 miles. Construct a 
diagonal scale upon this line to show miles and furlongs. (Camb. Loe. 
Jun.) 

598 . Construct a diagonal scale R. F. xH to show feet and inches, 
and from it take ofi a length of 36 ft. 7 in. 

599 . Construct a diagonal scale R. F. ^ to show metres, decimetres 
and centimetres (1 metre = 39^37 in.). Scale to be about 5 in. long. 

60 a Construct a diagonal scale, 1 in. « 8 chains, to show 6 paces 
(1 pace a 39 in. and 1 chain » 22 yds.). Scale to- be about 6 in. long. 

60 Z. Construct a diagonal scale R. P. ffi to show poles, yards aad 
feet. Seale to be about S in. long. 
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EXPEEIMBNTAIi SECTION- 

COORDINATES. 


Exp. 123 . On a piece of squared paper draw two straight lines 
X'OX and Y'OY at right angles to one another as in Fig. 1^* 



Fig. 140. 


From O in Fig. 140 count to the right 9 divisions, then up 4^ 
divisions, and so arrive at a point P. Mark P in your hgwe. 

The numhers 9 to the right and 4 up determine the point P and 
are called its coordinates with respect to the coordinate axes X'OX 
and Y'OY (known respectively as the x-axis and y-axis), while O 
is called the origin of coordinates. 

* Exp. 124 , From O in Fig. 140 count to the left 9 divisions, then 
up 4 divisions, and so arrive at a point Q, whose coordinates are 9 
to the left and 4 up. Mark Q in your figure. 

Exp. 125 . From O in Fig. 140 count to the left 9 divisions, then 
down 4 divisions, and so arrive at a point R, whose coordinates are 
9 to the left and 4 down. Mark R in your figure. 

' Exp- 126 . From O in Fig. 140 count to the right 9 divisions, then 
down 4 divisions, and so arrive at a point S, whose boordinates are 
9 to the right and 4 down. Mark S m your figure. 
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. Distances measured to the right or are called positive and to 
the left or down negative, so that, for convenience, the coordinates 
of the point P in Fig. 140 are written (9, 4), of the point Q ( — 9, 4), 
of the point R ( — 9, ~ 4) and of the point S (9, —4). 

Coordinates to the right or left are called the abscissae or x- 
coordinates of the points to distinguish them from coordinates up 
or down, which are called their or<£nates or y-coordinates. 

Notice that in describing a point its abscissa is always given first 
and its ordinate last. Thus the point whose abscissa is 8 and whose 
ordinate is 5 is written (8, 5), while the point whose position is un- 
known is written (x, y) where x denotes the abscissa and y the 
ordinate, 

Hsq). 127, Copy Fig, 141 on squared paper and write down the 
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PlQ. 141. 


coordinates of the points P, Q, R, S, T, V, W, Z, O. 

Hxp. X28. Draw coordinate axes on a sheet of squared paper and 
plot the following points with reference to them : — 

(i) (4, 10), (4, 5), (4, 0), (4, -5), (4, -10). 

(ii) (10. 4), (6, 4), (0, 4), (-6, 4), (-10, 4). 

(iii) (6, 6), (3, 3), (0, 0). (-3, -3), (-6, -6). 

(iT) (3. 6-6), (1, 6), (-1, 4). (-3-6, 2), (-6, 0). 

£acp. 129. Plot (7, 3) and ( — 7, — 3) on squared paper and prove 
theoreticidly that they are equidistant from (0, 0), 

Estp. X30, Plot (6, —5) and ( -6, 3) on squared paper and prova 
theoretically that they are collinear with (0, 0). 
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' £xp. i 3 i- -Plot (10, 0), (0, S), (3, 0) and ( 0 , 10) on squared paper, 
and prove, theoretically that -the distance between the first two is 
ec^nal to the distance between the last two. 

Exp, 132 . Plot(i 2 , 9) on squared' paper and prove theoretically 
that ( 8 , 6 ) is a point of trisection of the line joining ( 12 , 9 ) to ( 0 , 0 ). 

Exp. 133 * Show by a di^am on plain paper that if a point lies 
on the a;-axis its ordmate is 0, and if it lies on the y-axis its ab- 
scissa is 0. 

Exp. 134 . Show by a diagram on plain paper that the line join- 
ing (a, 5) and ( — a, 6 ) is bisected by the y-axis at right angles. 

Exp. 135 * Show by a diagram on plain paper that the line join- 
ing (flt, b) and (a, — 6) is bisected by the rr-axis at right angriAR. 

Exp. 135 . Show by a diagram on plain paper that the line join- 
ing (0, 0) and (a, a) is bisected at right angles by the line joining 
(0, a) and (a, 0). 

Exp. 137 * Show by a diagram on plain paper that the line join- 
ing (0, n) and (6, 0) is equal to the line joining (0, 0) and (5, a). 

Exp. 138 . Plot the following pairs of points on ‘‘inch” paper 
(that & &iquiired paper ruled in inches ana tenths of an inch), and 
express the distance between each pair in inches and decimals of 
an irich‘:4*- 

(i) (3,' 8 ) and .(14,8). 

(ii) (- 6 , 4 ) and (— 6 , 12 ). 

(iii) (-4, 9) and (-4, - 6 ). 

(iv) (- 6 , -3) and (-5, -12). 

(v) (3-5, 6 ) and (9, 6 ). 

(vi) (7, 6-9) and (7, -5*2). 

Bxp. 139 . Plot and give the coordinates of the point where 

(i) the line joining ( 6 , 6 ) and { - 7 , - 7 ) cuts the line joining 
(8,’3)and (- 8 , -3); 

(ii) the line joining ( 6 , 9) and ( --4, 9) outs the line joining 
( 0 , 0 ) and ( 0 , lO) ; 

(iii) the line joining ( ^ 3, 7) and ( -* 3, - 6 ) cuts the line join- 
ing (0, 0) and (9, 0) ; 

(iv) the Une joining (9, 4) and (2, 8 ) outs the ir-axis ; 

(v) the line joining ( — 11, 2) and ( - 3, 7) outs the y-axis ; 

^vi) the line joining (9, 9) and ( - 9, - 3) cuts the line joining 

(-3, 8 ) and (9, - 2 ). 

No^e . — When using squared paper we shall be able, with practice 
to read off tenths but uot hundredths of a division. On inch paper 
this means an approximation to two deoimal pl^ed of an inch. 

Exp. 140 . Plot the points P (2, 4) and Q (10, 12). Bisect the 
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i'lQ. 142. 


sounting. Prove in a similar way that the absciasa of R is S and 
verify by counting. 

Hxp. 141 . Plot the following pairs of points and find the co- 
ordinates of the ^ints midway between each pair by ealevXaiion 
as in Exp. 140. verify by bisection and counting 
( 1 ) ( 2 , 9} and ( 8 , 1 ). 

(ii) ( 0 , 0 ) and ( 10 , 6 ). 

(iii) (-4, 3) and (15, 14). 

(iv) (3, -4) and (-7, - 6 ). 

Exp. 142 . Show by a figure that (- 4, 3), (- 4, - 5), ( 8 , 3), ( 8 , - 5) 
are the vertices of a rectangle, and find by oalculation the coordinates 
of the point of intersection of the diagonals. Verify by drawing 
and counting. 

Exp. 143 . Show by a figure that (7, 9), (7, 4), (7, 0), (7, - 6 ) lie 
on the locus of points equidistant from ( 1 , 5 ) and (13, 5 ). 

Exp. 144 . Show by a figure that (- 1, -2), (-7, -2), (-7, - 8 ), 
( -^ 1, 8 ) are equidistant from ( — 4, - 6 ). 

Exp. 145 . Find by construction and counting the coordinates of 
the point equidistant from ( 2 , 2 ) ( 11 , 2 ), ( 11 , 5 ). 

Exp. 146 . Show by a figure the locus of points distant 0*6 in. 
from ( -’ 3, — 7) on inch paper. 

Exp. X 47 . Find by construction and counting the coordinates of 
points distant 0*5 in. from ( 8 , 2) and (3, 6 ) cm inch paper. 

Exp. z 48 . Find by constimction and counting the coordixiates of 
pomts distant 0*75 in. from (5, 3) and 0*6 in. from the x-azis on 
ixmh 
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Hxp. X49. Find by constrnciion and oounting tbe coordinates of 
the orthooentre of the triangle whose vertices are 7), ( ~ 9, ~ 3), 
<5, - 10). 

Exp. 150. Find by construction and counting the coordinates of 
the centroid of the trianj^e whose vertices are (2, 2), (13, 7\ 
(U. -8). 
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GBAPHS. 

ALGEBBAIOAIi EQUATIONS. 

Hxp. 151. Plot a series of points such that for each point ^ 
OMsoordinate -f ** 

for example ( - 3, 12), "( - 2, 11), ( - 1 , 10), (0, 9 ), (1, 8), (2, 7 ), ( 3 , 8). 



Fio. 143. 


Notice that the locus of these points is a straight tins, Sinoo 
for every point on this line « 4 - 1 / =» 9 where x and y stand for the 
X and y coordinates of the poin^ this line is called the g^raph of the 
equation 05 + y * 9. 

Hxp. 152. Plot a series of points such that for each point 
05 -ooordinate »* 6, 

and the y-coordinate is anything whatever, for example (6, * 5)^ 
(6, -l),r 6 , 0 ),( 6 , 2 ),( 6 , 4 ),( 6 , 8 ). 

Notice that the locus of these points is a straight line parallel u> 
the y^axis, and that the straight line is the graph of the equation 
X = 6, because this equation is satisfied by the coordinates of all 
points on the line. 

Exp* X53. Plot a series of points such that for each point 
2^-coordinate » 2 x o;-ooordinate + 3 , 
that is, plot the graph of the equation. 

y » 2 a 5 + 3 . 

Corresponding values of x and y can be tabulated thus : — 


Values of a « • • * 

D 

-2 

■ 

D 

D 

2 

8 

Oonesponding values of y • 

-8 

D 

■ 

8 

5 

■ 

9 
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It is now an ea^ matter to plot a series of points whose ca* 
ordinates satisfy the equation and then join them by a oontinuoue 
line. 

Hzp. X54. Plot the graph of the equation 
2 ,-“ 4- 2a: - if = 3, 

that is, 

y = 2B* 4- 2r - 3 

Ck>rresponding values of x and y can be tabulated thus : — 


Values of sc 

-3 

Corresponding values of 

9 

Corresponding vsJues of 2sb 

-6 



Corresponding valnes of « 1 ^ . o n 

{«»«“4-2«^3) / O I -3 -4 -3 0 5 


Hzp. 155. Plot the graphs of the following equations s — 

© a? + S = 0. 

(ii) y « 11. 

(iii) sc = y. 

(iv) sc 4 - y = 12. 

(v) y - 3a: 4- 4 — O 
(yi^ y = a?. 

(vn) sc == y* — 1. 

(viii) sc*4- y* = 25. 

Hxp. 156. Plot the graphs of the equations 
sc - 4y 4- 6 = 0\ 
sc 4- y - 5 = 0 /^ 

and hence find, by counting, the coordinates of their point of inter* 
section. Verify by solving sdgebraically. 

. £xp. 157. Solve by plotting and counting the simaltaneoiis 
equations : — 

(i) 2a; - y = 0\ 

sc 4 - y ** 0/’ 

(n) ac - 2y == IOI 
sc 4 - 5y = -8/* 

Verify by solving algebraically* 


7 
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STATISTICS. 

The grapli of an algebraical equation in cc and y shows the variations 
in one quantity y that dep end upon and correspond to variations 
in another quantity a?. We can, however, extend the use of graphs 


Hours. 

Temperature. 

8 A.M. 

4S®F. 

9 A.M. 

60° F. 

10 A.M. 

53° F. 

11 A M. 

60° F. 

Noon. 

68° F. 

1 P.M. 

75° F. 

2 P.M. 

77° F. 

3 P.M. 

75° F. 

4 P.M. 

67° F. 

5 P.M. 

60° F. 

6 P.M. 

58° F. 

7 P.M. 

60° F. 

8 P.M. 

45° F. 


■■■■ 


Mmmr 


iiJ 50' 

if,’ 

^ 35 . 
< 3o; 
u 25; 
20 ; 

• 5 ; 

I 


!■■■ 






GRAPHS 1S2 

Ample, we wish to record the yariations in temp •ratore during the 
ooTirse of a certain day. We can take as a^-coordmates the numbers 
of hours (or half hours) that have elapsed since our first obserya- 
tion and as ^-coordinates the temperatures in degrees Fahrenheit 
at She beginning of each hour (or half hour) respectively, and draw 
a continuous line through the points that represent the seyera] 
observations. Thus Fig. 144 gives the graph that illustrates the 
data set forth in the foregoing table. 

A graph that is based on ol^rvations made at short interyals 
may be taken to give fairly correct readings between two actual 
obi^rvations. Thus from Fig. 144 we may safely infer that the 
temperature at 10.30 a-M- was very nearly F. 

E^. 158 . Fig. 145 is a gmph showing the yariations in the speed 
of a train between two stations A and B, ten miles apart. 

What was the speed 1 ^ 3, 6 ^, 9 miles from station A respectiTely t 
What was the ma-rimTim spe^ ? How many miles from Btatio& B 
did it occur f 


miles trom station a. 



Hxp. 159 . Plot the graph showing how sin x varies as x increases 
from 0® to 360®. 


s 

0® 

30® 


90* 

120® 

150* 

180® 

210® 

240® 

270® 

800® 

330® 

860* 

sins 

i 


0'60 

0*86 


0*86 

0*60 

0-00 

-0-60 

-0-86 

-POO 

-0*86 

-O-fiO 

M 
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MEASUBEMBBI 07 ABBA'S. 

Exp. xtio. On «ny given unit of length describe a square ; then 
the ares of this square will be that unit of area that corresponds to 
the given unit of length. 

Exp. i6i. Descnbe the unit of area that corresponds to an inoh 



and call It a square indt Also describe a square centunetre. 
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RBOTANGLBS. 

Exp. 162 . On A piece of squared paper draw a rectangle whoee 
base measures 8 divisions and whose altitude measures B divisions. 


Fig. 147. 

Call a division the unit of length. How many corresponding units 
of area does the rectangle contain ? 

Working ; — 

Ko. of small squares \ = No. of divisions in length x No. of 
in reotsLugle J divisions in altitude. 

= 8x5 

». m 

But each small square is the unit of area correspondirtg to the 
length of a division. 

Exp. 163 . On a piece of inch paper draw a square inch* 



Fio. 148. 


How many small squares are there in a square inch 7 What 
fracfdon of a square inch is each of the small squares? 

From this Experiment we conclude that if inch is tahen as the 
unit of length, riyt— iV) squa^ inch is the corresponding 
unit of area. SimiUorly, if inch is taken as the unit of length, 
riw ^ T^) square inch is the cmuresponding unit of area. 
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^ Hxp. 164. On a piece of inch paper draw a rectangle whose base 
measures I'S in. and whose altitude measures 0*7 in. 



Fio. 149. 

Find the area of the rectangle. 

Working : — 

Call ^ in. the unit of length. 

Then sq. in. is the corresponding unit of area. 

Now the rectangle contains 13 x 7 units of area. 

13 X 7 

— 1*8 X 0*7 sq. in. 
ss 0*91 sq, in, 

Exp. 165. On a piece of inch paper draw a rectangle whose base 
measures 1*26 in. and whose altitude measures 0*52 in. 



Fig. 160. 


Find the area of the rectangle. 


Thing : — 

Call xVv i^* i^he unit of length. 

Thtn ®9,* 1^* 1® corresponding unit of area,. 
Now the rectangle contains 126 x 52 imits of area. 

_ 126 X 62 
" 10000 


1*26 X 0*62 sq. In. 
= 0-6662 sq. in. 
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From fiacpenment 0 162-165 we are led to conclode : — 

Ths number of any linear unit in the base of a rectangle^ 
multiplied by the number of the same linear unit in the 
alittude, gives the number of the corresponding square 
unit in the area* 

Or, briefly : — 

area of rectangle *<■ base x altitude. 

Learn this by heart. 

j^oU * — ^This rule implies that the base and altitude oi the rectangle 
•nave a common measure, that is to say, are eommensturahle. If Ute 
case and altitude are incomTnenst^able we can express their measures 
Hi terms of any particular unit to as many decimal places as we desire, 
and then the rule will give the area of the rectangle to any required 
degree of accuracy. Thus, for the purposes of this Section, we may 
•assume the rule to be true in all ot^es. 

The abbreviation **recb. AB, AD,” or *^AB x AD,” or 
*‘AB.AD” is used to denote “the rectangle haying AB and 
AD for adjacent sides,” and the rect. AB, AD is said to be 
“contained by” AB and AD. Similarly the abbreviation '^sq. 
on AB,” or “ AB*” is used to denote “Uie square having AB for 
aide”. 

Etxp. x6A Find the area of the rectangle PQ, PS drawn on inch 
oaper. 



Pio. 151. 

Working : — 

PQ « (0-47 -f 0*96) in. « 1-43 in. 

PS - (0*47 + 0 54) in. = 1*01 in. 

area of reot. PQ, PS — 1’4S x I'Ol sq. la. 

■» 1'444S sq. in. 

* 1-4 sq. in. nearly. 

ifols. — ^The result 1-4443 sq. In. is not reliable beyond the units 
•digit. We cannot be sure, in practice, that we have estimated the 
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lengths PQ, PS correctly to the tenth of a division, and a discrepancy 
in either or both of these measurements might affect the second, or 
even the first, decimal plac^ in the result 1*4443 sq. in, 

Exp. 167 . Find the area of the rectangle PQRS drawn on inch 



Fig. 162 , 

paper to the nearest tenth of a square inch. 

Exp. x 68 . Plot on inch paper the rectangles having the following 
points as vertices, and find the area of each rectangle : — 

( 1 ) (4, 7), (18, 7). (4, -4), (18, ~4). 

(li) (12, 4), (12, ^9), (- 6 , 4), (~ 6 , -9). 

(lii) (7. 3*2), ( ^ 6 , 3 2), (7, - 6 ). ( - 6 , ~ 6 ). 

(iv) (-13*7, -3-6), (-13*7, -9 2), (- 6'9, -^3*6), ( - 6*9, - 9*2), 

Exp. 169 . Draw on inch paper the rectangles having the follow- 
ing dimensions, and find the area of each rectangle : — 

(1)1*7 in. by 2-1 in. 

(ii) 2*35 in. by 1*66 in, 

(iii) 1*76 in. by 0*99 in. 

(iv) 2*08 in, by 1*03 in. 

Exp. 170 . Find the' areas of rectangles having the following 
dimensions : — 

(i; 1 ft. S in. by 2 ft. 7 in, 

(li) 69 mm. by 38 mm. 

(iii) 10 ft. by 100 in. 

(iv) J mile by 3 yds. 2 ft. 9 in. 

(v) a? in. by 3 / in. 

(vi) a yds. by b ft. 

fixp. 171 . Find the areas of squares having the following sides 
(i) 1 ft 7 in. 

( 11 ) 2 yds. 2 ft. 9 in. 

(iii^ 3a; in. 

(It) (* + y) om. 
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Eaep. 172 . Find &e bases of the rectangles having the foUoving 
areas and aliatudes : — 

( 1 ) 16 sq. ft. 8 sq. in., 2 ft. 10 in. 

(ti) 1 acre, 40 ydi 

(iii) X sq. in., y in. 

(iv) p sq. ft., q in. 

Exp. 173 . If the side of one square is 12 times the side of an 
other square, show by a figure on squared paper that its ares is 
144 times as great. Hence prove that 1 sq. ft. ■= 144 sq. in. 

Exp. 174 . If 1 pole — 5^ yds., prove as in £zp. 173 that 1 sq. 
pole => SOi sq. yds. 

Exp. 175 . Show by figures that the area of a rectangle is multi, 
plied by 4, 9, 16, 23, a’ if we multiply its linear dimensions by 2, S, 
4 ,6, a. 

Exp. 176 . Find the sides of squares having the following areas : — 
( 1 ) 1 sq. ft 25 sq. m. 

(ii) X sq. in. 

(ill) (o* + 2ab + h*) sq. miles. 

Exp. i77> Draw a rectangle and find its area (1) in sq. in., (2) in 
sq. cm., and hence find the number of square centimetres m a 
square inch. 

Exp. 178 . Repeat Exp. 177 with another rectangle of different 
dimensions. 

Exp. 179 . 1 in. -> 2’34 cm. Terify, by calculation, the results 
you obtained in Exps. 177, 178. 

Exp. 180 . A carpet is required for a rectangular room 22, ft. by 
18 ft., allowing a margm of 3 ft. all round. Draw a plan to scale 
R. F. 1 ^, and find the cost of the carpet at 3s. 4d. a sq. yd. 

Exp. 181 . A fence is required for a square enclosure coutaimng 
10 acres. Draw a plan to scale R, -F. S'Od find the cost of the 
fencing at 2 s. 8 d. per yd. 

Exp. 182 . The area of a rectangle is 39 sq. yds. 1 sq. ft. 2 sq. in. 
and its perimeter is 31 yds. 6 in. Find its length and breadth. 

Exp. 183 . How many postage stamps measuring || in. by | in. 
will cover a sheet of paper 1 ft. 11 in. long and 1 ft. 3 in. wide } 
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RIGHT-ANGLED TRIANGLES. 

Exp. 184. PQR in Fig. 163 is a right-angled triangle drawn on 
inch paper and PQRS is a reotangle on the same base and of the 
same altitude. Copy Fig. 153 on inch paper, and find the area of 
the triangle PQR. 



ITorftinp 


7io. 168. 

Area of ^ PQR = J area of reot, PQ, QR. 

SB I X I'l X 1"3 sq. m. 

- 0-715 sq. in. 


Ezpr 185. Plot on inch paper the right-angled triangles having 
the following points for vertioes, and find the area of each as in 
Exp. 184 : — 




PABAIiIiBliOaBAMS 


169 


FABAIiliBIiOGRAMS 

Bzp. i 86 . PQRS in Fig. 154 and in Fig. 155 is a paralldograni 



Fig. 154. 

drasrs on squared paper and TQRV is a rectangle on t^e same base 



Fig. 165. 


end of the same altitude. Copy Fig, 154 and Fig. 166 on squared 
paper, and show by counting envisions that ^ TPQ = ^ VSR. 

Hence it follows that Ogm. PQRS — recft. TQ, QR. Why ? 

Exp. 187 . Repeat Exp. 186 two or three times, Tarying the base 
and altitude tne parallelogram each iame. 

Exp. 188 . Copy Fig. 154 on plain, thin cardboaird, and Ulnstrate 
the result oi Skp, 186 by cutting and superposing. 

Exp. 189 , Copy Fig. 155 on plain, thin cardboard, and illustrate 
the result of 186 by <mtting and superposing. 
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Fig. 15^ will show you how to do this. QY «« RX, RM a QX 
. YZ is 11 to PQ, MN is H to RV. 



Pio. 166. 

From £xps. 186-189 we are led to conclude : — 

A parallelogram w equivalent to the rectangle on the same 
base and of the same altitude. 

JLad hence, 

The number of any linear unit in the base of a parallelo- 
gram multiplied by the member of the same linear unit 
in the altitude gives the number of the corresponding 
^ square umt in the area. 

Or briedy, area of parallelogram base x altitude. 

And from this it follows that 

Parallelograms on the same base or on equal bases and o] 
the same altitude are equivalent. 

Also, 

Equivalent parallelograms on the same base or on equal 
bases are of the same altitude. 

Learn these conclusions by heart. 

Eacp. xpo. Illustrate the followmg truth by drawing a on 

thin, plain cardboard, cutting and superposing: Farall^grams 



Fia. 167. 
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cn the same base or on equal bases and of the same altitude are 
equivalent. 

Fig. 157 will ahow you how to do this. BK, LM are patallol to 
FE ; GN, PQ are parallel to CD ; BL = CK ; GP == FN. 

Exp. 191 . Plot on in^ paper parallelograms having the foliowiag 
points as vertices, and dud the area of each parallelogram : — 

(i) ( 0 , 1 ), { 12 , 1 ), (16, 8 ), (3, 8 ). 

(ii) ( 10 , 2 ), ( 6 , - 5), ( - 1 , 2 ), ( . 6 , - 5). 

(iii) (1, 8 ), (-9, 8 ), (-3, - 6 }, (7, -5). 

(iv) (0,0), (^3,0), (^ 8 , -12),(-6, -12). 

Exp. 192 . Draw on inch paper paralielc^rams having the Coilow> 
ing dimensions, and dnd the area of e:ich parallelogram : — 

(!) base 1*4 in. altitude 0*8 m. 

(ii) base 1*85 in. altitude 0*63 in. 

(iii) base 2*01 in. altitude 1*11 in. 

(iv) base 2*37 in. altitude 1*09 in. 

Exp. X 93 . Find the areas of parallelograms having the follow mg 
dimensions : — 

(i) base 1 yd, 9 in. altitude 2 ft. 8 in. 

(ii) base 16*5 feet. altitude 123 in. 

(iii) base 1 mile 5 fur. 13 poles. altitude miles. 

(iv) base X in. altitude y ft. 

Exp. X 94 . Find the bases of the following parallelograms : — 

U) area acres altitude 5 chains. 

(ii) area a sq. yds. altitude b ft. 

Exp. 195 . Draw a parallelogram ABCD. Draw HF the perpen* 
dicular distance between AD and BC. Draw GH the perpendicular 
distance between AB and DC. Find the area of the ptirallelogram 
(i) by taking BC as base and HF as altitude, (li) by caking AB as 
base and GH as altitude. 

Compare the two results. What is the average result ? 

Exp. xpd. Construct paralielograms ABCD from the following 

(i) AB 1*6 in., AD - 1*1 in., L A «= 72®. 

(li) AB = 3*6 cm., AC «» 4*6 cm., BD = 2*8 cm, 

(lu) AB — 1*2 in-, BC « 0*9 in., AC «« 1*9 in. 

(iv) AC - 2*9 cm., L BAG « 29% L BCA - 46**. 

Find the area of each parallelogram by two independent oscula- 
tions, drawi ng such lines and making such measurements as are 
necessjiry. Write down the average result in each case. 

Exp. 197 . Construct parallelograms ABCD from the following 
data: — 

(i) AB — 1*2 in., L. A w 38% area « 1*08 »q- in- 

(ii) AB » 3*4 cm., L D 112**, area — 9*18 mq, onu 
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ANT TRIANGLES. 

Exp. 198 . ^ PQR in Fig. 158 is a triang^le drawn on squared paper, 
and SQRT is a rectangle on the same base and of the same alti- 
tude. Copy Fig. 158 on squared paper, and show by counting 
•divisions that 

SPQ + ZS, TPR *» i rect. SQ, QR, 



Fis. 15& 

and, therefore, A PQR =» i rect. SQ, QR- Why t 

Exp. 199 . PQR in Pig. 169 is a triang'le drawn on squared paper, 
and SQRT is a rectangle on the same base and of the same alti- 
tude. Copy Fig, 159 on squared paper, and show by counting 
divisions that 

A SPQ - A TPR « i rect. SQ, QR. 



Fio. 159. 

But A SPQ - A PQXand A TPR « A PRX. 

Therefore A PQR »* i rect. SQ, QR. Why ? 

Bxp. 300*^ Repeat ELxps. 198, 199 two or three times, varying th# 
base and altitude of the triangle each time. 
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Bacp. 20Z. Copy Fig. 158 on plain, thin cardboard, and illustrate 
the result of Exp. 198 by cutting and superposing. 

Eacp. 202. Copy Pig. 159 on plain, thin cardboard, and illnstEate 
the result of Exp. 199 by cuttii^ and superpoaing* 



Fig. 160 . 


Fig. 160 will show yon how to do this. QX is |1 to RP and XV )} to 
SQ. 

From Exps. 198-202 we are led tso conclude : — 

A triangle is equivalent to hcUJ the rectangle on the same 
dose and of the same altitude. 

And hence, 

The rmmber of emu linear unit in the base of a triangle 
multiplied by half the number of the same linear unit 
in the altitude gives the number of the corresponding 
square unit in the area. 

Or briefly, 

area of triangle = i base x altitude. 

And from this it follows that ; — 

Triangles on the same base or on equal bases and of the 
same altitude are equivalent. 

Also, 

Equivalent triangles on the same base or on equeU bases are 
of the same altitude. 

Also, 

A triangle is equivalent to half a parallelogram on the same 
base and between the same parallels. 

Learn these oondusions by heart. 

Exp. 203. Ulustzate the following truth by drawing a figure on 

thin, plain cardboard, cutting and superposing: A triangle is 
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’ejquivalent to half a parallelogram on the same hose and between 
^is eame pwralleis. 



PiQ. 161 . 

pig. 161 will show you how to do this. QX is || to RP and XV H to 
SQ. 

Eaqp. 204 . Plot on inch paper triangles having the following points 
«a vertices, and find the area of each triangle : — 

(i) (2, 2), (U, 12 ), (14, 2). 

(n) (7, -3), (-4, 4), (- 8 , ^3). 

(iii) ( 6 , 1), (10, 10), (-3, 1). 

(iv) (- 1 , 7), (->16,0), (-12,7). 

Escp. 20 s Draw on inch paper triangles having the following di- 
mensions, and find the area of each triangle ; — 

(i) base 1'6 in. altitude 0’9 in. 

(ii) base 1*7 in. altitude 1*1 in. 

(iii) base 2*05 in. altitude 0*85 in. 

(iv) base 1*37 in. altitude 1*13 in. 

Exp 206 . Pind the areas of triangles having the following di- 
mens ; — 

(i) base 2 ft. 7 in. altitude 1 ft. 6 in. 

(ii) base 120 ft. altitude 27 yds. 

(iii) base f mile. altitude 3 fur. 27 poles. 

(iv) base p ft. altitude q in. 

Exp. 207 . Find the altitudes of the following triangles : — 

(i) area 6*39375 acres base 13 chains 75 links. 

(ii) area 52 sq. yds. 18 sq. in. base 8 yds. 2 ft. 3 in. 

Exp. 208 , Find the bases of the following triangles : — 

(i) area 6*42096 acres altitude 936 Imks. 

(ii) area sq. yds. altitude 1 ft. 

Exp. 209 . Draw a triangle ABC. Draw AD, BE, CF perpen- 
daonlar to^ BC, CA, AB respectively. Find the area of the triangle 
■^) by ta kin g BC as the base and AD as the altitude ; (ii) by taking 
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CA as the base and BE as the altitude ; (iii) by taking AB as the 
base and CF as the altitude. 

Compare the three results. What is the average result ? 

Exp. 210 . Construct triangles ABC from the following data 

(i) L A » 22 % L C « 49% BC « 4-12 cm. 

(ii) L C - 87% BC - 1‘34 in., CA « 1*73 in. 

Find the area of each triangle by three independent calculations, 
drawing such lines *and making such measurements as are neces- 
sary. Write down the avers^e result in each case. 

Exp. 21 1 . Construct triangles ABC from the foUowing data : 

(i) AB « 1*1 in. BC =» 1'9 in., area =• 0*5 sq. in* 

(ii) BC ** 2*9 cm., | C « 49®, area 6 sq. cm. 

Exp. 212 . Draw three different quadrilatei^, but let the 
diagonals of each be at right angles to one another and measure 
175 in. and 2*15 in. respectively. Calculate the area of each 
quadrilateral and compare the results. 

Exp. 213 . The du^onals of a quadrilateral measure a in. and b in. 
respectively and they cut one another at right angles. Show with 
the help of a figure that the area of the quadrilateral is 4 a 6 sq. in. 

Exp. 214 . The parallel sides of a trapezium measure a in. and 
b in. respectively and the height h in. Show with the help of a 
figure that the area of the trapezium is J(a + b)h sq. in. 

Draw a diagonal and consider the trapezium as the sum of two 
triangles of the same altitude, h in., and of bases, a in. and b in. rs- 
epeotively. 

Exp. 215 . A diagonal of a quadrilateral measures d in. and the 
perpendiculars upon it from the outlying angular points a in. and 
h in. respectively. Show with the help of a figure that the area of 
the quadrilateral is Jd(a + h) sq. in. 

Consider the quad^ateral as the sum of two triangles on the same 
base of length d in., but on opposite sides of it and of altitudes a ixu 
and h in. respectively. 

Exp. 2 x 6 . Construct quadrilaterals ABCD from the following 
data : — 

(i) AB .. 3-2 cm. ; BC -= 2*9 cm. ; CD 4*1 cm. ; DA 

3*4 cm. ; AC » 5 9 cm. 

(ii) AB « 0*7 in. ; BC == 1*1 in. ; CD « 1*6 in. ; DA « 1*2 

in. ; L.ABC = 75®. 

(iii) AB « 1*9 in- ; AD *=* DC « 1*2 in. ; L A «» 62® ; DC 

is II to AB. 

(iv) AC ** 2*03 in. ; BD =» 1*87 in. ; AC and BD bisect each 

other at right angles. 

(t) AC » 4*6 cm. ; BD 5*2 om. ; AC and BD bisect each 

other at 65®. 

Fmd the area of each quadrilateral, drawing such lines and 
malriTig sudh measurements as are necessary. 
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Thi OOUPIOMSHTS of IEF PA&ilXRLOQRAHS ABOOT i DuOONil, 
OF 1 PiBlLLBLOaBAll. 

Exp. 217 . ABCD in Fig. 162 is s parallelogram. FG, HK are 
parallels to the sides through a point E on the diagonal BD, 



Pio 162. 

HEGO, FBICE are called the parallelograms about the diagona) 
BD and AFEH, EKCG are called their complements. Illustrate 
by measurement and calculation the following truth 

Tk complements of thepa/rcdlelogmms about a diagonal ^ 
any pamUelogrm m eguivakwl. 

Lean this by heart. 
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ANY REOTILINBAIi FIGURES, 

Exp, 3 i 8. PQR in Fig. 163 is a triangle drawn on inch paper. 
Oopy Fig. 163 on inch paper, and find tshe area of the triangle PQR 
by counting divisions. 



Fia. 163. 

Workw>tg 

ss root. TX, XR - A QXR - A RSP - A ptq. 

s 0'53 aq. la. 

Exp. 219. PQRS in Fig. 164 a a square drawn on incli 
Oopy Fig. 164 on inch paper, and find the area of the square 
by counting divisions. 



Square PQRS 


«root.TZ,ZV - A PTQ - A QZR - A - ASXP. 

s= 0*52 sq. in. 
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330. PQR m Fig. 165 is a triangle drawn on inch paper. 
0op7 Fig. 165 on inch paper, and 6nd the area of the triangle 


by counting divisions. 



Fig. 165. 


WorJt^ 

A PQR A PQS - A RQT - A PRX - reot. RT, TS. 

=- 0*33 sq. in. 


Hxp. 331. PQRSTX in Fig. 166 is a rectilineal figure drawn on 
hieh paper. Copy Fig. 166 on inch paper, and find the area of the 
reotalineal figure PQRSTX by counting divisions. 



Fig. 166. 


Eaap. 222 . Copy Figs. 167, 168 on inch paper, and find the areas 
of che rectilineal figures by adding and subtracting areas of right- 
angled triangles and rectangles as m Exps. 218-221. 
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Fia. 167. Fig. 168. 

Escp. 223 . Plot on inch paper the rectilineal figures having the 
following points for yertices, and find the area of each hj adding 
and subtracting areas of right-angled triangles and rectangles as in 
Bxps. 218-222 
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THE THEOREM OB PYTHAGORAS. 

Exp. M 4 . ABC in Fig. 169 is a right-angled triangle drawn on 
•squared paper and ACDH, ABGF, BCKH are squares described 



^on its hypotenuse AC and its sides AB, BC respeotlTely. Copy 
Fig. 169 on squared paper, and show by counting divisionB that 
Square on AC = square on AB + square on BC. 

Exp. 225 . Repeat Exp. 224 with three right-angled triangles, 
altering the lengths of the sides containing the right angle in each 
-ease. 

Exp. 226 . Illustrate the result of Exp. 224 by drawing a figure 
on plain thin cardboard, cutting and superposing. 



Bm. 170* 
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Fig. 170 will show yon how to do this. Through the middle pcrfnt 
of ACOHt one of the smaller squares, one straight line is drawn J| to, 
and another JL to the hypotenuse BC, thus dividing the square into 
four pieces, which, together with the square ABGF, csan be made to- 
fit exactly into the square BCKH (Perigars dissection). 

£xp. 227- Repuat Exp. 226 with another right-angled txiaagle» 
altering the lengths of AB and AC, 

Exp. 228. ABC is a right-angled triangle and BCKH is a square 
described on BC. CD is drawn perpendicular to AC meeting HK 



Fig, 171, 


In D, and the rectangle ACDH is completed, ACDE will be found; 
to be a square. 

Now EF is drawn perpendicular to BH, and the rectangle EFHO 
is completed, EFHG will be found to be a square and FH equal 
to AB, 

Copy Fig, 171 on thin cardboard, cut out the pieces EGD, DKC, and 
show that they can be made to fit exactly into the space EFBCA. 
From Exps. 224-228 we axe led to conclude : — 

In a right-angled triangle the squa/re on the hy^ote'fvuee ie 
equivalent to the sum of the equcuree on the eides eon- 
taining the right angle. 

Or, briefly, in a right-angled triangle, 

(hypotenuse)* =» (base)* + (perpendicular)*. 

And hence, 

hypotenuse — V(base)* + (perpendicular)*. 

Learn these conclusions by heart. 

Exp. 229. Plot the following points on inch paper and oaloxilate’ 
to the nearest hundredth of an inch their distances irom idle arigin 
of coordinates. Verify by measurements 

(i) (13, 7). 
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Fig. 172 shows an easy way of measuring the distance on squared 
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paper of any point P from the origin of coordinates. With centre O 
♦nd radius OP describe an arc cutting OX at Q. Then OP =» OQ. 


Exp. 230 . Plot the following pairs of points on inch paper and 
calculate to the nearest hundredth of an inch their distances from 
-each other. Verify by measurements : — 

(i) (3, 6), (16, 12). 

(in (12, 6), (-7, 9). 

(iii) (2, 13), (^9, -2). 

(iy) (16, -6), (-4,2). 

Fig. 173 shows an easy way of measuring the distance on squared 
paper of any point P from any other point Q. With centre P and 
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radius PQ describe an arc cutting the horizontal through P at R, 
Then PQ = PR. 

Exp. 231 . Plot the triangle whose veiiiices are (13, 11), ( 6 , - 8 ), 
(-7, 6 ), and ascertain by calculation whether it is equilateral, 
laosoeles or scalene. 

Exp. 232 , Plot the points (- 2 , 6 ), ( 6 , 2 ), ( 6 ,* - 2 ), and show by 
oaloulation that they lie on the circumference of a circle having 
(0, 0) for centre. Verify by describing the circle. 

Exp. 233 . Plot the points (2, 1), (10, - 3), (10, - 7), and show by 
calculation that they lie on the circumference of a circle having 
< 4 , - 5 ) for centre. Verify by describing the cirde. 
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234. Plot the points ( 7 , 2), (4, 9 ), ( 0 , 9), end find by calm- 
l&iiioii tno C6iitre of iilxo circlo on wbiicli tlioy lio< Vorify by 
describing the circle. 

Hxp. 235* Oonstruot a right-angled triangle whose base and per- 
pendicular are 4*7 cm. and 5*6 cm. respectively. Calculate the length- 
of its hypotenuse to the nearest hundredth of a cm., and verify by 
actual measurement. 


£xp. 236. Construct a right-angled triangle whose base and hypote- 
nuse are 34 mm. and 61 mm. respectively. Calculate the length of its- 
perpendicular to the nearest mm. , and verify by actual measurement 

Exp, 237. Show by calculation that the triangle whose sides are 
1 mile 6 fur. 12 poles, 4 fur. 6 poles, 1 mile 6 fur. 37 poles is right 
angled. 

Exp. 238. Show by a diagram that if the side of a square measures 
a in., its diagonal measures as /2 in. 

Exp. 239. Construct a square of side 1 in. and calculate the 
length of a diagonal to the nearest hundredth of an inch. Verify 
by actual measurement. 

Exp. 240. Show by a diagram that if the diagonal of a square 


measures a in., its aide measures in. 

Exp. 241. Oonstruot a square of diagonal 5 cm. and calculate the 
length of a side to the nearest hundredtn of a centimetre. Verify 
by actual measurement. 


Exp. 242. Show by a diagram ihat if the side of an equilataral^ 
triangle measures a in., its altitude measures in. 


Exp. 243. Construct an equilateral triangle of side 1*75 in. and 
calculate the length of its altitude to the nearest hundredth of an 
inch. Verify by actual measurement. 

Exp. 244, Construct a triangle ABC from the following data : 
AB ^ 1*3 in., BC 2*1 in., BD — 0*4 in., where D is the foot of 
the perpendicular from A on BC. Calculate AD, and hnd the area 
of the triangle. 

Exp. 245. Prove that in any triangle ABC 
c* + a* - 

BD — ^ linear units, 

where BC a units, CA « b units, AB » c units, and D is the 
foot of the perpendicular from A on BC. 

For AB* -- BD* == AD* « AC* - CD* « AC* - (BC - BD)* 
if BD = units, c* — os* = 6* — (a* -f- as* - 2 aai), 

E^p. 246. Construct’ a triangle ABC from the following data : 
AB -« 3*8 cm., BC — 4*1 cm., CA 3*7 cm. Draw AD perpen- 
dicular to BC, and calculate BD. Hence find AD and the area of 
the triangle. 
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Exp. 247. Prove that m any tariang l e ABC 

ad = 2 s/^(«-a)(^ -&)(«- .. <>) u^ear uuite. 

__ _ a + h ^ e 

vfhere BC « a units, CA * b units, AB *= e units, « — 2 

and D is the foot of the perpendicular from A on BC. 

C® + 

For AD» - AB» - BD® and BD = - g - units. 

. /. c® + a® - 6®\ / . c® + o^_ 6«\ „ 


AD* . 


|S\ / c® + - 6®\ 

-) + 25 ) 


i® - (c - «)® (c + a)® - 6® 

- X ^ ^ sq. umts 

_ (d - c + a) (i -i- c - n) (c + a - !?) (c + a + 6) 
" 2a 2a 

a(» - e) ■ 2(a - a) 2(8 - 6) ■ 2s 
„ _ X ^ sq. units. 

Exp. 248. Prove that in any triangle AB C 

area » - a) (s - b) (s - c) square units, 

«rher6 the letters have the same signihcance as in Exp. ^7. 


sq. units 


Exp. 249. Find the areas of triangles whose sides are : — 

(i) 51 yds., 87 yds., 20 yds. 

(ii) 2b miles, 17 miles, 12 miles. 

(iii) 11 fb., 10 ft. 6 in., 3 ft. 1 in. 

(iv) 11 yds. 2 ft. 5 in., 24 yds. 3 in., 34 yds. 2 ft. 10 in. 
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OmOLBS. 

OHOBDS AND ABOS OP dBOIiBS. 

Exp. 350. Describe a drcle and draw a skaigbt line joining an^ 
points on the ciroumference. tML it a chord of the oirole. 



Pig. 174, 

Draw a chord passing through the centre. Call it a diameter ef 
the circle. 

Exp. 251. In a circle of radius 23 znm. place, if possible, chorda 
of the following lei^ths : 2*8 cm., 33 nun., 67 mm-, 7*3 mm. What 
length is the longest chord that can be placed in this oirole ? 
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SYMMETBY. 

Exp. 252, Fold a sheet of paper once and out away inth your 
-scissora any irregular portion of the folded sheet bomdea on one 
aide by the crease. Open it out and you will obtain a ngure 
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divided by the crease into two lialves that exactly balance one 
another. Such a figure is said to be symmetrical^ and the line of 
division is called the axis of symmetry. 

Hxp. 253. Illustrate by drawing on tracing paper and by folding 
the following truth : — 

A circle is symmetrical about any diameter. 

Learn this by heart. 

Hxp. 254. Draw two circles on tracing paper and show by folding 
that the straight line passing through their centres (called their 
4inc of centres) is an axis of symmetry of the figure. 

Exp. 25s Fold a sheet of paper once and find, by pricking with 
a pin, two or three pairs of points that coincide when the sheet is 
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folded. Open it out and you will obtain pairs of points that are 
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Mid to bo symmetrically opposite with regard to ilie ax» of sjm- 
metry 

Exp. 256. Describe a circle on tracing paper, draw a diameter, 
and bud, by folding and prickix^ with a pin, two pointe on the 
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dronmference symmetrically opposite with regard to that diameter. 
Show that the diameter bisects at right angles the chord joining 
the points. 

Exp. 257. Illustrate by drawing figures and by measureapsente 
with ruler and protractor the following truth and its eon venae : — 

A straight line drawn from the centre of a circle to bisect a 
chord which is not a diameter is ai right angles to the 
chord. 



Fig. 178. 

Learn this by heart. 

Exp. 258. In a circle of radius 1 in. place a chord of length 
1 ‘6 inf Find by calculation and verify by measurement the distance 
of this chord from the centre of the mnde. 

Exp. 259. In a circle of diameter 1-4 in. place a chord of length 
1 in. Find by calculation to the hundredth of an inch, and venfy 
by measurement the Stance of this chord from the centre of the 
circle. 




188 


BIiEMBNTS OB G!ES0MBTBT 


Exp. 26a. In a circle of radius 6*5 cm. place a chord distant 
6 cm. from the centre. Find by calculation and verify by measure- 
ment the length of the chord. 

Escp* 26 z. Describe a circle having a chord of length 1*4 in* 
distant 2*4 in. from the centre. 

Exp. 262. In a circle of diameter 2*6 in. place a chord of length 
1*8 in. Find by calculation and verify by measurement the 
distances of the ends of the chord fifom the ends of the diameter 
bisecting the chord. 

Exp. 263. In a circle of radius 2*3 cm. are placed two parallel 
chords of lengths 4*2 cm. and 8*6 cm. respectively (1) on the same 
side of the centre, (2) on opposite sides of the centre. Draw a 
rough diagram, and calculate to the nearest hundredth of a centi- 
metre the distance between the chords. 

Exp. 264. Any part of the circumference of a circle is called an 
arc, and the perpendicular from the middle point of an arc upon 
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the chord joining its extremities is called the height of the arc. 
From a circle of radius 1*3 in. cut off an arc of height 0*8 in Find 
by calculation and verify by measurement the chord of the arc. 


Exp. 265. All circles through the points (a, b) and ( - a, 6) have 
their centres on the axis of Y. Give reasons fof this, and i^ustrate 
your answer with a diagram. 


Exp. 266. In a circle of radius a in. a chord equal In length to 
the radius is distant in. from the centre. Give reasoxui for 
this, and illustrate your answer with a diagram. 

Exp* 26 7* In a drole of radius r cm. a chord of lengidi 2 a is 
distant ^/r* - cm. from the centre. Give reasons for this, and 
illustrate your answer with a diagram. Hence show that the mid-^ 
points of equal chords in a circle lie on another circle having the 
same centre. 

Circles having the same centre are called concentric 
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Bacp. 268. Draw any straight line AB and its pexpendfanaiar bi- 
Motor CD. Take any point £ on CD and join HA and BB. Whj 
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Is EA — EB ? With centre £ describe a circle to pass through A 
and B. Describe two other circles to pass throngh A and B. 
Must they both have their centres on CD? 

AB is e^ed a common chord of these three circles. 

Bxpi. 269. Show by drawing on tracing paper and folding that 
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ihe line oj eentree of two intorsecHng eirolee is As perpendioular 
bisector of their common chord. Notice tiist this saute ocmclnaion 
can be drawn from Bzp. 268 ^ 

270. Describe two circles of ladii 1*88 cm. and 2*55 cm. re- 
f^ctively and having a common chord of length 1'5 cm. Calculate 
the distance between their centres, and verify by measurement. 
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Exp. 3171 . Take any three points A, B and C not in a «t»ight 
line. Draw the perpendicular bisectors of the lines joining A to B 
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and B to C* Let them meet at O. Why is O equidistant from A, 
B and C ? Why is O the only point equidistant from A, B and C T 
With centre O describe a circle passing through A, B and C. 

From this experiment are led to conclude : — 

There ie one circle and one only which pasees through three 
given points not in a straight line. 

Learn this by heart. 

Exp. 27 a. Describe circles on inch paper to pass through the fol- 
lowing sets of points, and measure, as m Exp. 230, the radius in 
each case to the nearest hundredth of an inch. 


(i) <1,8),(13, - 2 ), < 12 , 12 ). 

(ii) (10, 7), (4, -11), (-3,9). 

(iii) (1, 8 ), (-1, 6 ), (- 6 , 4). 

(ir) (- 8 , 0), (-5, -9), (- 1 , -11). 

Exp. 275 . Make a triangle ABC having AB » I'l in., the angle 
ACB a* 7^ and the angle ABC « 65^ Describe a circle passing 
through all its vertices. Gall it the circum-circle of the triangle. 

Exp. 274 . lilustrate, by drawing dgures and by cutting out and 
enperpoemg, the loBowing taruths and their converses : — 
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In equal circles (or in the same circle) %f two arcs subtend 
(that is are opposite to) equal angles at the centres they 
are equal. 

And, 



Fig. 184. 

In equal circles (or in the same circle) if two chords art 
equal they cut off equal arcs. 

Leam these by heart- 

£3^. 275. If an arc of a circle subtends double the angle at the 
centre that another arc of the same circle subtends, is the first are 
double the second? Illustrate your answer by drawing a figure, 
cutting out and superposing. 

Hxp. 276. If a chord of a cirdLe is doable another chord of the 
same circle, is the arc cut off by the first chord double the arc cut 
off by the second chord? Illustrate your answer by drawing a 
figure, cutting out and superposing. 

Exp. 277. Describe a circle and divide its circumference into (I) 
four (2) three equal parts by making equal angles at the centre. 

Exp. 278. Describe a circle and place in it a chord equal in length 
to the radius. What fraction of the whole circumference is the arc 
cut off by this chord ? 

Exp. 279. Using the result of Hxp. 278 , place a regular hex^on 
inside a circle of radius 1 in. Explain your construction. What 
length is each side of the hexagon ? Verify by measurement. 

Exp. 280. Place a square inside a circle of radius 18 mm. Ex> 
plain your construction. Calculate the length of each side of the 
square to the tenth of a millimetre, and verify by measurement. 

Exp. 281. Place an equilateral triangle inside a circle of radius 
1 in. Kxplam your construction. Calculate the length of each 
side of the triangle to the hundredth of an inch, and verify by 
measurement. 
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Hscp, 282. Measure as accurately as you can the circumferences ol 
three or four circular objects. Let them be of different sizes such 
as a coin, a lead pencil, a watch, a round box. Note the measure- 
ments. Now measure their diameters, and find for each object the 
circumference 

Talue of the quotient — <j[i^mete r — ' ^ proved that, with 

perfect accuracy, this quotient will work out the same in each 
ease and will be found to be 3*14 as far as the second decimal 
place. But the circumference and diameter of a circle can be 
shown by mathematical reasoning to be incommensurable, that 
is to say, to have no common measure, however small, and so the 

quotient can only be approximately expressed as a 

decimal fraction. It is denoted by the Greek letter w, and its value 
to 7 places of decimals is 3*1415926. For practical purposes ir is 
often taken equal to 3*1416 or even 3f . 

A little ingenuity will suggest va<rious methods of measuring the cix- 
oumferenoes of circular objects. For a coin, put a small spot of ink on 
the rim and roll the coin in a straight line across a sheet of paper ; 
then measure the distance between the ink marks on the papen For 
a pencil, wind it round and round with thread and then &vide the 
length of thread used by the number of rounds. Take care that the 
sounds touch one another but do not overlap. For a round box, wrap 
it tightly round with a strip of paper and prick with a pin through 
the double thickness of the paper where it overlaps ; then unwrap 
and measure the distance between the two pin-prioks. 


From this experiment we are led to conclude ; — 

circumference of circle » diameter x ir. 

And hence, 

diameter of circle circumference v w. 

Learn these conclusions by heart. 

Exp. 283. Takmg w ^ V calculate the circumferences of the fol- 
lowing circles : — 

(i) diameter 49 in. 

(li) diameter 2B miles. 

(iii) radius 56 mm. 

Exp. 284. Taking ir » ^ calculate the diameters of the following 
circles:— 

J ) droamference 44 ft. 

[) drcomference 11 metres. 

^m) drcomference 1540 miles. 

Exp. 28^ Calculate to t^e thousandth of an inch the oiroiixnfer- 
SMS oi a carde whose diameter measurra 19 in. 
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Hxp. 286. Calca^te to the thousandth of a millimetre the diameter 
of a circle whose circumference measures 15 cm. 

Eacp. 287. Taking ir » V calculate the number of reyolutions a. 
wheel will make in tiaTellmg half a mile if its diameter measures 
88 in. 

Hxp. 288. Taking ir » assuming that the radius of the 

earth is 4000 miles, calculate how long it would take a man to 
trarel round the equator at an arerage rate of 10 miles an hoar. 
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MBASUBBMENT OF ABBA. 

389* l>escribe & circle and draw a number of diameters 
dindJng it into equal parts. Such parts are called sectors. The 
greater the number of sectors, the less does each sector differ in 
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from a triangle, and, when the number is reiy great indeed, 
we may take the area of each sector as equal to the area of a 
triangle whose ba.se is equal to the arc of die sector and whose 
height IS the radius of the circle. 

But area of circle » sum of areas of these exceedingly small 
sectors. 

llierefore area of circle « rect. contained by i radius and sum of 

arcs of sectors. 

■■ rect, contained by i radius and circum- 
ference of circle. 

= rect. contained by J radius and (w x di- 
ameter). 

« trr® sq. units (where r linear units — 
ladius). 

And hence. 


area 

r* sq, units » . 


Therefore sq. on radius =* ~ • 

And radios of circle « ^^linear units (where A sq. units -» area). 
Learn Uiese conclusions by heart. 

Exp. 290. Describe a quarter of a circle of 1 in. radius on inch 
paper, and find its approximate area by counting squares according 
to ti&e following rale ; — 
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Count a broken eaimre cu 0 or ^ according 09 it appears 
greater than, less than or egual to half a complete sq*uare. 
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^Frue area — i of ir x r* sq, in. — 0*785 sq. in. (oorreot to S places 
decimals) since r <» 1. 

The greater the number of sqoaras contained by the figure, the 



more nearly does the result obtained by this mle approach the 
true area. Apply the rule, for example, to Fig. 187 and com pa 2 e 
your results. 

Exp. 291. Describe a circle of 0*8 in. radius on inch paper, and 
find its approximate area by counting squares. True area *» 

X r* sq. in. ^ 2'010 sq. in. (correct to 3 places of decimals) since 
r « 0-8. 

Exp* 293. Calculate the area of a circle whose radios measures 
2 yds. 1 ft. 7 in. (tt = V). 

Hxp. 293. Calculate to the tenth of a yard the radius of a circle 
whose a^ea measures 1 acre 
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Bxp, 294. Calculate the area of a circle in acres and poles whose 
cixeui^erenoe measures 60^ chains (n- » V). 

Exp. 395, A plane circular ring is bounded by two concentrio 
cmdes of radii R ft. and r ft. respectively. Show with the help of 
a diagram that the area of the riii^ « 7r(R - r) (R + r) aq. ft. 

Exp. 296 w Find the breadth of a plane circular ring which is 
bounded by two concentric circles of areas 154 sq. in. and 308 sq, 
in. respectavely (sr «« V)* 

Exp. 297. A circular gr^ plot whose diameter is 40 yds. con- 
tains a gravel path 1 yd, wide running round it 1 yd. from the edge ; 
find wh^ it will to turf the grass plot at 4d. per sq. yd. 

(ir - V). 

Exp. 298. What will be the expense of paving a circular court of 
30 ft. diameter at 2 b. Sd. per sq. ft., leaving in me centre e re^gular 
hexagonal space of 3i ft. side ?(«•*« y). 

^p. 299. In cutting 4 equal drcles, the largest possible, out of 
a piece of cardboard 10 in. square, how many square inidiea mnkt 
necessarily be wasted ? (w - 3-1416). 

Exp. 30a niustrate, “1^ drawing figiues and by actual measure- 
ment, each of the foUowin|r truths and its converse : — 

Equal chords oj a otrele o/rc equidistant from the osntre^ and 
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the greater chord of a oirele is nearer the cenirs 
the less. 

Loam these by heart 

Ei^ 30X. In a circle of radius 2 cm. place a regular hexagon and 
ca lc u la t e to the tenth of a millimetre the distance of each side of 
the hexagon from the centre of the circle. Verify by measurement. 

Exp. 3<m. In a drele of radius 0*8 in. place chords of lengths 
m., in. and 1*1 in. respectively. Calculate to the hundredth 
of an mch and ocuapare their distances from the centre. Verify by 
measuremeiit. 
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TANGBNOY. 

^ Ebcpu 303. Draw a perpendicular AD from a point A to a straight 
line BC* Describe a circle with centre A and radios AD. ISfotice 
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tiiat this eircle meets the line BC but does not out It. BC is said 
tc touch the circle and is called a tangent to it. 

From this experiment we are led to conclude ; — 

The tangent at any point of a drele and the radius through 
the point are perpendicular to one another. 

Learn this hj heart. 

Exp. 304. Describe a circle of radius 1*9 cm. Take a point A 
distant 2*3 cm. from its centre. OaJculate to the hundredth of a 
cm. the length of a tangent from A to the circle, and hence draw 
it. How many tangents can be drawn from A to the circle t 
Compare their lengtJ^ Account for the result. 

Exp. 305. Draw two conoentrio circles and draw several chords 
of the outer circle which touch the inner circle. Measure and 
compare their lengths. Account for the result. Calculate their 
lengths when the radii of the circle are 2*5 cm. and 0*7 cm. re- 
spectiTely. Verify by drawing and measuremenh 

Exp. 306. Describea circle and at a point P on the circumference 

draw a chord PR and a tangent PQ so that 1 RPQ « 50 ®. What 

fraction of the whole cucoumfeirence is the smaller arc formed by the 
chord I 
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Bxp. 307, Draw any angle ABC and its bisector BD. Take any 
point E on BD and draw EF, EG perpendicular to BA, BC xe- 
bpcctively. Why is EF * EG ? With centre E describe a circle 
to touch BA, BC. Describe two other circles to touch BA, BC- 
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Exp. 308. Draw any triangle ABC. Draw the bisectors ef its 
angles B and C. Let them meet at O. Why is O equidistant from 



AlBf BC, CA ? With centre O describe a circle taQchixtf A& BC> 
CA. it the in-drde of the triangle. 

The radius of this in-circle is most conveniently focmd by drawing « 
fexpendieular from O to any side of the triangle. 

309- Draw any tnangle ABC. Describe a circle touching 
tha side BC, the side AB produced and the side AC produced. 
Call it an e-drdc of the tii-uigle. Describe the other e-circles o# 
the triangle ABC. 




TAN 0 BKOT 


199 



Fxg. 193. 

Ebcjk. 310. Draw a straight Ime AB catting another stralglit line 
CD at right aisles. Describe several circles to tench CD, but 
itayixtg their centres in AB. Notice that these circles meet one 
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another at the same point, but do not cat one another, l^ey are 
said to touch — some intem^y and some externally. 

From this experiment we are led to conclude : — 

If Uvo circles touchy the point of contact lies on their line ef 
centres. 

Learn this by heart. 

Exp. 3x1. If two circles touch, the distance between their centres 
Is equal to the sum or difference of their radii. Account for this. 
Distinguish between the two cases, and illustrate by drawing and 
measurement when the radii are 1*1 in. and 0*7 in. respectdYely. 
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Exp. 312, Show by a dotted line in a carefully drawn figure the 
locuB of the centre of a drcle rolling (1) inside, (2) outside a fixed 
circle of greater radius. 

Exp. 313. Describe three circles of radii 0*6 in., 0*7 in. and 
0’8 in. respectively, so that each touches the other two externally. 

Begin by drawing a rough diagram and ascertaining the sides of the 
triangle formed by joining the centres of the circles. 

Exp. 3x4. Describe three circles of radii 2*8 cm., 1*9 cm. and 
0*6 cm. respectively, so that two touch each other externally and 
the third internally. 

Exp. 3x5. Describe two circles having the distance between their 
centres: — 

(i) Greater than the sum of their radii. 

(ii) Equal to the sum of their radii. 

(iii) than the sum of their radii 
Ov) Equal to the difference of their ladiJU 
(v) Lm than the difierence of their xadiL 
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ANGIiB PBOPBRTIBS OF CIBOUBS. 

Exp. 316 . Illustrate by drawing figures and by measurement witk 
procractor the following truth : — 
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The angle which an aic of a circle subtends at the centre is 
double that which it subtends at any point on the re- 
maining part of the circumference. 

Leam this by heart. 

Exp. 317 . Constiuct an isosceles triangle having each of the base 
angles 75®. Calculate the angle subtended by the base of the 
triangle at the centre of its circum-circle. Verify by drawing and 
measurement. 

Exp. 318 . Construct a triangle ABC from the following data : 
BC 1-2 in., angle ABC «= 50®, angle ACB « 79®. If O is the 
centre of its circum-circle, calculate angle ABO and angle ACO. 
Verify hy drawing and measurement. 

Exp. 319 . ABCDEF is a regular hexagon. Calculate angle 
CFD. Verify by drawing and measurement. 

Draw the hexagon inside a circle as in Exp- 279. 

Exp. 320 . A, B, C are points on the circumference of a circle 
whose centre is O such that angle ABC ^ 110® Calculate angle 
AOC. Verify by drawing and measurement. 

ExpL 32 Z. Any part of a circle bounded by an arc and its chord 
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Is mdled a segment of the mrcle, and angle subtended by the 
chord of a segment at any point on the arc is called an angle in the 
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segment. Illastrate by drawing figures and by measurement with 
protxactor the following truth : — 

Angles in the same segment of a circle are equal, 

Learn this by heart. 

Hacp. 322 . Draw an acute angle on thin cardboard and oat it out 
as in "Exp 20. Mark two points A and B on a sheet of paper at a 
convenient distanoe apart. Place the angle in several positione 
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between the points, but let the two arms of the angle always pass 
one through A and the other through B. Trace the locus of the 
vertex of the angle. Do A and B he upon the locus ? What is the 
locus ? 

1^. 323 . Bepeat Exp, 322 with ( 1 ) a right angle, (2) an obtuse 
angle. 

From Exps. 322, 323 we are led to conclude : — 

If the line jenning two points subtends equal angles at two 
other poifUs on the same side of ity the four points lie on 
the same circle. 

Learn this by heart. 

Exp, 324 . Make any triangle ABC and draw AD, BE the per- 
pendicalars from A and B upon BC and AC respeotarely. Describe 
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» circle to pus through A, B, O, E and explain why tliis w 
possible. 

Exp. 325 . On the same base AB and on the same side of it con- 
struct two triangles ABC, ABD such that angle ABC 92®, angle 
BAC «» 27% angle ABD « 36% angle BAD •* 83®. Describe a 
circle to pass through A, B, C, D and explain why this is possible. 

Exp. 326 . A segment of a circle is called a major segment; a 
minor segment or a semi-circle according as its arc is neater thw^ 
less than or equal to half the cireumference of the cirme. 




Fig. 201. Fig. 202. 

Illustrate by drawing figures and by measurement with protrac- 
tor the following truths ; — 

The angle in a semi -circle is a right angle* 

The angle in a major segment is acute. 

The angle in a minor segment ts obtuse. 

Learn these by heart. 

Exp. 327 . In any circle draw a diameter AB and a chord AC so 
that angle BAC “ 33®. Calculate angle ABC and verify by 
measurement. 

Exp. 328 . Calculate to the hundredth of an inch the radius of a 
circle passing through (0, 0), ( 11 , 0), (0, 7) on inch paper. Verify 
by plotting and measurement. 

Exp. 329 . A rectilineal figure is said to be inscribed in a circle 
when all vertices lie on the oircumference of the circle. 




Fig. 200. 
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Dlustirafee by drawing Ogures and by measurement with protractor 
the following truth : — 

The oppoHiie angles of any quadrilateTol inscribed in a 
circle are supplementary. 

Learn this by heart. 

Hxp. 330 . Make a triangle ABC from the following data : AB == 
3-2 cm., angle A =« 72®, angle B = 39®. Calculate the angle in the 
minor segment of the circura-circle of the triangle ABC formed by 
the chord AB. Verify by drawing and measurement. 

Hxp. 331 . Draw a quadrilateral ABCD having angle A + angle 
= 180®, and show that the circle passmg through A, B and C 
will also pass through D. 

From this experiment we are led to conclude : — 

If a pair of opposite anates of a quadrilateral are supple-- 
mentary its vertices lie on the same circle. 

Learn this by heart. 

Exp. 332 . On the same base AB and on opposite sides of it con* 
struct two triangles ABC, ABD such that angle ABC » 73®, angle 
BAC = 24®, angle ABD = 62®, angle BAD = 21®, Describe a 
circle to pass through A, B, C, D, and explain why this is possible. 

333- At any point A on the circumference of a circle draw a 
tangent BAC and tlirough A draw a chord AD making with BAC 
the angle DAC on the right of AD. Take any point E on the arc 
of the segment AED on the left of AD (called the alternate ** 
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segment). Join EA, ED and produce EA, ED to F, G respect* 
Irely. Now make a tracing of the angle FEG and move the 
^acaciiigover the figure in such a way that EF always passes through 
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A Mid EG through D. Then E will move along the arc of the 
segpetit AED. (Why 1) When E moves into coincidence with A, 
notice that EF hes along BAC and the angle FEG coincides 
with the angle CAD. 

Escp. 334 . Show as in Ezp. 333 that the angle BAD is equal to 
the angle in the alternate segment. 

From Ezps. 333, 334 we are led to conclude : — 

If a straight Line touches a circle and from ike point 0 / 
contact a chord is drawn^ the angles which this chord 
makes with the tangent are respectively equal to the 
angles in the alternate segments. 

Learn this by heart. 

Exp. 335 . In Fig. 204 if L CAD =* 39^ calculate the angle sub- 
tended by the chord AD at the centre of the circle. Verify hy- 
dra wing and measurement. 

Exp. 336 . Describe a circle of radius 0*9 in. Draw a tangent to 
it at any point P on its circumference. From P draw a chord PQ 
to cut odT a segment PRQ containing an angle of 63°. 

Exp. 337 - Describe a circle of radius 3*5 cm. Draw a chord to 
cut oS a segment containing an angle of 103°. 

Exp. 338 . Draw a Hne AB measuring IT in. At A in AB make 
an angle BAC of 42°, Describe a circle pacing through A and E 
(its centre must he on the perpendicular bisector of AB. Why 1) 
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and also touching AC at A (its centre must lie on Hie perpendicular 
to AC at A. ^^y t). The s^:ment on AB will contain an an^ 
of 42°. Why 7 

Exp. 339 . On a stra^ht line measuring 3*1 cm. oonstract a sag* 
ment containing an an^e of 64° . 
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Exp. 340 . Make triangles from the following data : — 

fi) BC « 2-7 cm L BAC - 51® Perpendicular from A 
on BC « 2*6 cm 

ii) BC « 1 in, L BAC - 43**. Area » 0*6 sq. m. 

Exp. 341 Descnbea circle of ra<iiH<? 1 I m. and from any point 
Pon Its circumference draw chords PQ, PR so that L PQR «= 29® 
and L PRQ - 76®. 

Exp. 342 . In a circle of radius 2*4 cm. inscribe a triangle equi- 
angular to a triangle whose angles measure 115®, 27® and 36® respy* 
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OlEIimDEBS, OONBS AND SPHKEfflS 

207 represent a solid -which we shall call a ctrcular 
^sy&ider. Tlie endB of a cdrcalar cyliiKier are equid circles lying in 
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yisrallel planes and the straight line joining the oentrea of these 
circles is called the axis of the cylmder. 

A cylinder is said to be right if its axis stands upright as in Pig. 
206 and skew or oblique if it leans over to one side as in Pig. 207* 

Exp. 343 . Out out sevei*al rectangular strips of paper, all of the 
same width— say li in. Wrap them round and round your pencil 
and secure the end of the last strip with gummed paper. Now slip 
the roll off the pencil and cover the open ends with thin cardboard 
4 sut to size and fastened to the curved surface with gummed paper. 
Yon will thus have made a model of a right circular cylinder. 

Bxp. 344 . Imagine a sharp knife to cut straight through your 
model of a right circular cylinder ( 1 ) along its axis, ( 2 ) along a 
straight line parallel to its axis, (3) along a straight Ime £^rpen- 
diouj^ to its axis, (4) along a straight line inclined to its axis, and 
make a i^etoh of the plane section that you believe to be obtained 
in each case. 

Exp. 345 . Out out a paper rectangle and fasten a piece of string 
with giunmed paper along one of its sides. Now twiid the rectangle 
by means of the string and notice that it ^‘generates’* a right 
circular cylinder whose axis lies along the line of the string. 

The form Of the generated cylinder can be seen more clearly by 
fastening the string along the line midway between two opposite sides 
of a rectangle. Now, by means of the stdng, we can make two rect- 
angles, equal In all respects, revolve about a common side, and so 
double the effect. 
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Figa. 208, 209 lepreBent • soKd wbidb we shall call a drcidat 
cone. 



Fu. 908, Fia. 909. 


ends of a circular cone are a point at which it tapers away 
called ita apex, and a circle called its bas^ and the straight line 
joining the apex to ttie centre of the base is called the axis of the 
cone. 

A cone is said to be right if its axis stands upright as in Fig. 20S 
and ekew or obHqne if it leans over to one side as in Fig. 209. 

Exp. 346 . Out out of thin cardboard a sector of a circle of radius 
about in., and let the angle between the bounding radii of the 
sector 1^ mhont 160^. Bend the sector round until its bounding 
radii lie along one another and join them with gummed paper. 
You will thus have made a model showing the curved surface of a 
right eircahu: cone. For base, cut out a cpcle of thin cardboard 
to size and fasten it to the curved surface with gummed paper. 

Exp. 347 . Imagiae a sharp knife to out straight through your 
model a right circular cone ( 1 ) alon^ its axis, ( 2 ) along a strs^hi 
line fiarallel to its axis, (3) along a straight line perpendicular to its 
axis, (4) along a straight Hne inclined to its axis, and make a sketch 
of the plane section ^t you believe to be obtained in each case. 


Exps. 348 . Out out a pa^r right-angled triangle and fasten a 
piece of string with gummed paper along one of its sides oontsdning 
right angle. Kow twirl the triangle by means of the stringTaM 
notice that it generates a right circular cone whose ariff lies ^ong 
the line of the string. 


The form of the generated cone can be seen more clearly by fastening 
the string along the median of an isosceles znangle passing through 
the vertex. Now, by means of the string, we can make two xight- 
aa^ed kelajc^les, equal in all respects, revolve about a common side, 
and 10 double the fuEeot. 
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210 representB a solid vluch we shall call a s{diere. All 
jpointi on the surface of a sphere are equidistant fconi a oectaii 
point within the solid oalled the centre of the sphere< 



iia. 210. 

Bzp. 349. Inu^e a sharp knife to eut straight tibrough a sphere 
(1) passing through its centre, (2) not passing through its centre, 
and make a sketw of the plane section that you beliere to be ob* 
tained in each case. 

Exp. 350. Cut out a paper semi-circle and fasten a piece of string 
^fith gummed paper along its diameter. Now twirl the semi-circle 
1^ means of the stiing, and notice that it generates a sphere whose 
centre lies upon the hue of the string. 

The form of the generated sphere can be seen more clearly by 
the string along a diameter of a circle. Now, by means of 
the string, we can make two equal semi-circles revolve about a common 
diameter, and so double the edect. 

The cylinder, cone and sphere are called solids of revolution, 
because each can be generatM by the revolution of a plane figure 
about an axis. 
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THEORETICAL SECTION. 

INTBODUOTOBt. 


A unit of length or linear unit is a line of definite length chosen 
for the measurement of other lines. If a square is described upon 
a linear unit, a surface of definite area is c^tained^ since squares 
described on equal straight lines are equal in area — easily proved 
by superposition. By means of this surface of definite area, other 
surfaces can be measured, and it is called the unit of area or square 
unit that corresponds to the linear unit from which it has been 
derived. Thus a square of side 1 in., called a square inch, is the 
square unit that corresponds to the linear unit called an inch. 

Figures of equal area are said to be equivalent, and the symbol 
1 b used to denote the equivalence of two figures. 
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ABBAS OP BEOTANGIiBS. 

Thko&su 26. 

Geo. Enun. number of any linear unit in the haae of a 

rectangle multiplied by the number of the same linear unit in the 
tdtitude gtvea the number oj the corresponding square unit in the 
area. 



Fig. 211. 


Part, Hnua. JDet ABCD be a recfe. whofse base AB zneasures a ot 
any linear unit and whose altitude BC mej.sures b of the same linear 
amt where a and b are whole numbers. 

It is reqd, to prove that 

reeU ABCD contains a x b of the correspondi^ig ag. unit 

Const, Suppose AB divided into a equal parts and BC into b 
equal parts so that each of these parts will be the linear unit. 

Through the pts. of division in BC suppose st. lines drawn \\ to 
AB, 

Through the pts. of division in AB suppose st. lines drawn (| to 
BC. 

Proof, The rect. is now divided into b rows, each row containing 
a squares and each square being the sq. unit that corresponds to the 
linear units into which AB and BC have been divided. 

. *. the rect. ABCD contains a x t of the corresponding sq. unit. 

Q.B.n. 

NoU , — ^In the proof of Theorem 26 we assume that both the base and 
|he altitude of the Rectangle contain the chosen linear unit an exact 
number of times, in other words, that a and h are tohoie numbers. If 
a or b are fractional, that is to say if the chosen linear unit is not con- 
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tttined a& tfsc&ot nnmbdir of tiznes in tho bsiso and alfeitudo of tJbic 
rectangle, we can always find a smaller linear unit that is a oommon 
measnre of these two lengths since they are commensurable, and 
then the rule of Theorem 26 can be seen to apply. 


For example : — 

Area of rectangle ft. by Af ft. 


Or agam. 

Area of rectangle 4*3 cm. by 3*7 cm. 


=s area of rectangle 40 in. by 57 in. 
=s 40 X 57 sq. in. 


40 X 57 
~ 144 


sq. ft. 


>= 3^ X 4| sq. ft. 


areaof rectangle 43 mm. by 37 mm. 
= 43 X 37 sq. mm. 


43 X 37 
" 100 


cm. 


= 4*3 X 3*7 sq. cm. 


When the base and altitude of a rectangle are tricommansurabla we 
can, for pra.ctical purposes, substitute another rectangle whose base and 
altitude are commensurable and whose area dlfiers from the area of the 
given rectangle by a quantity less than any that can be assigned. For 
we can choose a linear unit as small as toe please and describe a rect> 
angle whose base and altitude contain this unit exactly, and difier firom 
the base and altitude of the original rectangle by less than any assign- 
able quantities. Or, what is the same thing, we can express the base 
and cdtitude of the original rectangle as decimal fractions of any linear 
unit to as many places as we please, and then take these approximate 
lengths for their true lengths. 

fee circumference and diameter of a circle are examples of incom- 
mensurable lengths, and so are a side and diagonal of a square. As a 
matter of fact, in any figure it is the rule rather than the exception to 
find lines that are incommensurable. 


Cor. I. The square of the number of any linear unit in the side 
of a square gives the number of the corresponding square unit in 
the area^ 


Cor. 2 . Bectangles on equal bases and of the same altitude are 
equivalenL (Prrof by Superposition.) 

Cor. 3 , Equivalent rectangles on equal bases cure of the same 
altitude. (Proof by Beductio ad Absurdum.) 

<Zoc^ 4 . Equivalent rectangles of the same altitude stand on equal 
bases. 

Two adjacent aides of a rectangle completely determine its shape 
and size, hence a rectangle is said to be contained by any two 
adjacent sides. 

Thus the rectang^ ABCD is said to be contained by AB, AD : 
and If HF, GH are two straight lines such that HF = AB and 
OH AD, the rectangle ABCD may also be said to be contained 
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by EF, GH, Th« abbreTiation “rect. AB, AD*' or ** AB x AD** 



Fm. SIS. 

or AB • AD ” is tised to denote “ tbe rectan^ contained hf 
AB, AD”. 

Similarly a side of a square completely determines its shape and 
size, and the abbreviation ‘‘sq. on AB** or “AB*** fa used to 
denote **the square having AB for side’*. 

Thus such an expression as 

AB . BC + BC^ 

denotes 

“The rectangle having AB and BC for adjacent sides tty 
gather with the square having BC for side**. 

Squares and rectangles are often denoted by the two letters at 
opposite comers. Thus the rectangle in Fig. 212 can he desozihed 
as rect AC or rect BD. 
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ABBAS OF PABAliTiEXiOGBAMS. 

Theorem 27. 

Gea. Enun. A pant llt'log tarn fs eqwvalf^nt to the reotangle oifi 
the 9 am^ bast and between the saute parallels. 



Vio. 213, 


Fig ‘214 


Part. Enun. Let ABCD, ABEF bo a Ogm and a root on the 
same base AB and between the same Ijs AB, FC. 

Ft is reqd, to prove that 

£Ugm ABCD = recL ABEF, 

Proof. In the As BEC, AFD 

fext. L. BEC =» int. 1_ AFD . . . Th. 6. 

*•* ] int. L BCE =. ext. L ADF . . . Th. 6. 

I BE « AF .... Th. 22. 

.% A BEC= A AFD Th. 11. 

Now from Fig. ABCF take away A BEC 

and rect. ABEF remains, 
and from Fig, ABCF take away A AFD 

and Ogm ABCD remains. 

Ogm ABCD = rect. ABEF. q.b.x>. 

Coff. I. A parallelograrn is equivalent to the rectangle on the 
same hose and of the same altitude. 

Hence, 

The number of any linear unit in the base of a parallelogram 
midtiplied by the number of the same linear unit in the 
altitude gfives the number of the corresponding square 
unit in the area. 

Cor. 2. Parallelograms on the same base or on equal basses and 
of the same aititude are equtvalent. 
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Exercises. 

602. If a 9qiLar$ and a rhonibui standon the Mcane baae, the eguare ka& 
the greater area, 

603. ABCD is a and E, F are the mid-pto. of AB» CD ; 

prcve that EBFD is a s= ACD. 

604. ABCD is a qnadl. whose diag. AC bisects its other diag. BD 
if the Ogms ACBE» ACDF are completed, prove that they are eqoiv. 

605. Deduce a rule ftr calculating the area of a A from ike theorem . 
CJg^as on the same base and between the same |)5 areiguio, (Mad. Mat.) 

606. Equtv. narrts between the same j|s are on « bases, 

607. Eqmv, name on the same base and on the same side of tt art 
between the same ||a. 

* 608. ABC is a ^ rt. [^d at A and squares BCDE, CFGA, AHKB 
are descd. all externally ; IT the r~ 7 gms CFLD, BKbCE. are completed, 
prove that they are equiv. 

* 609 0 ]wa\^ AF GC, CBHK are descd. on the sides AC, BC outside 
the A ABC , FG, KH aie prodacad to meet in L ; LC is joined, and 
through A and B, AD, BE are drawn f| to LC, meeting LF, LK in 
D, E : prove that ABED is a r 7 gm ZI7g*n AFGC + 06™ CBHK. 
(Mad. Mat.) 
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ABKAS OF TBIANaiiBS, 

Thbobm 28. 

GexL A triangle is equivaXenl to half the rectangle on the 

same bate and between the eame parcdleU, 



Vta. m 


Part. Enim. hat ABC, ABDH be a A a.nd a rect. on the same 
base AB and betireen the same ||8 AB, BC. 

It is reqd, to prove that 

A ABC *■ i rect ABDE. 

Const Snppose AF to have been drawn || to BC meeting DE (or 
J>E produced^ in F, Then ABCF is a Ogm. 

Proof. •.* A ABC »■ 4 Ogm ABCF . . . Th. 22. 

and Ogm ABCF ** rect ABDE .... Th. 27. 

A ABC 4 ABDE. Q.s.i>. 

Cor. X. A triangle is equivalent to kcUf the rectangle on the same 
hose and of the same altitude. 

Henee^ 

HaE ^le mxinber of saxj linear unit in the base of a triangle 
multiplied by the nnmber of the same linear unit in the 
altiti^e gives the number of tiie corresponding square 
imit in the area. 

Cor. 2 . Triangles on the same base or on equal bases and of ths 
easne dttUvbde are equivalent. 

Cor. 3 . The area of a trapezium whose parallel sides and height 
measure a^ h and h linear units respectively is i(a + 5)A square 
ussits^ 
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TFib. S 15 . 

Pto^ l>raw » diftg., then 

Area of trapezium » sum of areas o# 2 Aa> 

“ (i<ih + ibh) aq. unite. 

+ 6)^ sq. unita, 

Exercises. 

6 iO» A ^ » bimcted by 4 ach of its ntsdians, 

6ii. S is any pt. in the median PT of a ^ PQR ; prore ^i&t /V 
PQS = A PRS. 

613. ABC is a A is ll to BC, cutting AB, AC in 0 « E ; 

proTC that A ABE ■■ A ACD. 

6x3. ABCD is atrapemom having AB |) to DC, and E is the inter- 
section of its diags. ; prove that A AED 5=^ A BEC, 

614. ABCD is a qttadl. whose diag. AC bisects the other diag. BD ; 
prove that A ABC — J quadl, ABCD. 

6x5. E is a pt. on the side AD of a rism ABCD ; prove that A 
EAC + A EBD « 4 Ogm ABCD. (Mad. Mat.) 

616. AB is divided at C, D, H so that AC ss CD = DH » EB and 
F is an outside pt. ; oomp^e A AFE with A AFB. 

6x7. The base and height of one A respy, 4 and 4 the base and 
height of another ; compare their areas. 

6xA Mquivalsnt A^ between the same ||s have •m bases, (Pnnj. F. B.) 

6xp. ABCD is a trapezium whose diags. intersect at E : if AF ^ HC 
then BE » ED. 

620. ABCD is a £Z 7 g;m whose diags. intersect at E ; prore that A 
EAB 4 Ogm ABCD. 

621. The area of a rhombus 4 reet, eontd by its diags, 

622. Gistheeentroidofa^PQR; provethat^BGIt^ 

623. PQR is a A whose medians QS, RT intersect at G ; prove 
that A QRG - PTGS. 

624. A trapeshim is bisected by the line joMng the fieULpta, of ite || 
sides, 

625. ABC, DBG are A^ same base and between the ssune ^ 

and ABCK is a r^gm, and AC, BD- meet In 0 $ prova that tm 
difference between A* BOC, AOD = A i^CK. 
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626 . Whm%mdescfa^aireg%i>m^carBaUamaai^rnumvfhmtlu¥r^ 
<wt>fatned L. •« « ri. L.* (“ad* Mat.) 

627. 1 / tha mid, pU. of any 2 sides of a ^ are joined the ^ so cut off 
ts i of the whole, (Pnnj. Inter.) 

628. The sides AB, AC of a A ABC are produced to D, £ so that 
8D = AB and CE « i AC ; prove that ADE «■ 8 A ABC. 

62^ Through A. B, C, the angular pts. of a 3 || lines are drawn 
to meet the opp. ades of the A (produced if necessary) in E, F ; 
pro\e that ^ DEF « 2 ABC. (Mad. Mat.) 

630. ABCD is a rect. having AB = 2 BC ; E, F are pts. in BC, 
CD so that BE « EC and CF = 3 FD ; prove that AEF — A 
ret-t. ABCD. 

631. AD is a median of the ^ ABC : CE is drawn [| to DA, meeting 
BA produced in E ; prove that ^ AEC «• 2 ^ ABD. 

632. D, E are pts. on the sides AB, AC of a ^ ABC such that AD 
** I AB and AE = i AC ; prove that ADE ^ 4 A ABC. 

633. In the A ABC, AB is produced beyond B to P, BC beyond C 
to Q, and CA oeyond A to R, so that BP, CQ, AR are double AB, 
BC, CA respy. ; prove that A ~ 13 A ABC. 

63^ Prove the following construction for bisecting a A ABC by a 
line drawn from any pt, D in the side BC : Join E, tha m%d. pt, of BC, 
to A ; draw EF jj to AD ; jo^n DF. 

635. Through the mid. pt. of the side AB of a A ABC a st. line is 
drawn cutting CA, CB in D, E ; a |( st. line through C meets AB in 
F ; prove that A ADF « A BEF. 

* 636. If 2 A^ have 2 sides of the one equal to 2 sides of the other ^ 
utch to eacK ond the contained Is supplementary^ the /\s are eguio, 
(Mad. Mat.) 

* 637. The mm of the distances of any pt within a regular polygon 
from the sides is constant for allpositums of the pt 

* 638. D, E are the mid. pts. of the sides AB, AC of a A ABC and 
F, G are the pts* of trisection of the base BC ; DF, EG are produced 
to meet at H ; prove that A FGH ■« 4 A ABC. 

* 639. ABC is a A f B are the mid. pts. of AB, AC ; BE, CD 
meet at O ; prove that the area of the A whose sides are equal in 
length to AO, BO, CO is 4 A ABC. 

* 640. The st line joining the mid, pts, of the || sides of a trapezium 
passes through the intersection of its diags, (Bom. Sch. i^n.) 

* 641. D, E are the pts of trisection of the base BC of a A ABC 

and DF, EG are drawn jjs to BA, CA. cutting one another at H and 
the sides of the A G ; prove that fig. AFHG + A DHE *»« 

4 A ABC. 

* 6 ^ PR is a diag. of a sq. PQRS and T, X are the mid. pts. of the 
sides fS, SR respy. ; if QT, QX meet PR in V, Z, prove that sq. 
PQRS - 3 fig. TSXZV. 

* 643. PR is a diag. of a so. PQRS and T is a pt. on PR such that 
PT » i PR I if ST produced m^ts PQ in X, prove that A TPX 4 
ATPQ. 
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Theorem 29. 

GexL Hnun. Equivalent triangles on the eame base are of the 
same altitude. 



Pig. 21T. 


Part. Enun. Let ABC, ABD l^e 2 equiv. on the same base 


AB, and let CE, DF be their altitudes respy 
It %e reqd. to prove that 

CE « DF. 


Proof. • 


TA ABC = 
\A ABD 
and A ABC 
reot. AB, CE 
CE 


i root AB, CE 
J leot AB, DF 
A ABD . 

> rect. AB, DF. 
DF 


Th. 28 , Cor. 1. 
Th. 28 , Oor. 1. 

Hyp 

Th. 26 , Cor. a 


Cor, Equivalent triangles on equal bases are of the same vdii* 
tude> 


Exercises. 

644. The sU lines bisecting the\_s at the base of an %sos, meet the 
sides in D and E. Show that DE ts }| to the base, (Punj. Mat.) 

64s dtag, AC of a ABCD ^s equidistant from B and D. 

646. In AC, a diag. of the Ogm ABCD, any pt, X is taken, and 
XB, XD are drawn. Show that A BAX — A BAX. (Mad. P. E.) 

647. Equivalent A s are upon the same base arid on the same side of 
U. Find the locus of their vertices, (Cal. Mat.) 

648. Q, E, S are pts. on the same st. line. Find the loons of a 
fourth pt. P which moves so that PQR + A EES = a constant. 

649. QEST is a quadl. Find the locus of a pt. P which moves so 
that the pentagon PQRST is of constant area. 

^50. Of all A s on the same base and of the same area the isos, A bas 
ike least perimeter, (Qal. Mat.) 
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651* Tht si. Mm JoMng the msd, pts, of the sides 0/ « ts {{ ^ 
base. 

6 s^ If 2 equivalent stand on opp. sides of the same base, the st, 
line joining their vertices is bisected bp their base or base produced. 
(Bom. Mat.) 

653. 1/ a quadL is bisected by each oftis diags. it is a dgns. (Allah. 
Mat.) 

6$4. If the diags. of a guadl. divide U into 4 « parts, m a /~ 7 gm. 

* 6 ^ ABCD is a trapesium, and R,F are the mid. pis. of the nofi-tj 
ndes BC, DA ; prove that £P is ^ to AB. 

• APB, ADQ are 2 Bt. lines sneh that ^ FAQ = A BAD ; if 
the Ogm ABCD is completed and BQ joined cutting CD in R, show 
that CR »* AP. (Bom. Mat.) 
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3 Q. 

(Euc, 1. 41.) 

Gen. Ennn, A triangle is equivalent to half a paralleiogram on 
the same base and between tlt^ same paraUeUm 
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Part. Hnttn. liet ABH be a and ABCD a CJfgm an tlie aame 
base AB and between the same {|s AB» DH. 

It is reqdm to prove that 

A ABH = i CJgm ABCD. 

Const. Suppose the rect. ABFG to have baeoa deaod. upon the 
base AB and l^tween the ]ts AB, DE. 

Proof. ABE »= i reot. ABFG . . • . Th. 28 . 

and rect. ABFG = Ogm ABCD . . . . Th. 27 . 

A ABE « i Ogm ABCD . . . q.b.i>. 

Exercises. 

657. ^ 2 St. lines cut one another at rt. ] ^s, the q uadi, formed by 

joining their extremities = ^ the sq. on either st, line. (Bom. Mat.) 

' 65^ The area of any £I 7 gm is double the area of the quadL formed 
by joining the mid. pts. of its adj. sides. 

659. The area of any ABCD is 4 times the axea of the 

formed by joining A and B to any pt. P midway between AB and C 

66a P is a pt. within a ABCD. Show that A APD 

BPC =* i /Ugm ABCD. (Bom. Sch. Pin.) 

661. P is a pt. within a Og™. ABCD, Show that the difference of 
the A® APD and APB « A APC. (Bom. Prev.) 

662. E, F are pts, in the sides CD» DA of a r7gm ABCD. PXova 
that A ABE = A BCF. 


< 1 q <3 
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663. Ths ar^ of my quadl.udotihlB the area of thsgtiadL formed 
iotntng the mid. pts. of its adj, sides. (Bom. Sch. Fin.) 

664^ ABCD is a CJ^m ; lines EF. GH ore drawn |( to AD, AB, 
the fcnrmer eiUting AB, CD in E, F, and the latter: cutting AD, BC in 
G, H. Pfwe that Ogm DH -h Ogm HE = a A AFH, 

665. E is the intersecidoD of the diags. of a EJg^ ABCD and F is 
any pt. in AD ; prove that fig. BFCE = i O g^* ABCD. 

666 . ABCD IS a rect. ; E h any pt. in BC and F in CD ; show that 
S X A AEF 4- rect. BE, DF - rect, ABCD (Bom. Mat.) 

667. ABCD is a Ogni, P any pt, in AC. if GPH, KPE are 
drawn j| to the sides AD, AB respy., prove that the difference between 
the Ogms PHCL, PGAK = 2 A PSD. (Mad. P. A.) 

668. Through D, E, the mid. pts. of the sides BC, CA of the A 
ABC, any two \i st. lines are drawn meeting AB in F, G ; prove that 
DEGF is a Ogm » i A ABC. (Oal, F. E.) 

* 66g. ABCD is a quadl. having BC )| to AD ; E is the mid* pt* of 
DC ; show that A AEB ^ ^ the guadl. (Gal. F. E.) 

* <^. AD is a median of the A ABC and BE, CF are ||s to AD 
meeting any st. line through A at E, F ; prove that fig. EBCF »» 2 A 
ABC- 

* 671. The area of a quadl » the area of a having 2 sides equal U> 
the diags* of the quadl* and the contained 1 thai between the diags. 
{Cal. Mat.) 

* 672. ABCD Is a CJgm and DF is drawn cutting AB in B and 
CB produced in F ; prove that A ABF = A CFE. 

* 673. E is the intersection of the dian. of a £7gm ABCD and P 
is any pt. inside A AEB ^ prove that the sum of As AFC, BFD =» 
the difference of A s AFB, CFD. 

Def. 47. The parallels to the sides of a parallelogram through any 
point in one of the diagonals divide it into four parallelograms 
which the two through which the diagonal passes are called tiie 
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parallelograms about a diagraal and other two are called the 
oos^lem^nts of the parallelograins about a diagonal 
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Thbobuc 31. 

(Sue. L. 4S.} 

Gen. Hxtnn. The complements oj the partdle^ogramM abostt m. 
diagonal of any parallelogram are eqxUvalenU 
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Part. Ennn. Liet ABCD be a ZI 7 giifi, and let HP, QK be the 
eompleinenta of the £I 7 gma FK, HG about the dis^onal OB. 

It ta reqd, to prove that 

complement HP « complement GK. 

Proof. the difi^. DB bisects the ZHZgm ABCD Th. SSL 

the whole jCl ABD «» the whble CBD. 

Similarly the parts. As FBE, HHD together — the parts. 
As KBE, GED. 

the remainder, the complement HP ■» the remainder, 
the complement GK. q.s.i>. 

Exercises. 

674. In the fig, of TK 31 prove that CJgm HC * mom AG. 

67s ^ove that each of the I lama about the diage* of a rhombus is a 
rhomhtts, 

676. Through m pL E within a mam ABCD lines are drawn [j to 
the sides making ^gm AE = / lam EC ; prove that E lies on the 
diag. BD. (Bom. Prev.) 

677. In the fig. of Th. 31 a pt. T is taken on BO produced ; prove 
that A TAH « A TGC- 

* 678. E is a pc. within a msm ABCD ; prove that the distance 
from C to the st. line joining A to E = the difierenoe of the distances 
from B and D. 

* <^9. Through a pt. E within a mem. ABCD lines are drawn 1| to 
the sides; prove that A AEC =?= J difierenoe between £I7gms DE, BE. 
(Mad. F. A.) 

** 6S0. What is the greatest value which the complements of the 
i /firms about the diag. of any given mem can have ? 

a 


9 
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Thsobsk BSL 
(Theorem of Pythagoras.) 

Gen. Emm. Jn a rightHingled triangle the square on the hypoten^ 
uee is equivalent to the sum of the squares on the sides eontaining 
the right angle* 



Who. 221 . 

Part. Hnim. Xiet ABC be a right-angled A. having L A a rt. | . 

Let BE, CH^ AF be squares descd. upon BQ CA, AB respj. 

It is reqd. to prove that 

BC* « CA* + AB*. 

Const. Join CF, AD. 

Through A suppose AL drawn || to BD meeting DH at L« 
Froo£ the adj. La BAQ BAG are rt. La 

CA, AG are in the same st. line • . Th. 2. 

Again *.• L* FBA, CBD, are rt. l_s 

L FBA + L ABC « L CBD + L ABC, 
that is L FBC « L ABD. 

Henoe^ in the As FBC, ABD 
f FB =- AB. 

•.•4 BC BD. 

IL FBC = L ABD. 

AFBC = AABD . . . . Th. 10. 

But A FBC ■» i aq. AF (on the same base and 

between the same [la) . . . . Th. 28. 
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And A ABD » ^ rect. BL, for the same reason. 

\ rect. BL « sq. AF. 

Similarly by joining BK and AE it can be proved that 
rect CL =« sq. CH. 

rect. CL -h rect. BL =» sq. CH - 4 - sq. AF, 

that is, BC^ « CA* + AB® Q.B.n. 

Exercises. 

68 1. The area of a sg. n J the area of the sq. on its diag. 

682. The diag. of a sq. = stds of sq. x ^2. 

685. PS is X to the base of a A PQR ; prove that FQ* -H RS* » 
PR- + QS^. 

684. ABC is a A rt. Id at A and BE, CF are medians ; prove that 
4 (BE^ + CF^I = SBC*. (Cal. F. E.) 

685. ABCD is a quadl. having AC J. to BD ; prove that AB® 4- 
CD-^ «= BC* + DA*. 

686. Ths sum of the squaares on the sides of a rhombus = the sum of the 
squares on the diags (Gal Mat.) 

687. The intersection of the diags. of the sq. descd. on the hypot. ol 

a rt. I A is equally distant from the sides containing the rt. t . 

(Oal. fet.) 

688. BD IS a diag. of the sq. ABCD and BE bisects | ABD meeting 

CD produced in E ; prove that DE* = 2 x sq. ABCD. 

, 689. II a St. line is drawn from an acute L., of a rt. j d A bisecting 
the opp. side, the sq. on that line « sq. on hypot. — B x sq. on half the 
line bisected. (Bom. Sch. Pin.) 

6^. In a rt. I d A if one of the aeute {s is double the other the sq. 
on the sweater ofihe sides containing the^\^ »■ 3 Hines the sq. on the 
lesser aide. (Bom. Sch. Fin.) 

JZ 

691. The height of an equHat. A “ ^ 

JS 

693. The area of an eqjMaJt. £^^sq* on side x - 

6p3. In a rt. A the eguilat. A ^ ^ hypot. = the sum of the 
equMot. As on the sides containing the rt. | 

* 694. ABC is an equilat. A AB is produced to D so that BD 
= 2AB ; prove that CD* =* 7AB*. (Mad. Mat.) 

* 695. Any rectangle = i rect. contained by the diags. of the sq«. 
descd. on 2 of its adjacent sides. (Cal. F. E.) 

* 696. ABC is a A *** I d at B ; prove that the rect. contained by 
the diags. of the sqsraescd. on AB and BC » 4 A ABC. 

* 697. If any pt. P is joined to the angular pts. of a rectangle ABCD, 
PA* + PC* « PB* + PD*. (Bom. Mat.) 

* 698. D, E, F are the feet of the from the angular pts. 0/ a A 
ABC to the opp. si^ ; prove that AE* + BF* + CD* — AI^ 4- BD* -h 
CE*. (Boxn. Prev.) 
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* 609. Two A» ABC, A'B'C' have tlifr 'K SS’ 

•nd^, are drawn ±3 to B’C' ; CQ and ^ '°.£ f CB ’’ 

to A'3-. Prove that A 3 ;‘ + BC/ + CA,» = AC,^ + BAj + CB, . 

^ * 70a PQR^s a rt. L_d A o“ »■ ’^■^/"‘'f^S’/lf^OR^nrove 

MuiSt^ A" 0" PR* QR : X, V are the mid. pts. of PR, QR , pro'e 

that A PVT + A QXS = a constant. 

* *701 If CE, BD are the sqs. dascd. upon the side AC and me 
'faniot. AB of a rt. |_d A ABC, prove that BE is ± to CD. 

* *702 If CE BD are the sqs. descd. upon the side AC ana tne 

hypo’ AB oT art. Id A ABC, and if BE, CD intersect m F, prove 
that AFbisacisL EPD. (Gamb. Tripos.) _ 

* 703. If AD, AG are the sqs. desod. upon thesides AC, AB Mntaro- 

Ing the rt. L o* » L'* A ABC, and if BD, CG out AC, AB m M, 

N respy., prove that AM = AN. 

* 704. Which of Exercises 701. 702, 703 are true whether the A 
ABc IS right-angled or not? 
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Thjborbm 33- 
{Euc. I. 48.) 

Gen. Enon. In a trtangle^ if th^ sqtiarf on one side is equivalent 
to the sum of the squares on the other two sideSy then the angle con- 
tained by these two bides is a right angle. 
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Part. Let ABC be a A such that BC* ** AB* + AC*. 

It is read, to prove that 

L BAC is a rt. L. 


Suppose AD drawn J. to AC and "s* AB. 
Join DC. 

Proof. L- CAD is a rt. L 

DC* = AD* + AC* . . . . 

- AB* + AC* . . . . 

= BC* 

DC - BC. 

• Hence in A s BAC, DAC 
r AB = AD. 

■{ AC is ctiiuinon. 

I BC - DC. 

L BAC = L OAC 
« a rt. L. 


Const 
Th. 32 
Const 
Hyp 


Th. 14 

Q.B.D. 


Hxerdses. 

70 s ABCD is a quadl. rt. l_d at B, and AD* — AB* + BC* + CD* 
prove that {_ ACD is a rt. (Bom. Prev.) 

706 . P Is a pt. outside a sq. ABCD such that the sum of the sqs. on 

the distances of P from fihe sides of the sq. = AC* ; prove that ] APC 

it a rt. 
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* 707, In a ^ if tkA sq, on one side >» the sum of the sqs, on the other 
two eiaeSt the L contatnA hy these sides is oht'iise, 

* 708. In a ^*f the sq. on one side -< the sum of the sqs, on the other 
two sidest the |_ contained by these sides is acute, 

* 709. If the sides of a ^ measure n, n h- 1, \/2m. + 1 linear anit» 
respy., the is rt. Ld. 

* 710. If 2 sides of a measure in- - 1 and in* + 1 linear unite 

respy., what must the third side measure in order that the A may be 
rt. Lid ? ^ J 
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CIEOLES. 

W« hare already defined a circle, its oircomference, centre, radial 
and diameter (p. 38 ), bat, for convenience, these definitions are 
repeated here. 

Def. 13. A drde is a plane figure contained by one line which is 
called the drcamference, and is such that aU straight lines drawn from 
a certain point within the figure to the circumference are equal to 
one another. This point is called the crmtre of the circle. 

Circles which have the same centre are said to be concentric. 

Def. 14. Any straight line drawn from the centre of a drcle to 
its mrcumference is called a radius of the circle, and any straight 
Ime drawn through the centre of a circle, and terminated both ways 
by the circumference is called a diameter of the circle. 
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INFBBENCES FBOM THE DEFINITION OF A OIROIi*. 

The following simple properties of the circle are immediate kt- 
ferenoes from these definitions : — 

(1) A circle is a closed figure. 

(S) Any straight line drawn through a point within a eireU and 
produced far enough in both directions wiU cut the cvr‘ 
cumferenee in two points. 

(3) All diameters of a circle are equcd. 

(4) Each diameter of a circle is bisected at the centre. 

(5) A point lies mthin^ on, or without a circle, according as its 

distance from the centre is less than, equal to, or greater 
than the radius. 

(6) The distance of a point from the centre of a circle is less 

than, equal to, or greater than the radius, according as it 
lies within, on, or without the circle. 

(7) Circles of equal radii are identically equal. 

(8) Circles that are identically equal have equal radii. 
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CHOBOS AND ABCS OF OXBCO:^ 

Oet 48. A chord of a circle is a straight Ime joxuing snj two 
points on the circumference. 



Fig. S23. 


Def. 49. An arc of a circle is any part of the eircomference. 

Of the two arcs into which the circumference of a circle is diTided 
by a chord which is not a diameter, the greater is called the major arc 
and the less the minor arc, and the two are said to be conjugate io one 
another. 

•Def. A sectm: of a circle is a figure bounded by two radii and 
4 he aj^ intercepted between them. 



Fig. 294. 


When the bounding radii of a sector are at angles to one aaa» 
the sector is a quarter of the oirole and is called a qoadraoti 
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ON SYMMETRY. 

Def. 51. A fig^e is s&id to be symmetrical about a line if the Ilzii 
dirides it into two parts which coincide when the figure is folded 
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about the line. The line is called the axis of symmetry of the 
^gure. 

Ji a figure is symmetrical about a line, one>ha]£ of the figure is called 
the imajgne or zefiection of the other half in that line. 

A point and its image are said to be S3numetrically opposite with 
regard to the axis of symmetry, 

1>^ 52. A figure is said to be symmetrical about a point if the 
point bisects every straight line drawn through it to meet the 



Fis. 
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boundary of the figure in both directions. The point is called the 
centre of symmetry of the figure. 
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Theo&jsk 34. 

Oen. Etmix. A circle is symrnetrieal about any diameter* 



Tid. 228. 

Part. Enun. Let AB be any diam. of a 0 whose centre is O. 

It reqd. to prove that 

the © is symmetrical about AB. 

Const. Suppose radii OQ OD drawn such that | BOC==L- BOD. 

Proof. Fold the hg. about AB until the arc ACB lies on the same 
side of AB as the arc ADB. 

Then %• L HOC = L BOD, 

OC will'lie along OD. 

And *.• OC — OD, 

. *. C will coincide with D. 

Similarly it can be shown that any other pt. on the arc ACB will 
coincide with some pt. on the arc ADB, and that every pt. on the 
arc ADB will coincide with some pt. on the arc ACB. 

arc ACB coincides with arc ADB. 
the 0 is symmetrical about AB. Q.x.n. 

Cor. r. A diameter of a circle bisects at right angles the chord 
joining points symmetrically opposite with regard to that diameter. 
Const. Draw CD (Fig. 228) cutting AB at H. 

Proof. *.* C ooinoides with D on folding about AB. 

RC coincides with HD and is equal to it. 

Also ) OHC coincides with ]__OHD and is equal to it. 

But wese are adjacent 1 a 

AB bisects CD at rt. i a. QjB.n. 

Cor. 2 . The line through the centres of two circles {called their 
line of centres) is cm axis of symmetry. 

For the line of centres oontidas a diam« of each 0* 
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Exercises. 

711. A it. lint CD biseots a at. line AB at rt. |__i ; proTt that th« pt. 
A » the image of the pt. B in the line CD. 

712. Apt. A. is the imags of apt. Bin a line CD ; prove that A and 
B aie eqt^istant from anypt. in CD. 

713. A pt. A is the ima^e of a pi B in a line CD ; prove that CD 
bisects the [_ formed by joining A and B to any pt. in CD. 

714. A si line AB is the image of a si line CD in a line £F ; prove 
that AB and CD are either {[ to EF or, when produced, meet in EF. 

* 71C A St. hne AB ts the image of a et. line CD tn a line EF ; prove 
that AD and BC intersect on EF. 

* 716. AC, AD are chords of a O i^°aiiy irkclined to the diam. AB ; 
prove that AC » AD. 

* 717* A Q U divided into i a parte by 2 diums. at rt.\_j to one 
another. 

* 718. If 2 Os intersect, their line of centres bisects their common chord 
at rt. |_s. 

* 719. Two = 0 s intersect so that the centre of each is on the other ; 
prove that the sq. on the radins of either 0 = J t^s tq. on the common 
chord. 

* 720. An isos, ts s^mebrical about the bisector of the vert. |_. 

* 721. Prove by syi^etry that the bisectors of the base |__i of an 
isos. ^ meat on the bisector of the vert. \__. 

* 722. Prove by symmetry that the medians of an isoa ^ are oon- 
entreni * 

7^ A 0 is symmetrieai dbotU its centre. 

724. A sq. is symmetrical abont a pt. 

725. Describe and prove the symmetry of a reci 

726. Which of the following letters have axial symmetry and which 
have central i^mmetry ?— 

B, E, H, M, O, S, W, Z. 


* 1* * £7S^ symmetrical about a jrt. ? 


Three » 08 pass through a pi 6 and intersect, 2 and 2 , la 8 
pts. A, B and C : prove that OA, OB, OC are X' to the Mdes of the 
A ABC. (Mad. Ibt.) 
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Tbxorsm 35. 

(Euc. III. 3.) 

Gen. (A) A straight line drawn from the centre of a eirele 

to bisect a chord which is not a diameter is at right angles to the 
chord, 

ConTersely, 

(B) The perpendicular to a chord of a circle from the cerUre 
bisects the chord. 
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Part. Entin. Xiet OD be a st. line drawn from O the centre of tke 
0 ABC to D a pt. in the chord AB which is not a diam. 

It is reqd, to prove 

(A) IfAB - BD, then OU is ± to AB. 

Conversely, 

(B) If on is ± to AB, then AI> - BD. 

Const. Join OA, OB. 

Proof of (A). In the A s AOD, BOD 



^AD « BD . . • • 

OD is common. 

Iradius OA radius OB« 

• H3rp. 

m 

• a 

• 

♦ a 

A AOD = A BOD 

1 ADO = 1 BDO. 

. Th. 14. 

OD is J_ to AB. 

In the As AOD, BOD 

rrt. L. ADO — rt. L BDO . 

•. * ■( OD is common. 

Iradius OA radius OB. 

. Hyp. 

a 

AA0D=AB0D 

. Tk. 16. 

* 

a a 

AD .. BD. 
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Cor. The perpendicular bisector of any chord of a circle passes 
ihrouffh the centre. 


Exercises* 


739. The X btsectors of any 2 ctuyrds of a Q intersect in the centre. 

730. P, Qt R, S, T are pts, on a © ; prove that the X bisectors ol 
PQ, QR, ST, TP are concurrent. 

731. A © cannot have 2 centres. (Punj. Mat.) 

732. The locus of the centres of ©s passing through 2 fixed pts. is the 
X otsecior of the st. Ivne joining the 2 pts. 

733. If 2 ©s are concentric they cannot have a cozumon pt. (Allah 
Mat.) 

734. The X bisector of either of 2 IS chords of a © is also the X 
bisector of the other. 


The mid. pts. of several ll chords of a (j) lie on that diam. of the 
0 toJiich is J_ to them all. 

If the vertices of a trapezium lie upon a © it must be isos. 

737. Tudo chords of a Q) which are not both diams. cannot bisect each 
other, (liiuc. III. 4 .) 

738. P^RS is a £Jgaa whose vertices lie upon a© ; prove that PR, 
QS are diams. of the ©. 

Every © passiTig through a fixed pt. and having He centre on a 
st. Itne must pass through another fixed pt. 


740. If 2 ©s intersect in one pt. they must intersect in another. 

741. If 2 ©s have a common pt. they cannot have the same centre. 
(Buo. in. 6, 6.) 

742. If a st. line is drawn to cut 2 concent, ©s its intercepts between 
the ©8 are s: . 


* 743, The st. line joining any 2 pts. on a Q falls within the ©. 
(Bug. m. 2.) 

*744. a pt. of intersection of 2 ©a whose centres are P, Q a 

sU Itne AB is drawn || to PQ and terminated by the ©a ; pi-ove that 

AB 2PQ. 

* 74c Through the pts. of intersection of 2 ©s st. lines AB, CD are 
drawn jj to one another and meeting the ©s again in A, B, C, D ; 
prove that AB ~ CD. 

* 746. Through pt. of intersection of 2 ©s st- lines PQ, RS are 
drawn equally inclined to the common chord and meeting the ©s 
again in P, R, S ; prove that PQ = RS. 

*747. The greatest st. line that oan be drawn through a pt. of mtar- 
aeotion of 2 ©s terminated by the ©s is U to the line of centres. (Mad. 
F.B.) 


♦ 748. Two st. lines OPQ, ORS are drawn from an external pt O 
to -cut a given © PQSR ; prove that the intersection of PS and QR 
cfumofe be the centra of the 0. 
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Dcf. 53. A circle is said to be circumscribed about a rectilineal 
figure, and the fig^e is said to be inscnbed m the circle if the circle 



Fig. 230. 


passes through all the vertices of the rectilineal figure. 

The dxcuznsoribed circle of a triangle is called the circumdrcle,. 
its centre is called the circumcentre and its radius the drcum-' 
radius of the triangle. 

Def. 54. Points are said to be concyclic when they lie on the 
same circle. 
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Theorem 3d. 

(Euc. in. 10.) 

Gen. Baun. Th/tre is one circle, and one only, which passes 
through three given points not in a straight line. 



Fza. 231. 

Part. Etnm. Let A, C be 3 pts. not In. a st. liiie. 

It is reqd, to prove that 

<me Q, and one only, will pass through A» B and C. 

Const Join AB^ AC. 

Let EO, FO, the perp. bisectors of AB, AC respy., meet 
in O (see Ex. 44 ). 

'Btoc/U *.* EOisi^eloouaof pts. equidistant from A and B. Th. 24 . 
And FO is the lociis of pts. equidistant from A and C. Th. 24 . 
• \ O, the pt. common to HO, FO, is equidistant ^m A, 
B and d 

And O is the only pt. common to HO, FO. 

a 0 with centre O and radius OA, and this 0 only^ 
will pass through A« B and C. q.b.i>. 

Hxerdses. 

749. 2 Qs hams mors than 2 pts. common thsy must coincide^ 

^Eue. iXL 10.) 

7510. Two 08 cannot have a common arc. 

7$z. A 0 cannot be znade to pass through 8 given pts* In tha same 
at. Iina. 

TSSl a St, Une cannoi out a 0 its 8 or more pis. 

TSJ. Ths J. bissetors of the sidss of a A meet in a vt. 
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* 7 S 4 * V a pU is equidistant from mors them 2 on a it is the 
centre of that ©. (Euc. III. 9.) 

* 755. PQRS is a quadl. whose dia^, intersect at T ; prove that the 
^ircum-oentres of the PQT, QRT, RST, SPT are the angular 
pts. of a 

* 756 . A 0 ea& be oironznsoribed about any isos, trapeaum. 
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Thxobxic 37« 

(Enc. m. 26, 27.) 

Gen. 2n equal ctrdes (or in the same eiretey 

^ A) If two ares extend equal angles at the centres, they are equal* 

Conrersely^ 

(B) If two ares are equal they subtend equal cmgles al the centres* 
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Part. Entifl. Let BCD, FGH be arcs of ■■ 0s ABD, EFH wHose 
eentree are K, I. respy. 

It is reqd. to prove 

(A) If[_ BKD « L FLH, then are BCD = are FGH. 
CoiiTersely, 

<B) If arc BCD - arc FGH, then L_ BKD =* L FLH. 

Proof of (A). Apply 0 ABD to 0 BFH so that K falls on L. and 
KB lies along LF. 


Then KB « LF 

. •. B falls on F. 

• 

• 

Hyp. 

And L BKD - L FLH 
KD lies along LH. 

• 

• 

Hyp, 

And KD =» LH 
. *. D falls on H. 

• 

m 

Hyp. 


How the whole drcmuference ABCD comcideswitb 
the whole circumference HFGH (*. * the 08 are « ). 
arc BCD coincides with arc FGH. 
arc BCD =« arc FGH. q.!b.i>. 

Proctf of (B), Apply 0 ABD to 0 EFH so that Kfalls on L and 
KB lies along L.F. 

Then KB LF .... Hyp. 

B falls on F. 

How the whole circumference ABCD coincides with 
the whole eircumference EFGH (*. * the 08 are « ). 
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And arc BCD « arc FGH • . . Hyp. 

.*• arc BCD coincides with arc FGH. 

D falls on H. 

L BKD coincides with ! FLH. 

L BKD = L FLH. Q.K.D. 


Exercises. 

757* ** 0® same 0) of 2 unequal L® at the centres the 

greater L, staruis upon the greater arc. 

^58. in = 0a {or tn the same 0) 2 sectors are » if the L* between 
their bounding 1 adU are =si . 

759* PQ> “ chords in a 0 ; prove that P is the mid. pt. of 

thearcQPR. 

760. C is the mid. pt. of an arc ACB ; prove that C is equidistant 
from the radii through A and B. 

♦ 761. AB, CD are diams. of a 0 and CE is a chord || to AB ; prove 
that B is the mid. pt. of the arc DBE. 

* 7 ( 52 , DF is the diam. and EG a chord of a semi-0 DEGF ; DF 
and &G are produced to meet at H ; if GH ^ IDF, prove that arc FG 
— <1 arc DE. 
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Theobsh 3S. 

(Eqc. m. 28, 29,) 

Gen* Hiuzii. Zn eqtuU ctTcles {or in the sciTno c%rcle) ► 

(AJ 1/ two chords are equal they cut off equal arcs. 
Conversely, , ^ , » 

ffi) If two arcs are equal the chords of the arcs are equait, 
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Part. F.rttTri liet AJ3, EH be chords of » ©s ABC, EHG whose 
eentres are K, L* respy. 

It is reqd to prove 

(A) If chord AB — chord EF, then minor arc ADB ■» minor 

arc EHF arhd major arc ACB =■ major are EGF. 
Conversely, 

(B) //■ arc ADB — arc EHF, then chord AB — chord EF. 
Const. Join KA. KB, UE, LF. 

Proof of (A). In the A» KAB, LEF 

rKA = LE Hyp. 

•.'sKB = LF ..•••* Hyp. 

V.AB =» EF Hyp. 

AKABsALEF . • . . Thu 14. 

lakb-lTelf. 

«*• minor axe ADB » minor arc EHP • Th. 57. 
Bat whole <arcamfermce ADBC wbrie 

dxenmferenoe EHFG . . . « Hyp. 

• *. m^r are ACB » major luro EGF. Q.jun. 


Proof of (B). arc ADB » are EHF . 

.% L akb L elf . 

Hence in the A^ EAB, LEF, 
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( KA ** LE . . . . • Hyp- 

KB * LF . • . • * Hyp. 

iL. akb = L elf 

•\AKAB = ALEF . . . . Th. 10 . 

chord AB = chord EF. q«b.i>. 


Exercises, 

Tfig, In « ©a (or in tlte same 0) =* chords subtend = theeentres. 

764. It in 2 0s «■ chords subtend » 1 _b at the centres, the 0s must 
be =s. 

765. n 2 opp. sides of a quadl. insed. in a 0 are >■, its diags. are s- 

766. The st lines joining aUemaie angular pts. of a tegular polygon 
insed, inaQ are 

* 767. An equilaU polygon insed, in a 0 is also equiang, 

* 768. ABC is a A ii^sod. in a 0 and D, E are the mid. pts. of the 
minor arcs out off by AB, AC ; prove that DE is equally inoUned to 
AB and AC* 
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Thborsm 39. 

(Buc. HI. 14, 15.) 

Gen. Emm. (A) Equal chords of a circle wte equidistant from the 
oentre^ and the greater chord of a circle is nearer the centre than 
the less. 

Conversely, 

(B) Chords of a circle that are equidistant from the centre are 
equal, and a chord of a circle nearer to the centre is greater than 
one more remote. 
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Part Emm. Let AB, CD be chords of a O ABC whose centire la 
C, and let OH, OF be the distances of O from AB, CD respy. 
Itisreqd, to prove 

(A) If AB ^ CD, then OE^ OF. 

Conversely, 

(B) If OB OF, then AB ^ CD. 

Const. Join OA, OC. 

Pw>o£ L-S OEA, OFC are it. La .... Def. 38. 

OA* = OE* + EA> Th. 32. 

And OC* » OF* + FC“ .... Th. 32. 

But OA* = OC* ('.• OA = OC). 

.-. OE* + EA* -> OF* + FC*. 

Hence if EA* ^ FC*, then OE? ^ OF*. 
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▲nd oonvexsely, 

if OE? > OF*, then EA* ^ FC?. 

if EA > FC, then OE < OF. 
And conTersely, 

if OE > OF, then EA ^ FC. 
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But EA - iAB and FC - iCD . 

if AB ^ CD, then OE ^ OF. 

And conrersely, 

if OE^ OF, then AB ^ CD. 
tSxercises. 

769. Jn ^ ©* “ chords arc equ%d%stant from the centres, 

770. Jn a* 0J chords eqv 4 distcmt from the centres are 

77X. In aa 0 s (or m the same 0) if 2 chords subtend s f % at the 
oantres they are equidistant from the centres. 

772e In » ©8 (or in the same ©) if 2 chords are equidistant from 
the centres they subtend | ^s at the centres. 

773* Of all chords that can be draum through a given pL wUHm m © 
the longest is the diam, through that pt, 

774. The pts. of intersection of any diam. with » and | chords in a 
0 are equidistant from the centre. 


* Th. SS, 
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775. AB, CD are s chords In the greater of 2 ooxioent. 0b ; prove 
that the parts of AB, CD intercepted by the smaller 0 are a. 

77A PQ, RS are » chords of a 1© intersecting at T; prove that 
they are equally inclined to the diam. through T. 


jp. A chard of coiutant Urngth glides round a fbeed 0 ; prove that 
tke locus of its mi. pt. is a concent. 0. 


77& A chord of constant length slides round a fisted 0 ; jproM that 
9 locus of any ptflaed in the chord is a concent. 0. 

779. Of oU chords that can he drawn through a gwen pt. toiffdn a 0 
f shiest is the to (he diam. through tJuU pt. 


78a Equal chords of a Q thai intersect divide each other into m 
segments, the greater — the greater and the less a the less. 

781. Chords of a 0 that intersect so that a segment of the one » a 
segment of the other are 

782. P, Q are the centres of 2 s 0s and ABCD is a st. line g to PQ 
and meeting the 0s in A, B, C, D ; prove that AB » CD. 

783. P, Q are the centres of 2 a 0s and ABCD is a st. line through 
the mid. pt. of PQ and meeting the 0s at A, B, C, O ; prove that 
AB = CD. 


7^ P, Q are the mid. pts. of 2 » chords in a 0 and the st. line 
joining P, Q is produced both vrays to meet the 0 in R, S ; prove that 
PR = QS. 

* ^5. PQ, RS are a chord and a diam. of a 0 not intersecting one 
another ; prove that the sum of the J.B from R, S upon PQ is const, 
for all positions of RS. 

* 786. PQ, RS are a chord and a diam. of a 0 intezsectlzig one 
another ; prove that the diSerenoe of the i.s from R, S upon PQ is 
ooDst. ka all positions of RS. 

*787. If 3 a chords of a 0 meet in the same pi., that pt. mast be 
the oentre of the 0. 

* 788. AB, AC are s st. hnes drawn from an external pt. A to the 
ooDoave circumference of a 0 ; if AB, AC out the convex olioumfer- 
enee at D, E, prove that AD « A£. 

* 789. Of all chords of a 0 which are bisected by a fixed okord the 
fteater is that whieh moots the fixed chord at a pt. nearer its mid. pt 
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XAHGBKOY. 

Def. 55 . A secant of a cixcle is a stra^Iit line ^ iiKiefinite hogtk 
wbie^ meets the dzcumference of the carsiie in two points* 



Fza* 285. 

Def- 56. A tani^ent to a circle is a straight line which meets the 
circumference of the circle in one, and only one, point, howeTer far 
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hm r«gMd«d as a straight line passing through two different positions of 
a point moving in a circle. If the two positions are oonsBcutwe, that is 
to say, if there is no distance between them, the seoant becomes a 
tangent, because it passes through two points which coincide, and 
does not meet the circle in another point however far produced. For 
example, suppose a secant, cutting a circle at A and B, to turn round 
A so that B continually approaches A. These points will ultimately 
coincide, and then the secant becomes a tangent to the oirole. See 
Big. 2S7. . * ^ « 

Or, again, snppose a secant cutting a circle at A and B to move 
fMurallel to its original position. A and B will continually approach 



Fis. 

one another and ultimately coincide, so that the seoant becomes a 
tangent to the circle. See Fig. 238. 

Hence a tangent to a circle may be regarded as the limiting” 
position of a secant when the points of intersection move into coin- 
oidenoe, and this suggests the following alternative definition of a 
tangent : — 

Def. 57* A tangent to a circle is a straight line which mee^s the 
aironmferenoe of the circle in two consecutive points* 

Tha advantage of this definition over Def. 56 is that it applies to all 



Fia. 2S9. 

durvss, as may be seen from Fig. 239, where AB is a tangent ta a carve 
P, l^ough it also meets the curve at Q and R. 
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Def. 5^* circles which meet in one, and only one, point are 

said to touch one another, and the point at which they meet Is called 
the point of contact. 



Pig. 240. 


Pig. 241. 


We may regard one circle touching another as the limiting position 
of one circle cutting another^ when the points of intersection move inte 
ooinoidenoe ; hence, as an alternative definition, we have ; — 

Def. 59 . Two circles which meet in two oonsecntive points are said 
to ton^ one another. 

This alternative definition applies to contact between any two- 
enrves, as shown in Pig. 242. where the curve AB touches the ourrs 
CD a* P, though it also meets it at Q. 



Pig. 242. 


We infer from this alternative definition : — 

If two cvrcJe$ tc/uch one another they have the soma tangent at 
their point of contact. 

Per suppose two circles to intersect and AH to be their common 
chord, as in Pig. 24S. If the smaller circle is made to turn about A, 
B will move into coincidence with A, when the circles will touch one 
another and AB will become a common tangent at their point of 
contact. By turning in one direction about A, the smaller circle is 
made to touch the larger circle externally, as in Pig. 244 ; by turning. 
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Fia. 243. 


Fia. 244. 



Via, 245. 

in the opposite direotion it is made to tonoh the larger circle internally ^ 
«0 in Fig. 245. 

Oef. 6o. Common tang-ents to two circles are said to be direct 
(Fig. 246) or transverse (Fig. 247) according as the two circles He 
on the same side or on opposite sides of the common tangent. 



Via. 246 . 


Fio. 247. 
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Def. (St. Tvro drcles are said to cut orthogonally when the two 
tangents at either point of mtersection are at right angles to one 
another. 



Fia. 249. 

Def 62 A drcle is said to be inscribed in a rMtilineal figure 
an? ttie figiTreT^id to be drcumscnbed about the drae .f the 
circle touches aU the ades of the rectilineal Bgore. 



Fia. 249. 

The inscribed circle of a triangle is called the ‘*^ 1 '^“**" ** 



Fio. 250. 

1. 1. »M.«o “ 

e-circle, its centre is called an e-centre, ana iw 
of the triangle- 
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Theorem 40. 

(Eua nL 18.) 

Gen. EniiiL The tangent at any point 
of a circle and the radius through the 
point are perpendicular to one another. 
Part Hnun. Let BC be a tangent av 
a pt. A to a O who-ae centre is C 
It t$ reqd. to prot e thai 

radius OA li _l to tangent BC. 

Const Take any pt. D in BC other 
than A. Join OD. 

Proof. pt. D lies outside the ©. 
radius OA < OD. 

Similarly OA ^ any other st. line from O to BC* 

OA is the shortest st. line from O to BC. 

radius OA is JL to tangent BC . * . Th« 21.- 

Cor. I. Ordy one ttmgerU can he drawn to a circle at any point 
on its circumference. 

Cor. 2 . The perpendicular to a diameter of a circle at either of 
Us eoctremities is a tangent to the circle (Euc. XU. 16). 

Cor. 3 , The perpendicular to a tangent to a circle at the point of 
cordtbci passes through ihe centre (Euc. m. 19). 

Cor. 4, 7%e perpendiculctr to a tangent to a circle from the centre 
passes through the point of contact 

Cor. 5 . If two tangents are drawn to a circle from an external 
poirU (A) the tangents are equal, (B) they subtend equal angles at the 
centre of the circle, (C; they make equal angles w%th the straight line 
jotning the given point to the centre. 



Fig. 251 . 
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Proof. la the A** OBA, OCA. 

j OB « OC (radii) 

%*’{ OA is commoSL 

Wi;. LOBA-rt.UOCA. . . Tfa. 40. 

AOBA = /v OCA . • . Th.15. 

f (A) AB AC. 

So that { (B) L AO<^ =» L.AOC. 

HC) L O AB = L.OAC. Q.*. D. 

ON THE METHOD OF LIMITS. 

Since a tangent is only a particular kind of secant and touchixig 
drclos a special case of cutting circles, we can deduce by what ii 
known as the method of limits many of the properties of tangents 
and of touching circles from the properties of secants and of cutting 
circles respectively. 

Proof of Theorem 40 by the Method of Limits : — 

Let AB " e a secant cutting a 0 whose centre is O at A and and 
let C ’"e the mid. pt. o! AB. 
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loin OAt OC. 

Now suppose the secant AB to turn round A so that B moves into 
coincidence with A, and let AD be the ultimate position of AB. 

Then AD is the tangent at A. 

But when B coincides with A, C must also ooinoide with. A, because 
C is the mid. pt. of AB. 

Hence when B coincides with A, and the secant AB becomes the 
tangent AD^ OC will ooinoide with OA. 

But OC is J_ to AB ...•••*. Tlu 85. 

OA is X to AD. 

Note . — Oorollaries 1 » 2 , 8 » 4 of Theorem 40 casi all ba pimad this 
method and afford valuable exercises. 



254 


BIiBMBNTS OF GEOMJSTBY 


Exercises. 

790. Tht iangents to a Q ai the tsdT&nixivee of a dUun, are |. 

792. State and prove the converse of Ex. 790. 

792. A si. line cannot touch a Q in 2 or more pts* 

795. The J. to a of a O extremity falls without the 0.. 

(Eac. m. 16.) 

794. PQ, PR are tangenis to a 0 whose centre is O; prove that 
+ L ROQ « 180^, 

795. AB and AC are two tangerUs to a Q whose centre ts O ; prove 
fkat AO bisects BC at rU L_s. 

796. Any diam. of a 0 is the ± btsecior of all chords || to the tangents 
at its extremities. 

797. All chords of the greater of 2 concent, ©s which touch the lesser 
are = 

798. Find the locus of the centres of 0s Umchtng a given st. line at a 
given pt. 

799. 2W» and only two, tangents can be drawn to a 0 from an #05- 
temal pt. 

800. Any two tangents drawn to a 0 make = | s with the it. line 

joining their pts. of contact. 

80Z. If P, Q and R, S are the pts. of contact of the 2 direct common 
tangents to 2 ©s, prove chat PQ = RS. 

802. If P, Q and R, S are the pts. of contact of the 2 transverse 
tangents to 2 08» prove that PQ RS. 

803. If 2 Qs intersect at P and Q, prove that the tangents to both 

Qs at P make with one another the same | as the tangents to both 

0s at Q. 

804. If a 0 can be inscd. in a guadL the sum of one parr ofopp. sides 
of the guadl. — the sum of the other pair. (Bom. Soh. Pm.) 

805. If a 0 can be inscd. in a ^ rhombus. 

806. If a 0 can be Inscd. in a hexagon, the sum of alternate sides of 
the hexagon ^ its perim. 

807. If 2 ©s cut each other orthogonally, the roMi to eachpt. of inter- 
section are at rt. \^s to one another. 

808. If 2 0s cut each othd orthogonally, the sum of the squares on 
their radii = the sq. on the st. line joining their centres. (Punj. Mat.) 

809. If P, are the pts. of contact of a common tangent to 2 ©s, 
theise 0947# cut orthogonally by the © descd. on PQ as diam. 
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8X0. If a eim he insod^ in a poir/i^oi^ the aeea of the polygon «> reei 
amknned hy^ite perim, and the radme of the 0. 

8X2. If a si, line ioucTtes a any other sL line drtHtm through the pt 
of conUust wiU out the 0. 

8X2. All tangents to the le^r of 2 eoneefU, Q^,from pte, on the greater 
are ». 

813. Find the locus of the centre of a 0 cf given radius touching e 
given si, l%ne. 

^ 8x4. Find the locus of the centre of a Q touching S given | si. lines, 

815. Find the locus of ths centre of a 0 touching 2 given intersscting 
st. linee, 

8x6. The line of centxee of 2 08 pc»ses tixxongh tiie inimse&lmoTi of 
feheir direot common tangenfea. 

8x7. The line of oentzes of 2 08 paaaes thzotiii^ the integneot^on of 
their transvexae common tangents. 

818. One 0 , used only one, can be ineed, in a given 

819. Three 08, and only three, can he d esod, to tends ome mSe of a A. 
and the odser 2 ei^ee prodteeed, 

920 , The Inlezeeetion the diagk of a xihomhna la ihnc oesitze of the 
fniod. 0. 

822. If a 0 oan be Insod. in a qnadL, the i • at the centre subtended 
by each pair of oppu aides axe 

822. If a 0 can be inscd. in a hexagon, the | at the ee&tre 8nb> 

tended by any 8 attemi^ sides are together ae 2 rt. f s. 

* 823. PQ, PR axe tangents to a 0 and QS is a diaxn. ; prove that 
LQPR-2LRQa 

* 824. AB, CD are diams. a 0 whose oentxe ia O, and tangents 
are drawn to the 0 at A, B, C» D ; prove that the diags* of the qnadl. 
so formed intersect at O. 

* 825. In the greater of 2 concent. 0a 2 chords PQ and PR axe 
drawn to touch the lesser at S uid T ; prove that ST 

* 826, PQ is a chord and PR a diam. a 0 ; PS bisects | RPQ 

and meets the 0 at S ; prove that PQ is J_ to the tangent to the 0 
at S. 

827. The t»-0 of is ABC. teuehas ,BC D ; jprover dsht fht^ 
difference between BD an 3 CD sx the difference between AB and AC, 

* 828. Two tangents are drawn to a Q) from aflaedpt, and prodsused 
to meet a third tangent ; prove that the part of the third tangent that they 
intereept subtends a const, L ^ centre of the 0. 

it 
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*8^ A temgeat to a 0 meets two 1 tang^te at P aiid Q; pxove 
that subtends a rt. |__ at tiie omtase. (Bom. Sch. Kn.) 

*830. Piore that in-oentiBi tbe ciicsim-centie and the vertex of an 
iBoe. ^ aze oollinear. 

*831. Tfliathe tn-eenfre 0/ o ^ and Ij, Ij, I, ite e-<sentre», prove that 
I it the orthocenire of the A 1 , 1 . 1 ^. (Bam.PiOT.} 

* 832. In ng. S 5 S prove that : — 

fi) AEi = AF, = BFj = BDa = CD, = CE* = «. 

(H) AE = AF = s-o; BF = BD = s-d; CD = CE = »-4fc 
BD, = BF, = CD, = CE, -s - a. 

CD, ® CE, = AE, — AF, « e •• b. 

AE, = AF, = BD, => BF, = s - <s. 

^ AE CE,; BF AF,; CD = BD,. 

(T) EE, = FF, =. o; FF, = DD, =» b; DD, - EE, - 
t»i) DiD, — EjE, = o ; FjF, — 6. 

(vii) DD, s e - £; EE, » a - e; FF, « « > b, 



BC ^ Of CA ■■ by AB ^ Og $ 
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Tblmoelem 41, 

(Hue. m. U, 12,) 

Gen. Envm, If two circles touch, the pcirU of eoniaet Ue* on their 
tine of eentree. 






Fig. 255 . 


Part Entm. liet 2 08 whose ocoiiares ere A and B touch at the 
pt. C. 

It is reqd. to prove theU 

A» By C are in one et, line* 

Const, Suppose CD to be the common tan^nt to the 08- Join 
ACy Ba 

Proof, CD is a tangent to a 0 and AC is the radios of the 0 
through the pt. contact. 

L, ACD is a rt. [ . . . . - Th* 40. 

Similarly L BCD is a rt. L_ . • • . Th. 40. 

Ay B, C are in one st. line • » « . (Whyt) 

Q.B.D. 

Note . — ^Theorem 41 can easily be deduced by the Method of 
limits from the theorem : — 

If two 0s intersect, their line of centres hiseois their common 
chord (Ex. 71S). 


833 . If 2 0 s touchy the distemee heUosen their centres the sum or 
inference of their rediu 

834. State and proYe the oonYezse of Ex. 888. 

835 . Two 0 s eairmot touch one another at Sjpfs. (Eno. HI. 18.) 

836 . If 2 0 s meet on thdr line of centres, th^ must touch each 
other. 
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837. A 0 of centre P toQcties externally 2 0s of centres Q and R ; 
prove that the difference between PQ and PR « the difference between 
the radii of the 08 of centres Q and R. 

838. Mnd ihe loeuM cfthe centre of a © of given radvue touching a 
gtim 0 (1) esdemaUyf (2) ieUemally. 

^ 839* Find the locus of the centre of a Q touching a given Q at a 
given pt, 

8;yx Two » 0s touch externally ; find the locus of the centre of a 
third 0 touching both, 

841. JFjf 2 0s touch externally or intemdlly and any si, line ie drawn 
through the pL of contact to cut the 0s again m 2 pts.^ the radii to these 
pts. are 1}. 

842. If 2 0s tonch externally or internally and any sL line is drawn 
through the pt. of contact to cut the 0s again in 2 pts., the tangents 
to the 08 at these pts. are ||. 

843. If 2 08 touch externally or internally and 2 diams. are drawn |{ 
to one another, the pt. of contact and an eibremity of each diam, are 
eollinear. (£k>m. Son. Fm,) 

844. Two ac 0s touch externally ; prove that they intercept »= chords 
en any sL Mne drawn through the pU of contact 

* 845. Three ©s tonch externally at P, Q, R ; prove that the common 
tangents at P, Qi R meet In a pt. equidistant nrom P, Q» R. 

* 846. Three ©s whose centres are A, B, C touch externally at P^ 
aR ; prove that the in-0 of ^ ABC is the oiroum-© of ^ PQR. 

* 847. A, B are the pts. of contact of a common tangent to 2 ©s 
which touch externally at C ; prove that the line of centres of the ©i 
Is a tangent to the 0 descd. on AB as diam. (Punj. Inter.) 

* 848. A 0 with centre P tenches a 0 with centre Q internally and 
a 0 with centra R touches one internally and the owsr externally ; 
prove that PR 4- QR » a const, for all positions of R.. 

^ 849. Two 0s touch externally or uUernally at A and I tangents are 
draaxrn^ epe to each Q at B and C | prove that AB and AC are either in 
the sanie si. line or at rt L_s.* 

* 8^ Two — 08’ with centres P and Q touch externally at R. 
Choi^ RS, RT are drawn, one in each ©, at rt.,Ls tn.ojne anpthe]^., 
Prove that ST is and | to PQ. 

* 851. Three ©s touch externally at P, Q, R. PQ, PR are pro- 
duced to cut one of the 0s again in S, T. Prove that the line of centres 
ei the other two 0s is | to ST. 

* 852. Two » 0s intersect at A, B and are touched externally by a 
third 0 whose centre is C ; prove that A, B, C are oollinear. 

i * 85^ A 0 rolls within another 0 of twice its radius^ prove that 
Iks loons any pt. on the smaller 0 is a diam. of the larger. 
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AKGIiE PROFBKTIES.OP OmorJBJS. 

Theobxm 42. 

(Euc. m. 20.) 

Geti. &inn . Th& angU which an are of a circle tubicnde ai the 
centre^ m dovhle that which it euhtends at any paint en the re- 
maining part of the circumference^ 



258, Ite. m. 



Fes. 258* 


, part. liet ABC be a 0 of which O ia the centre, and let 

ADB be an arc of ther 0 ABC and C any pt. on the remaining 
part of the oiroiimference. 

It is read, to prove that 

L AOB - 21 ACB. 

Conat. Join CO and produce it to B, 

Proof. radius OA » radius OC. 

L OAC « L OCA. Th. 12. 

Also ext. L EOA L OAC + L_ OCA . Th. 8, Oor 3. 

- 2 L OCA 
Similarly U EOB - 2 1 OCB. 

.•* sum or difference ofT,„,s EOA, BOB • twice the sum 
or difference of OOA, OCB. 

.%U-^OB - 2L ACB* 
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Exercises. 

854. In »« 0 $ (or in tJu tamg ©) if 2 arcs subtend * L# at the cir- 
eumferences they are ». 

855. In == ©s {or in the same ©) if 2 arcs are =■ they subtend »■ L.» 
the circumferences. 

856. Zf C, D are pts. of trisection of an arc of a © ACDB, prore 
that L I>AC « L- OAB. 

857. 2V/C irUemal bisector of the vert. \_^ofa/\ meets the droum-Q in 
a pt. equidistant from tJve ends of the base. 

858. If a polygon inscd. in a Q is equUat. it is also equiang. (GaL 

859^ An equiang. polygon inscd. in a Q has its alternate sides 

860. If an equiang. polygon inscd. in a Q has an odd number of sides 
it must be equilat. 

86z. Parallel chords ina Q intercept = arcs on the drcumferetsca. 

862. State and proTe the converse of Ex. 861. 

863. PQ, RS are «« chords in a © PQSR ; prove that the qoadl. 
PQSR is an isos, trapezium. 

864. AB. CD are | chords in a ©; prove that AC «« BD and 
AD= BC. 

865. PQ9 PR are chords of a © || raspy, to 2 other chords pq^pr of 
the same © ; prove that R^ is | to Qr. 

866. Through A, B, tJie pis. of wvtersection of 2 ©5, || st. lines CAD, 
EBF are dravm meeting ibs ©s in C, H and D, F ; prove that chard 
CE = chord DF. 

8d^. Tuk chords ifdsrsect u)iMna 0 ; provethatthe sum of the <^. arcs 
which they hUeroept « the arc intercept^ by H chords meeting on the ©. 

868. Two chords intersect without a © ; prove that the difference of 
the arcs which they intercept s the arc intercepted by g chords meeting on 
the ©. 

869. !!Nro chords intersect within a © ; prove that they contain an 
}_ =s the f subtended at the centre by an aro «■ the sum of the opp. 
arcs which tEey intercej^. (All. Mat.) 

87OL Two chords intersect without a © ; prove that they contain an 

a>i i the I subtended at the centre by an aro « the difierence of the 
arcs 'vwch tEey intercept. 

871. Two»Qsi(ntersectinAandBithroughAst.linesCADfKAF 

are drawn meeting the 0 s in C, D, k, F ; prove that chord CE — 
chord DF. 

* Sya, E is the pt. of intersection of 2 chords AB, CD of a 0 ACBD 
whose centre is O ; prove that lAOC + I BOD «= 2 LAEC. 

* 873. JGf the in-Q 0/ a A ABC touches^ sides at DT^E, F, the l_js 

A DBF a«90» - 90“ - ®, 90“ - -f. 

* 874. Two — 0 sinterseci in A andB^ through A a st. line is drawn 
meeting ihe 0 s again in C and D ; prove thai C and D are equidistant 
from B* 
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* 875. The internal bisector of the Torfc. I A of a ^ ABC «oete the 
elrcum-© in D ; DE, DF are drawn X» tollB« AC vmpj , ; prove that 
AE = 4 (AB + AC), 

* 875. ABy AC are chords of a O 30 ^ H are the mid. pta of the 
arcs AB, AC ; the st. line joining D, H cats AB» AC at F, G reepj. ; 
prove that AF «■ AG. 

* 877. ABCD is a sq[aare ; arcs of 08 AEC, BED are deeod. with 
centres B» C respy. ca^ng one another at the pt. E within the aq. ; 
prove that L BDE - i rt. (Mad, Mat.) 

* ^78. P, Q, R axe pts. on a 0 and S, E are themid. pta of the 
BQ, QR, RP respy. ; prove that the st. lines PT» QX, RS are 

cononrrent. 

* 879. Two 0s cut one another at A^ B so that the centre of each 
is on the other ; a st. line is drawn through A terminated bj tihe 08 Sbt 
C and D ; prove that CD « DB = BC. 

* 880. If 1 and S are the in-centra and oironm-oentre respj* of a y\ 
PQR, prove that SPl » 4 diSerenoe of Q emd R. 

* 881. ABCD and PQRS are quadls. insod. in the same 0 haviu 

BC I to QR and AD l| to PS ; prove that | contained by AC and P« 

contained by BD and QS. 

Def. 63. A segment of a circle is the figure bounded by a chord 
4 ii the ci^e ana one of the arcs into whlxh it divides the circum- 
fersnoe. 



Fra. 258. 

The ehord of a segment is called its base. 

A segment of a circle is called a semi-circle when its chord Is s 
diameter of the oixola 



Pis 260- 
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A Mgment of a circle is called a major se^pnent or a minor 
according as its arc is a major arc or a minor arc* 



Fia. 261. 


Fio. 262. 


Def. 64 . An angle in a segment is the angle subtended hj tlse 
chord of the segment at a point on the arc. 



Vto. 966. 







ANGIiB PBOFBBTXES OF CZBCZAS 


S6S 


Thxo&jem 43. 

(Bnc. m* 21,) 

. Gdu Hnim« Angles in 1 h^ Moms segment of m eircie are eqitmL 




Wta. 5M 


FlCI« 365 p 



Fia. 266 . 


Part. Eniin. Let ACB, ADB be Ljs in the same aegnmt ACDB 
el a O ABC whose centre is O. 

It is reqcL to prove that 

L ACB - L adb. 

Const. Join OA, OB. 


Proof. \ • arc ABB subtends ]_ ADB at the centre and L ACB 
at a pt. on the remaining part of the oircnxnferenoe. 

L ACB«iLAOB . . . . . Th.i 2 . 

Similarly L adb - 4LAOB Th. 42. 

L ACB - L. ADB. Q.».n- 


Bxeccises. 

882. Two ©s interiact at A and B ; «t. lines CAD and EAP are 
darawn euiting the 0s in C, D, E, P ; prove that As BCDt BEE are 
equiangi 
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Sfe PQ, RS, thordi of « 0, intersect at T ; prove that PTSr 
QTR ora equiang. 

884. PQ, RS, chorda of a ©, when produced intersect at T ; prove 
that ^8 i^S, QTR are eqniang. 

88s i_ subtended by the chord of a segment at any pt. within 
it > the « the segment. 

886. On the same st. line and on the same side of it there cannot be 
S diSerent segments of 0 b containing =3 |_8. (Euc. 111. 28.) 

887. If 2 segments of 08 on = st. lines contain » {_s they ate equal 
to one another. (Euc. 111. 24.) 

888. PQ is the chord of a segment and R is a pt. on the arc ; prove 
that RPQ + RQP s a const, for all positions of R. 

889. P, Q ors the pts. of intersection of% fixed 0s ; prove that any et. 
line through P emd terrnmated by the 0s subtende a const. (_ of Q. 
(Mad. Mai) 

* 89a PRQ, PSQ are 2 segments of 0s having a common chord 
PQ and R is any pt. on the arc of the segment PRQ ; PR, QR hre 
drawn and prodnoM to meet the segment PSQ in T, S ; prove that 
the arc ST is of const, length for all positions of R. 

* 89Z. If the bisectors of the \__j of a ^ ABC Vfteet the cwoum-Q 

in D, E, F, prove that the 1_8 of the DEF are 90® - 90* - ^ 



* 892. PQ and PS are chords of a 0 ; R is the mid. pt. of PQ and 
T the mid. pt. of PS ; prove that |_ PTR is const, for all positions 
of S. 

* 893. Two 03 intersect af P, Q ; st. lines RPS, RQT are dramn 
from any pi R on one 0 ; prove that they intercept an arc of cotuL 
length on the other 0. 

* 894. PQ, RS, chords of a ©, out at rt. l^a at T ; prove that the 
median of the ^ PTR through T is X to QSl 

* 895. A 0 AOB, passing throi^h the centre O of another 0, outs 
the latter 0 at A and B ; a st. line APQ is drawn meeting the 0 
AOB in P and the other 0 in Q ; prove that PB s PQ. (Mm. Hat.) 

* 896. I is the inrcentre ofaf^ PQR and PI is produced to meet the 
mrtstmrQ of S ; prove that SQ = SR =* SI. (Bom. Sch. Fin.) 

* 897. O is the orfhocentre o/a A ABC and AO is produced to meet 
BC at D and fts e*rettm-0 at E ; prove that OD — DE. (l^m. Mat.) 
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THXOBaof 44. 

Gen. Hnucu If the line ioinvng two points subtends equal angles 
ui two other points on me same side of the four points are 
eonoyelic. 



Tia. 267. Fio. 268. 


Part. Ennn. Let the line joizung A and B subtend -« Ls at C 
and D on the same side of AB. 

It is reqd. to prove that 

D are concyclio. 

Const. Sup{>ose a 0 drawn through A, B, C. 

H this O does not pass through D, it must out BD (or 
BD produced) in some other pt. & 

Join AE. 

Proot *•* Ljs BCA, B£A are in the same segment. 

L BCA « L BEA .... Th. 43. 

But BCA 1 BDA .... Hyp- 

. LBBA « LBEA. 

That is, an ext. 1 of A AED »» an int. and 

opp. L> which is impossible . . . Th. B, Cor. 4. 

Hence 0 ABC must pass through D. 

A, B, C, D are conejclic. q.b.x». 


Eacercises. 

698 . If 2 As on the same hose and on the same side of H have = veri, 
i s the vertices of the A^ the ends of the hose are eoncycl^. 

899 . If 2 A^ the same base and on opp. sides of it have » vert. | a, 

their clrcum-raidii are 

90 a. S^nd the locus of the vertex of a ^ on a qiven base and of a 
given vert | (Mad. Mat.) 

j^z. ABC is a A B, E are the feet of the JLs from B, C ea 
Ac, AB respy. ; proTe that B, C, D, E art eoncyoUo. 
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002. PQ, SR are I chorda of a 0 PQRS whose centre ia O 5 if PR, 
Q^ters^t at T within the ©, prove that T, S, P, O are conoyolio. 

903. The internal bisectors of the vert, I s of A. 8 on the same base 
md on the same side of it and having *■ vert. Ls are concurrent. 

904. PQ is the chord of a segment and R is any pt. on the arc : find 

the locus of the intersection of the bisectors of the | ^s RPQ, RQP . 

QOS PQ is the chord of a segment and R Is any pt. on the arc ; RP, 
RQ are produced to S, T respy. ; find the locus of the intersection of 
the bisector* of the Ls SPQ, TQP. 

906. PQ i* the chord of a segment and R is any pt. on the arc ; find 
the loons of the pt. S on PR such that RS ~ RQ* 

* 907. PenJ ih§ locus of the orthocentre of a ^ on A given base and of 
a given vert. (Mad. F. A.) 

* 908. Find ihe locus of the in-centre of a on a given base and of 
a given vert. L. (OaL Mat.) 

* 909. Find ihe locus of an e~centre of a on a given base and of a 
given verU L- 

*910. Find the locwt^ the cenMd of a on a given baeeandi^a 
given 

* 9ZX. R, S are moveable pta. on the arc of a segment PRSQ, but 
the chord RS ia always of const, lengtii ; find the loons of tha In^r* 
aecr^on of PS and QR. 
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Thbobu 45* 

(Eac. m. 31.) 

Gen. Bniin. (A) The anple in a eemicircle is & riffht angle. 
(B^ The an^ in a major segment is acute. 

(O) The angle in a minor segment is obtuse. 



Wia , 269. 


9im. 2T0U 



Fig. 271. 


Part. g«nT«- Let AB be a diam. of a 0 whose cenim ie 0« and 
let AC be a ehord dividing the 0 into a major and minor s^^ent. 

Let D be any pt. on the are <xf the major segment and H any pt. 
on the arc of the minor segment. 

It is read, to prove that 

(A) L ACB is a rt. L 269). 

(B) L ADC is acute (see Fig. 270). 

(C) L AEC is obtuse (see Fig. 271). 

Proof of (A). L ACB at the droumferenoei-i straight 

I AOB at the centre subtended by the 

same arc ..... . Th, 4*. 

L ACB is a rt^ L— 
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PVoof of (B). Join OC (Fig. 270). 

I ADC at the circumference «- § L- AOC 

at the centre subtended by the same arc Th. 42. 
But L AOC < straight L AOB. 

• L ADC is acute. Q.x.n. 



Fro. 271, 


Proof of (C). Join OC (Fig. 271). 

L AEC at the circumference « i reflex 

( AOC at the centre subtended by the 

tome arc Th. 42. 

L-. ASC is obtuse. Q.x.n. 


Exercises. 

^ 12 , ABC i9 a ^rt. Ljl ai B ; provs that tTte 0 desod. on AC as 
diam. passes throti^ B. 

9 x 5 . If Qs are descd. on the sides of an isos. as diams. they will 
meet at the mid, pt. of the base. 

914 ^ If ©s are descd. on the iddes ^ any A as diams, they will 
inoit» 2 and 2 , on the sides of the A- 
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9x5, If 08 are descd. on tbe sides of a rhombus as dfams. thej will 
meet at the intersection of the diags. 

^id. Find the locos of the intersection of the diags. of a xhomoes 
a given base and on either side of it. 

917. Two Os intersect at P, Q, and throngh P diams. are drawn 
meeting the ©s again at S ; prove that R, Q, S are collinear. 

9x8, AB is the diam of a Q vMch h%Urse^ cU C and D any © 
having A for centre ; prove that BC, BD are tangents to the second Q, 
(Mad. Mat.) 

919. ABCD is a qnadl. inscribed in a 0 ; AB produced meets DC 
produced at E ; AD produced meets BC produced at F ; if AC is a 
diam. of the 0» prove that B, D, F, £ are ooncyclic. 

920. Find the locus of the pts, of contact of tangents drawn from the 
same pL to concentric ©s. 

921. A st line of const length slides with its ends along (he arms of a 

rt 1 ; find the locus of the mid, pt 

* 922. Two chords of a © intersect at rt, L^s ; prove that the aum 
of the opp. arcs which they intercept is ^ the ciroumferenoe. 

* State and prove the converse of Ex, 922. 

* 924. Two chords of a 0 intersect at rt. | b ; prove that each pair 

of opp. arcs which they intercept subtend supplementary Ljs at the 
centre. 

* 925. PQR is a ^ rt. Ld at Q and on PQ as diam. a 0 is desed, 
cutting PR at S ; prove that the tangent to the 0 at S bisects QR. 

* ^26. P, Q are the pts. of contact of 2 0 tangents to a 0 and PR^ 
QS are drawn ^ to one another and cut the © in T, X respy. ; prove 
that PTQX is a reot. 

* 927. Fiitd the locus of mid, pts, of chords of a Q through a fixed 
yt. (1) inside the 0, (2) outside the 0. 

* 928. R is a pt. on a minor arc PQ of a 0 whose centre is O and 
RS IS drawn J. to the chord PQ ; prove that PRS =* L ORQ. 

* 929. Two ©s touch at O and st. lines AOB, COD are drawn at 
rt, Ls to one another meeting one © in A, C and the other in D ; 
if the line of centres meets the 0s again m E, F, prove that EIP « 
AB- + CD\ 

* 930. Of all rt, Ld f^s having a given hypot^ the perim, is greatest 
when if is isos. 

* 931- Of having a given hose and vert, the perim, is 

greatest wfUn it ts isos, 

* 932. Of all whose verticeslie ana given ©^ the perim. is greatest 
when if is eguilat, 

Def. 65, A cyclic quadrilateral is one whose vertices lie on the 
same cirde. 
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Thsobbm 46. 

(Euc. m. 22.) 

Gen. Hnim. The opposiie angles of any cyclic quad/rUatercU are 



Fig. 272 . 


Part giintt- Let ABCD be a qnadl. inscd. in a 0 whose centre 

IS 

It is reqdU to prove that 

(i) L. B + L D « 2 rt Ls. 

(ii) LA + LC»2rtL.s. 

Const Join OA, DC. 

ProoL L. B at the circumference ** i L. AOC at the 

centre subtended by the same arc . • . Th. 42. 

Also 1 D at the circumference = J reflex 1 

AOC at the centre subtended by the same arc Th. 42. 
.•.LB + L.I>-.4(L AOC + reflex L. AOC). 

But L AOC + reflex L- AOC * 4 rt. Ls. 

U B + L D « 2 rt Ls. 

Similarly by joining OB, OD it can be proved that 

LA + LC** 2rt. Ls. g.B.i>. 


Exercises. 

93 ^ The 2 segments into which a 0 is divided by any chord contain 
WU/^^Cemenixsry L^. 

Q34* QB of a cydic guadL PQRS tt produced to T. the 

L SRT « theXnU and opp, L SPQ- 

935 . P^QR, the opp. sides of a cyclic quadl. PQRS, are produced 
to meet in X ; prove that PQT, RST are equiang. 

936. PSjbR, the opp. Bides of a cyclic quadl. PQRS, are produced 
fee meet in ^ ; if PT =s QT, prove that PQ is ( to SR. 

937 . If • CJgm is cyclic it must be a reet, (Bom. Mat.) 
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938. If a O9& oyoBo its disgi. istoisaol at flit oentn of ita 
«iroum*0. 

939. ABCD is a cjolk qnadl. and L B » i_ D ; piOTt that AC is 
a diam. of ths oizoum>0. 

940. The 3 alt. |__b of any htxagon iasod. in a O togatfasarva zt. {_t, 

941. ABCDEP is a hexagon insod. in a 0 haTing AB || to DE and 
BC|1 to EF ; prow that CD is H to FA. 

Through P, Q, pU. of rnttneeHon oj% 08, st. Saes APB, 
CQD art dram, mett^ one 0 «a A, C and w oSter in B, D iprooa 
that AC ts II to BD. 

913. ABCD is a (^clio qnadL and BC is pxodneed to E ; that 
the Diseotor of |_ BAD meets the biseotor of V DCE on the dxciun-0. 
(Bom. Mat.) 

944. ABCD 18 a oyclio qnadl. ; AB pzodnoed meets DC prodaced at 
F ; AD produced meets BC produced at E j prove that j_ ABC + 1 

ADC = L afd + L aeb + 2 l bad. 

* 945. If a it. lint it equally ituMned to out pair of opp. tides of a 
tydte quttdl, it it alto equwiy meHned to fht other pair. (Mad. Mat.) 

* 946. If a st. line is equally inclined to one pair of opp. sides of a 
eyolio qnadl. it is also equally inclined to the diags. 

* 947. If a st. line is equally inclined to one pair of op^. sides of a 
OTolio quadL the J. upon it from the intersection of the diags. bisects 
the between the diags. 

* 948. The ext. bisector of (ht vert. afa^ meett Sit dreuat-Q in 
mpt. egutdaiant from Sit ends of Sit bate. 

* 949. The tt. line joining Sie vertex of a ^ to a pt. on the dreum-Q 
ewmietant from Sn ends of the base is either the wit. or esd bisector of 
tMoert.\__, 

* 95a Through one of the pts. of intersecflon of 2 0s 2 st. lines 

AB, CD ext dnwn meeting the 08 again in A, B, C, D ; prove that 

AC, BD make a const. (_ with each other. 

* 951. Two s 08 intersect in A, B and any sk line BCD is drawn 
to cut both 0a in C, D ; prove that AC » AD. (Bom. Soh. Mn.) 

* 952. ABCD is a qnadl. havmg AB ■■ AC » AD ; prove that j_ 
CBD + L CDB - ill BAD. 
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Thmobxm 47. 

Gen. If a pair of opposite angles of a quadrilaternU mro 

supplementary^ its vertices ate coney elic. 



Fig* 278. Fig. 274. 


Part. Emm. I^et ABCD be a quadl. whose opp. Ls ABC axid 
ADC are supplementaiy. 

It is reqd. to prove that 

the vertices A, B, C, D are concyclio. 

Const. Suppose a 0 drawn through A, B and C. 

If this 0 does not pass through D, it must out CO (ot 
CD produced) in some other pt. H. 

Join AE. 

Proof. *-• ABCE is a cyclic quadl. 

LABC + UAEC= 2rt. L.S . . Th. 46. 

But 1 ABC + I ADC » 2 rt. Ls . . Hyp. 

L ABC + L AEC = L ABC + L ADC. 

L AEC = L ADC. 

That; is^ an ext. L of A AED ■» an int. and 

opp. I , which is impossible . . • Th. 8 , Cckt. 4. 

Hence 0 ABC must pass through D. 

A, B| C, D are concyclic. q.x.n. 


Exerdses. 


953 - A.U recU. are cyclic guadU. 

954 . AU isos, trapesivms are cyclic quadls. 


955- If « st. line AB subtends svppl&meniary L* jP^- C, D o« 
spp. sides ofitjprove that A, B, C» D are concycUe. 
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957» O is th« orthooentn of « A ABC and P act ih« foot of 

ihe Xa from B, C upon tiha opp. sides impy ^ ; prove that AHOF, 
BFOD, CDOB ai cydio quadlaT 

95E. PQ Pj^ » sides of an isos. A» produced k> S and 
T so that QS = Rx ; prove thafc QRTS is a cyclio qnadU 

9^ If 1 is the In-centm of a A ABC and the centre of tibie e-Q 

tonohing BCt then B» I, C and are eonoyolio. 

960. Q?he Int. bisectors of the I s of a convex quad!, form a cyclic 
quadl. 


961. PQ, RS are | chords of a 0 whose centre is O ; PR» QS when 
produced meet at T ; prove that P, T, S, O are oonoyolio. 

* 96^ If in 2 0 s =a chords subtend equal or supplementary Ls at the 
eircwmferencee Vie 0 s must he ««. 

* 963. If O is the orthooentre of a A ABC the eirci2m-0s of the A s 
ABC, BOC, COA, AOB are all «. 

* 964. ABCD is a t^clio quad! ; AB prodnoed meets DC produced 
at F I AD produced meete BC produced at H ; prove that the circnm- 
0s of A^ BCF, CDH meet on the st. line joizung H and F. (Bom. 
Soh. PnuJ 

* 965. T is any pt. on the diag. PR of a Ogptn PQRS ; prove that 
the circum>08 of A® PST, RQT meet on the diag. QS. 

♦966. D, E, F are Viefeetof the from the vertices A, B, C of a 
ABC on the sides ; prove that the sides of the A DHF are 
incLmed to the sides of the A ABC. (Punj. Mat.) 

^Ihe A DHF is called the Pew Trian^e of the A ABC. 

* q&K In an acute t d A each of the Jjs from the vertices 

opp. sides is the int. bisector of an | of the pedal A* (Psbl. Mat.) 

* 968. If Ij, I5, I3 are the e-centres of a ^ ABC, prove that 
ABC is the pedal ^ofthe/^ IiMs- 

* 969. The feet of the JLs on the sides of a ^ from awy pt, on ike 
eiroum-O ^ same st, line, (Oal. Mat.) 

This st. line is called the Pedal Line or the Simaoa Line of the 
A with respect to the pt. 

* 070. PQRS is a quadl. whose sides pass through the vertices of 
another qnadl. ABCD ; every 2 adj. sides of PQRS are equally inclined 
to that side of ABCD which meets them both ; prove that ABCD is a 
cyclio quadl. 

* 971. ABCD is a cyclic quadl. ; AB produced meets DC produced 
at H ; AD produced meets BC produced at F ; if the circum-0 of the 
A AD£ meets the line joining H and F at G, prove that CDFG, 
bCGE, ABGF are cyclic quadls. 

* 972. P, Q, R are any pts. on the sides BC, CA, AB reapy. of a A 
ABC; prove that the oironm-0B of the As AQI^ BRP, CPQ are 
oonourrent. 


* 973. S is a pt. in the base OR of a A HQR, and through Q, S, R 
lines are drawn X to PQ, PS, PR respy. meeting one anoShei in 
T, X, V ; prove that P, T, X, V are oonoyolio. 
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* 97^ From any pt. R on an aro PRQ of a 0 whosa contra (s 
RS ana RT are drawn X ^ the radii OP and OQ respy, ; prora that 
ST is a const, length for all positions of R. 

On the Nine-points Circle. 

* 97^ In any ^ the mid. pts. of the sides and the mid, pts, of the 
lines joining the orthocenire to the vertices lie on a Q, 

* 976. In any the mid. pts. of the sides and the mid, pts, of the 
lines joining the orthocentre to the vertices and the feet of the _Ls fr<m 
the vertices to the opp. sides Ue on a Q. (Bom. Prev.) 

This 0 IS called the Nine-points Circle of the 

* 977. In any the nine-points Q ta the circunuQ of the pedal 

* 978. The distance of the orthocentre from any vertex of a ^ am iwiot 
the X from the circum-eentre to the opp, side, 

* 979. In arvy ^ the nms-points radUis mm ^ the dreiumrradius, 

* 98a In any ^ the nine-points centre lies midway between the ortha- 
cenire and the oiroum-centre. 
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Teosobsx 48. 

(BLnc. JJOL 82.) 

Gen. Bamu Xfa^rcdght line touches a circle and from ikmpsmi 
sf oontcust a chord is drawn^ the angles which this chord mahes 
with the tangent arc respectively equal to the anglesm the aUvmate 
segments. 


E 


F 


A C B 


Fio. 275. 

Part Bntui. Let the at. line AB tonch the 0 DEP at the pt. C 
and let the chord CD be drawn. 

It is read, to prove that : — 

0l) L BCD -■ any L Ihe cUL segmervt DHC* 

(ii) L_ ACD — orvy L segment DFC. 

Const Through C draw the diam. CH. 

Take any pt. F on the arc DFC 
Join CF, DF, DH. 

Proof, (i) AB is a tangent and CB a diam. 

LECBisart L • - • . Th. 40. 

Agidn ••• I EDC, being in a semi-O* is a rt. L . Th- 4ft. 

U DHC + L ECD - a rt L. - • Th. S. 

.% L ECB « L E>EC + L ecd. 

From these equals take away the common ECD. 

L BCD « L BEC. 

Hence L BCD — any L in the alt. segment 


BEC Th. 4S. 

(ii) ••• DECF is a cyclic quadl. 

L BFC - 180^ - L BEC . * . 46. 

«« 180* - L, BCD . . PpoTod abow^ 
-LACD .... Th.U 


Hence L ACD — any L ^ segment 

DFC 



Th. 48. 
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Exercises. 


981. 8 iaU ixndpr<M the conD&rae of Theorem 48 . (Bom. Prer.) 

982. Two tangents AB, AC aie drawn to a 0 ; D is any pt. on the 

© oataide A ABC ; show that | ABD + | ACD =« a oonstant. 

(Pnnj, Hat.) 

983. If one of 2 intersecting 0s passes throng the centre of the 
other, the tangent to the at one of the pts, of intersection and the 
common chord make ^ Is with the radius to that pt. from the centre 
of the second. (Gal. F. K.) 

984. Two tangents AP, AQ are drawn to a 0 and B is the mid. pt. 
of the arc PQ convex to A ; show that PB bisects L APQ. (Allah. 
Mat.) 

9^ If 9 , 0 s wUereect, the |_ji subtended cd the pts. of intersection bp 
a common tangent are supplementary. (Bomb. Mat.) 

986. AB is a chord of a 0 ; the X from A on the tangent at B 
meets the st. line through B at rt^ {_s to AB in C ; prove that AC — 
the diam. of the ©. (Bomb. Prev.) 


987. If d 0s touch internally, any chord of the greater 0 which 
toudxes the less shall be divided at the pt. of its contact into segments 
which subtend |_s at the pt. of contact of the 2 0 s. (Bomb. Sch. 
Pin.) 

98^ If 2 Qs touch internally t ond a st. line is drawn to cub them^ the 
segments of If interested between the 0s subtend « |_jt at the pt. of 
contact. (Bomb. Sch. Hn.) 

* 989. Prove Th. 48 by the Method of Limits. 

* 990. Two 0s touch internally at O ; ABCD is a chord cutting the 
outer 0 in A and D and the inner 0 in B and C ; OA, OD out the 
inner 0 in A% T>' respy. and OB, OC produced cut the outer 0 in 
B', C^ reapy. ; prove that B'C* is {] to A'D^ (Had. Mat.) 


* 991. C is the centre of a 0 ; CA, CB are two radii at rt. [s to 
each other : from B any chord BP is drawn cutting CA at N ; i 3 iow 
that BA touches the oizoum-0 of the A ANP. (Bomb. Mat.) 

*092. A is a pt. of intersection of 2 0s ; through A any 2 st. lines 
BAC, DAH are drawn terminated by the 0s at B, C and D, H ; prove 
^hat the chords BD, CH intersect at the same as the tangents to 
the 0s at the pt. A. (Mad. Mat.) 

993. The diam. BA of a 0 is produced to P so that AP the 
radius ; through A the tangent AED is drawn and from P the tangent 
PEC touching the 0 at C and meeting AED at £ ; BC is joined emd 
produced to meet AED at D ; .prove that DEC is an equilat. A* 
^ F. K.) 'i 



Two 0s touch externally: a si. line cuts one of them im A, D 
and other In B, C ; show that AB and CD subtend supplementary 
L,s of t*s pt. of contact. (Mad. Mat.) 
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* 9^. A, A PQR is inscd. In a 0 whose centre U A and tbe JL PN 
on OR toucnes the 0 at P ; if PB i. to PQ meets QR in B, pioT« 
that BN — NR. (Bomb. Prev.) 

* 097. Prom any pt. A on a given 0 2 chords AB, AD are drawn 
feoacning another given 0 whose centre C Is on the former 0 ; prove 
that BD is || to the tangent at C. (Mad. Mat.) 

* 998. If 2 0s inters 4 ct, Hheir comnum tangents snbtend at one of tfce 

of interseotion toMeh are sujpplemenUiTt, (Bomb. Frev.) 
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XIiEUSNTS OF O20MBTBX 


PEACTIOAIi SECTION. 


BQOIVAIilSNT AltliAS. 

Pboblem 13. 

Geo. Enua. To eonatruota triangle equivalent to a given quadri- 
latercd. 


A 



E C B 


Fi0, 276. 

Part* Hntin. Let ABCD be a given qnadL 

It M reqd^ to conatruct a ^ equivalent to the quadL ABCD. 

Const. Join AC. 

Through D draw DE || to AC meeting BC 

produced in E Prob. 6. 

Join AE. 

Then shall A ABE = quadl. ABCD. 

Proof. *.* A ACE *= A ACD, being on the same 

base AC and of the same altitude . . Th, 28, Oor.2. 

A ABC + A ACE - A ABC + A ACD. 

That is, A ABE «= quadl. ABCD. q.b.t. 

Cor. To eonoPruct a triangle equivalent to a given polygon. 

Exerci^s. 

999 ^ Divide a given OfiPn into 7 equiv. Ogma in 2 difEerenfc ways, 
zooo. Divide a given A ^ equiv. A® bi 3 difEerent ways. 

looi. On the base AB of a reot. ABCD oonstruot an equiv. rivm 
having a given [_. 
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looa. On th» base AB of a reot. ABCD oonstrnot an aqnlv. Op® 
h»Ting a side of given length >• AD. 

1003. On the base AB of a root. ABCD oonstnict an eqnlv* /^ gna- 
having its peiim, of given length. When is this impose. ? 

1004. Gonstraot a rhombus eqniv. to a given reot. (Had. Mat.) 

* 1005* Construct a CUS^ having adj. sides of given lengths and 
•quiv. to a given rect. When is this impose. 7 

xoo6. Construct an isos. ^ equiv. to a given ^ and standing on the 
same base. (Allah. Mat.) 

1007 . On the base AB of a ^ ABC constmct an equiv. ^ having a 
given L- 

1068. On the base AB of a 2^ ABC constmct an equiv. rt. j d A . 

1000. On the base AB of a ^ ABC constmct an eqniv. having a 
side of given length. When is this imposs. ? 

xoxn. On the base AB of a A ABC constaot an eqniv. having its 
vertea: on a given st. line. When is this impose. ? 

zoxx. On the base AB of a A ABC oonstmot an eqniv. A having its 
vertex eqtddlstant from 2 given pts. When is this ImpoesTf 

xoza. Oonstmot a HJgox eqniv. to a given 2!^ and having a given {_. 
(Bno. 1 . 42 .) 

* lOZg. Givwi 2 sides and the area, oonsteiot the A* K A.) 

* ZOX4. Oonstmot a JTJgm eqniv. to a given woA having the saxnr 
pexim. (Mad. Mat.) 

* zoz^ Oonstmot a eqniv. to a given CJgm and having its 

diags. oigiven lengths. 

* ZO16. From a ^ven pt. in one of the sides of a ^^(or in a side pzo- 
dnoed) dmvr a st. line to meet the other side (produced if neoessao^ so 
that the 2\ thus formed shall be equiv. to the given 2^. 

* 10x7. Oonstmct a ^ on a given base and equiv. to a f^en 2^. 

* X018. Oonstmot a 2 \ of given altitude and eqniv. to a A . 

(PunJ. F, B.) 

* 1019. Oonstmot a 2^ eqniv. to the sum of 2 given Aa 

* xoaa Oonstmot a ^ eqniv. to the difEerenoe of 2 given Aa 

* Z02X. Constmct a 2^ of given area having its base aloxig a given sfe. 
line and Its vertex at a givm pt. 

* 1023. Bisect a CJgoi by a st. line through a given pt. in oota ct its 

sides, 

* 1063 . Bisect a r^gm by a at. line throngh agiven pt. In one of ita 
sides produced. 

* 1024. Bisect a 2^ by ast. line throngh a given pt. ina ride. ^om. 
Boh. Fin.) 

* Z025« Trisect a ^ by st. lines through a given pt. in a side. 

* X026. Oat off a fourth part otwkj^ by ast. line through a |^vw pt* 
In a aide. 

* 1027. Out off an nth part of a 2 i est. line thrmig^ a ^vra pA in 
a side. 
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* loaS. Bisaci » quadl. by a si. lin« throngh an angular pl« (Oal 
Mai.) 

* 1029* Cal oS a third pari of a quadL by a st. line through an an* 
gular pt. 

* X03QU Out oft an nth part of a quadL by a at. line through an an- 
gular pi. 

* 1031. Divide a ^ into n mm parts by si. lines through a giyen pt. in 
a side. 

*1032. PQRisa A; S is a pt. in PQ ; find a pt. T in QR such that 
A PST - A PRT. 

* X033. & A ^ equal parts st. lines drawn to the 

vertices from a pt. within the A* 

* Z034. Construct a equiv. to a given ZUgni and having a 

side ^ a given st. line. 

* 1035. To a given st. line apply a jCJgm equiv. to a given A 
having a given L. (Euo. I. 44 .) 

* 1036. Construct a HJffoQ. equiv. to a given reotil. fig. and having a 
given L. {Euo. I. 46 .) 

* 1037. Given Sk sqs., oonstruct a sq. equiv. to their sum. 

* IQ3& Given 3 sqs., construct a sq. equiv. to their sum. 

* :fU039. Given 3 sqa» consiaruct a sq. equiv. to their difierenoe* 

* 1040. Xhvide a given si. line into 2 parts suoh that the sum of their 
eqs. =s a s^ven sq. (Allah. Mat.) 

* IQ4Z. Gonstmot a sq. equiv. to 8 times a given sq. (Mad. Mat.) 

* 1042. Find a pt. in the diag. of a sq. produced from which, if a st. 
line is drawn g to any side of the sq. and meeting another side produoad. 
it will form, t^ether with the produced diag. and the product side, a 
A •« tiie sq. (Bom. Soh, Fin.) 

* Z043. In a given st. line AB find a pt. D snoh that AD* - BD* «» 
a given sq. whose side is not >• AB. (Bom. Mat.) 

* ZQ44. Construct a sq. » ^ of a given sq. 

* 1045. Cut ofi the oomeis of a given sq. so that it may beoome a 
reg. oowbgon. 

* XO46. A and B are 2 inaccessible pts. on the far bank of a river ; 
give a oonstmclion for finding the distance between them. 

* 1047. Find a pt. P in AB such that AP* 2 PB’. (Bom. Boh. 
Fhx.) 

* 1048. Construct a sq. whose area is twice, three times, four times 
... a given sq. 

* Z049. Draw at. lines measuring 1 , J 2 , ^4 • « « lu. 



CIBOXJBS 


S81 


OmOLBS. 

PSOBLXH 14. 

(Euc. m. 1.) 

Gen. Enim. To find the centre of a circle of vhieh min mrc ie 
given. 



Tta. flT. 

Part. Emm. Let ABC be a ^ven. axe of a Q. 

It ie reqd. to find the centre of the Q of which ABC ie mn mre. 

Const. Draw 2 chords AB, BC 

Draw DE the peip. bisector of AB . Prob. 2. 

Draw PG theperp. bisector of BC . Pjrob. 2. 

Let DE and PG meet at O . . . . (see Ex. 44.) 

Then shall O be the centre of the 0 of which ABC is an 
arc. 

Proof. DE is the perp. bisector of the chord AB. 

. *. DE passes through the centre of the 0 61 

which ABC is an arc .... Th. 35^ Oor. 

Similarly PG passes through the centre. 

O, the only pt. ctmunon to DE and PG, mna4 be the 
centre. 4.B.V. 
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Pbobi^jbh 15. 
(Huo. m. 300 


Q«a. Enas. To bisect a given arc of a circle. 



Via- 278, 


Part. Enun. Let ABC be a given arc of a 0. 

It is reqd, to bisect the arc ABC. 

Const Join AC and diavr BD» bisecting AC at rt L.a 
and meeting the arc ABC in B . . » 

Then shall the arc ABC be bisected at B. 
Proof. Join BA, BC. 

* B is equidistant from A and C • • • 

chord AB »= chord' BC. 
minor arc AB =» minor arc BC • • 

•*. arc ABC is bisected at B.- 


Prob. 2. 


Th. 24. 


Th. 38. 


Exercises. 

Z 05 PU An arc of a 0 being given, deso. the whole 0 of which it Is 
an arc. (Eno. lU. 25.) 

I 05 X. Two chords of a 0 being given in position and magnitndc, 
deso. the 0 . 

. 1052 . Deso. a 0 to pass through 2 given pts. and having its centre 
on a given st. lino. When is this imposs. ? (Bom. Soh. Pin.) 

;tOS 3 . Deso. a 0 to pass through 2 given pts, and haying its radius 
of given length. When is this imposs. ? 

X 054 . Deso. a © with a given centre to out the cizcumfexence of a 
given 0 in 2 «« parts. 

X 055 . In a given 0 draw a chord whose distance from the oentre » 
I Us length. 



OIBOIiBS 
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* 1056. Tbrongh a givan pt^ wiltiln a 0 di&w ih« shorleat ohonL 

* 1057. ^Through a given pi. within a 0 dxaw a ohonS which ahali be 
ftiseoted at that pt. 

* 1058. Desc. 2 0a of given radii having their common chord 9 i 
given length. 

* Z059. Through R, one of the pia. of Intersection of 2 08 * draw a 
st. line meeting the 08 is P and Q such that PR » RQ. 
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BIiBMBNTS OF GBOMBTBT 
TiOSTGENOT. 

pBOBZiKM Id. 

(Bnc. m. 17.) 

Gren. Hmm. Ta draw a tangent to a cvrcle 

(A) Jit a given point on tTie Gireumferenee* 

(38) From a given point outside the circumferonM* 



39 ^^. 279 . 

Part. Hnan. (A). ILet A be a pt. on fihe drcnmference of a (E> 
(Fig. 279). 

It is reqd, to draw a tcmgent to the Q at A 

Const Find O the centre of the O ► • • Piob. lA 

Join OA 

Draw AB J. to O A . • » • • Prob. A 

Then shall AB be a tangent to the O A 
Proof. *.• AB is X to radins OA. 

AB is a tangent to the 0 at A • Th. 40» Oor. 2. 

Part Hxnm. (B;. Let A be a pt. outside the cironmferenoe of a 
0 (Pig. 28U). 

It is reqd, to draw a tangent to the O from A 

Const Find O the centre of the © - . . Prob. lA 

Join OA 

On OA as diam. desc. a 0. 

This 0 will cut the ^ven © in two pte. idnee O is within 
and A is without Ihe given 0, and in two pts. only. 

Iiet B and C be these pts* 

Join AB, AC. 

Ihen sh^ AB, AC be tangents to the 0 from A 



TAKGBHCT 



Fe0. S80. 


Froctf. Join OB, DC 

*•* segment OBA is s aoim-0* 

.*• L OBA isa rtvL* - • • . Tb. 4iu 

AB is JL to raditxs OB. 

•% AB is a talent to the 0 from A * .Th* 40^0or. 2. 
Similarly AC is a tangent to the O from A. Q.s.r. 

Moreover any other sfc. line drawn from A to meet the given ©at D, 

say, IB not a talent since (as can be easily paroved), | ADO >- a rt. 

L. <Mr < a rh L. according as D is within or without the © ABC* 
Thus: 

Two tangentSy and two only^ can he drawn to a circle from an 
external potnt 


GsEcrciaes. 

zofSow Deso. a 0 with a ^ven centre to touoh a ^reo. A line. 
io6z. Desc. a 0 with a given centre to touoh a given Q. ECow many 
solutions are there f 

Z063. Deso. a 0 of given radius to touch a given at. line at a girra 
pt. *How many solutions are there ? 

zo< 53 . Deso. a 0 of given radius to touoh a given 0 at a given pt« 
How many solutions are there ? 

. X064* Deso. several 0a of given radius to touoh a given at line. 

1065. Desc. several 08 of given radius to touoh a given 0 . 

Z066. Draw a tangent to a given 0 f{ to a given st line. 

Z067. Draw a tangent to a given 0 J_ to a given st. line. 

Z068. Draw 2 tangents to a given 0 containing an s a given | 

X069. Draw a A line through a givm pt. at a given distance from a 
given pt. 

zoTa Deso. several 08 to touoh S fl st lines. 

XD7X. Deso. several 0 s to tonoh 2 oonceat. 08 . 

ZO72. Draw 3 concent 0 s suoh that each ohoxd of the ootar thnt 
touohes the inner s the diam. of the innnr. 
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* 1073. Thioogh a given pt. within a 0 diaw a chord of given length. 

When is this imposs,? x-l 

* X074. Through a given pb. without a O draw a Bt* line bo that the 
part intercepted by the 0 is of given length. 

* 1075. Within a given © draw a chord of given length H to a given 
at. line. 

* 1076. Within a given © draw a chord of given length X ^ a given. 
St. line. 

* 1077. Besc. a 0 to throng a given pt. and touch a given str 
line at a given pt. (AlltSi. Mat.) 

* 1078, Besc. a 0 to pass through a given pt. and touch a given © 
at a given pt. 

* Z079. Besc. several 0s to. touch 3 given intersecting st. lines. 

^ ZO80. Besc. a 0 of given radius to touch S given intersecting st, 
lines. How many solutions are there ? " ’ 

* zo8z. Besc. a © of glvenlzadius to touch a given 0 and a given it, 

line. , 

* ZO82. Besc. a 0 of given radius to touch 2 given ©a 

* 1083. Bese. a 0 of given radius to touch a given st. line and pass 
through a given pt. 

* XO84. Besc. 8 0 s of given radii to touoh each other externally. 

* 2085. Besc. 2 0s of given radii to touch each other externally and 
to touoh a third © of ^ven radius internally. 

* X086. Besc. 2 08 of given radii to touoh each othw and a given st, 
line on the same side of it. 

* Z087, P^d a pt. in a given st. line from which the tangent drawn 
to a given © is of given length- 

* ZO88. Bind a pt. from which the tangents dxawp to 2 given 0 s are 
of given lengths. 

* zo8a Besc. a 0 to touch a given 0 and a given at. Und at a given 
pt. (OaLMat.) 

* zeoa Base, a © ie touch a given st. line and a given © at a given 
pt. (Mad. Mai) 



XAMBMm&X 


PEOBZJOt i7» 


Gen. Haitn. To draw a 


diroei 

franoverm 


common tanffcni io two ciroUo- 



Tie. mu 



Tie» 28SL 


Part. Hnnn. Let P be the centra of the end Q 'the centra 

ef the smaller of 2 given 0s. 

It is reqd. to draw a common Ut %ge7vt to the 0 whom 

centres are P and Q. 


11 
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Fig. 281. 



Fza 282. 


Const With centre P and radius — the radii of 

the given 0s desc. a O* 

From Q draw a tangent QA to this O , . Prob- 16, 

Join PA and let ^oduced oircumforenoe of 


the larger 0 at B. 

i-v ^ nr' n -on same sense ^ 

. . Prob.«. 

List QC meet the circumference of the smaller O at C. 
Join BC. 


Then shall BC be a ^a^^isv^rse tangent to the ©• 

whose centres are P and Q. 

Pro^* *.* AB and QC are — and ]L 
.\BCislltoAQ 
ABCQ is a Ogm. 


fix. 161 . 




TAafGBTrOT 


289 
TSm. 40 , 6 . 


And L-S FAQ, PBC »re ft L» . « ■ 

A6CQ is a rectangle. 

L- BCQ is a rfc. L- 

BC is » common tuigent to 

the 08 whcKae centres are P and Q • . Th, 40,Coff. 2. 


Hzerciaes. 

lO^t. Draw ifi«> direct common tangents to 3 >■ 0s. 
zog2. Draw the transverse common tangents to 3 ss 08. 

ZO 93 . Draw the common tangents to S intersecting 08. 

Z 094 . Draw the common tangents to 3 0s tonohing each other tx> 

Z 095 . Draw a common tangent to 2 0s tonohing each other mtemally. 

* zC9d Draw a st line cntting 3 0s so &at the intercepted chords 
may be of given lengtha (Mad. F« A.) 

* Z 097 . Draw a st. line tonohing one of 2 08 and ontliiig the other 
so that the Intezoepted chord may be of given length. 
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CIEGX7MSOBIBSD, INSOBIBBD AND ESOBIBBD OIBOMS, 

Pkobusm 18- 
(Euc. TV. 5.) 

Gen- To dreumscribe a ctrcle about a given triangle. 



Eiq- 283- 


Txa. 284. 



Fia. 285- 

P«rt- Eimn. Liet ABC be a given A- 

It is reqd to circumscribe a 0 about the A ABC. 

Const. Draw HO, PO the perp. bisectors of AB, AC 

respy 

Let HO, FO meet at O (see £x. 44). 

With centre O ^nd radius OA desc. a 0. 

This shall be a 0 circumscribed about A ABC. 


Prob. 8- 
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Prool *.*6Teiy ptonEOiseqaidiatentframAutd B Tfau24. 
And ererj pt. on FO is equidistant from A and C Th. 24. 
• V 0, we point common to EO and FO, is equidistant 
from A, B and C. 

Hence the O descd with centre 0 and radios OA wifi 
pass throQgh A, B and C. q.i.f. 

Exerdaes. 

iO$8. (finomsc. a 0 ahont a qoadL whose opp. L.S sm sopple- 
mentsij. 

ZO99. Oonstmot a ^ of giTen base, gi?en altiiade aod ^ven oiK«»m* 
caoms. 

1100 . CSnounso. a © about a ^en sq. (Enc. IV, 9.) 



Fio. 2b&i. 


ixox. CSzomnso. a 0 about a given hexagon, 
xioa, Inso. a sq. in a givmt 0 . (Boo. IV. &) 
iiQS. Znso. a reg. octagon in a given 0 . 

* ZZ04. Znso. a reg. hexagon in a given 0 . (Bne. 17. 1&) 

* 1 x 05 . Inso. an eqnilat. in a given 0. 

* XZ06. Inso. s reg. dodecagon in a {d^sn 0. 
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Pbobubh 19* 

(Eac« IV. 4.) 

Gen. Emin. To inscribe a circle in a given triangU^ 



386. 


Part. Entm. Let ABC be a giTen A- 
It is reqd. to ifiscribe a <D in the A ABC. 

Const. I>raw BI, Cl i^e bisectors of L.8 ABC, 

ACBrespx . Frob. L 

Let BI, Cl meet at 1 (see Ex. 65). 

Draw IH ±. to BC * . . . • Prob. 4. 

With centre 1 and radius IE deso. a 0. 

This shall be a O inscd. in the A ABC. 
pn»o£. Draw IF, IG ±s to C^ AB respy. . . Prob. 4. 

Now *. ' every pt. on BI is ^nidistant from BA, BC Th- 25. 

And every pt. on Cl is equidistant from CAf CB Th. 25. 

1, the pt. common to BI, Cl is equidistant from AB, 
BC, CA. 

That is, IE - IP - IG. 

Hence the 0 descd. with centre I and radius IE will pass 
thror^h E, F, G. 

And this 0 will be touched by the sides of 
the A et B, F, G, since the Lji at E, F, 

G are rt. Lji Th. 40, Cor. SL 

a-a.r. 



XSCmXBSD CIBCIM 


Fxoblxx $ 0 * 

Oes* gfinn. To draw an eooribed eireU of a girm triangio. 



Pig, 28 T, 


Part. Rnnn- Liet ABC be a ^Teii 2 ^. 

Jt is reqd, to draw an escribed © of the A ABC to towh AB 
^produced, AC produced and BC. 

Const. Draw Bli, Clj the bisectors of the extw L^e at 

B and C . Brob. 1. 

Let BIi, CIi meet at (see Ex. Si). 

Draw l^H J. to BC , . • . » Prob. 4^ 

With centre Ix and radius XiH desc, a ©. 

This shall be an escribed 0 of the A ABC. 

ProoL As in Prob. 19. ^m.w. 


Hnrcises. 

XX07. Dsso. a 0 to out the sides of a giTsn A ^bat the interoepted 
arcs are se. (Panj. Mat.) 

1x08, Daso. 2 08 to touch 8 st. lines of which 2 « and onlj 2 , Wre )|. 

II0S>. Deso. 8 08 with given centres to touch each other. How 
tnanj solutions are there ? 

xxza Xnso, a 0 in a c^ven sector of a 0. 

xxxz. Deso, a 0 to touch a given © ud tangents to the © at 1 
ftven pts. 
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Ilia: Insc. ft © in a i^ven sq. {Euo. IV. 8.) 



Fig. 287 a, 


IZ13. Inso. ft 0 in a given rhombns. 

1 1 14. Insc a 0 in a given reg. hexagon. 

1 1 15. Circumso. a sq. about ft given 0. (Hue. IV, 7.) 

* 1116. Cironzofto. a teg. octagon about a given 0 .‘ 

* IZ17. Cixoumso. a teg. hexagon about a given 0 . (Punj. Mat.) 

* iiih, Oizoumso. a reg. dodecagon about a given 0 . 

* 1119. Cireuznio. a rhombus having an L *■ a given L •^wut a 
given 0. 

* 1120. Construct a A gi^«B its 8 e-centres. 






TBM 


TEOt « AmSB-SATM ** BBGMSaXlL 
Pkoblxk 21« 

(Stic. EEL 33^} 

Gea. Emm. On a given finite etraigkt line to deeortke m eegmen$ 
« m rch which mAoU contain an angle eqvul tm • ijPMm erngle* 



Fra. 288. 

Fart Enpg. Let AB be a given Snite bL line and C a giTon 
It is reqdL to desc- on AB a segment of a containing aa {_ «■ 


Const. At A naake L. BAD L* C • « • . Pjcob. S* 

Draw AG X to AD Prob. 3- 

Draw FG, bisecinng AB at rt. Lji and meeting 

AG in G . Frob. % 

Then G is equidistant from A and B • . Tiu 24. 
With centre G and xaditis GA desa a 0 ABH. 

!X^en tile segment ABH shall contain an t ■■ t C. 
Pro^. *•* AG is X to AD ...«•• OonsA 


«*. AD tondhes the O ABH • • • ’Tk, Oot, 2. 

And AB is a chord of the 0 ABH. 

•% L. bad «» the |_ m the alt. s^ment AHB Th. 4&, 
But L BAD ««L,C - . • • . Const. 

• *. tire segment AHB contains an L. » L. C. Q.x.a; 

z* On a given finite straight line desorb a segment of a 
mrde wMeh sAatl contain a right angle. 

Cor. a. JFVem a gveen evr^ wi off a segment which shall eon^ 
4min an angle equal to a given angle, (£uc. IIL 34.) 

I^w a tanfi^t to the 0 and from the pt. of contact dmw a ohcai 
making iKth the tangent an » the given 



XJbBMBKTS 07 OBOaC&THZ 
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Pboblem 22. 


(Kuc. rV. 2.) 

GeOL Enun. In a given circle to inscribe a triangle equianguUtft^ 
<0 a given triangle^ 



Txa. 289. 


Part* Ennn . liat ABC be a given © and DBF a given 
It is reqd. to inscribe in the © ABC a A equiang. to the A DEF* 
Const. At any pt. A on the 0 draw the tangent GAH Frob. 16. 
Make Lis GAB» HAC, on the same side of 

GAH, = Ls DFE, DEF respy. . . Prob. 5. 

jjet AB, AC cut the O at B, C respy. 

Join BG 

Then shall the A ABC be inscd. in the © ABC akid be 
equiang. to the A DEF. 




Bat 

Similarly 
third 


■ AB is a chord of the © drawn from the pt. of contact 
Oif the tangent AG. 

_ GAB L ACB in the alh segment • Th. 48. 

— **“ L DFE Const. 

L. ACB - L- DFE 

’ ABC * L DEF. 

BAC third L EDF . . . . Th. E 


A ABC, inscd. in © ABC, is equiang. to A* DEF. 



TASaBBOZ 


sgrr 


PaoBUOt 23. 

(Buc. IV. a) 

Gen. Baun. About a given eirele to cireumtcribe a triangU oqui 
eingular to a given triangle. 



Via. 29a 


Part. Envin. Let ABC be a given © and DEF a given Zl- 

It is reqd. to oircumacrihe ahout the 0 ABC a ^ equiang. to the 

A DEF. 

Coast. Prochioe EP both vrajra to G and H. 

Find O the centre of the 0 . . . • Prob. 14. 


Dravr any radios OA. 

AOB, AOC, on oppu sides of AO, •- 
L.S DF^ DEH re^. .... Prob. S. 
Tlffoc^ A. ^ C draw MN, NL, Lll J.8 to 

OA» OB, OC . . . . - • Peol*- 3- 

Then akaU the A LMN be easamsed. aboot the 
0 ABC and be aqniaiig. to the ^ DEF. 

PmA MK, NL, JLM ace Xa ta radii of tire O 

thak' e r tre s Mt aes Const. 

the A LMN jaanemBMed. abootthe 0 7lli.4D,Oor.a 

Agidn tiM 4 Lj> tbs qnadl. AOBN io> 

eetitec w 4 rh ,3^** 

And, of tirese, L_b OAN, OBN axe rfe, Lj» • Oonst. 

.‘.J BANB,AOBtogei^-art.L.«- _ 


DFE. 

_ _DEF. 

••.AiidL-L - third L-I> 


But LAOS _ 
L.ANB- L 
Sbnilarly AMC - C 


Const. 


Th.3. 


A LMN, flircninsod. abos^ 0 ABC, k «q[idaa«. to A 
DEF. 
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£xerci3es. 

On the Construction of Triangles. 

1121. Construct a having givers its base, vert. | and a side. 

2122. Ooratruct a having given its base, vert. | and the pt. in 
the base on which the J. from the vertex. (BombI Mat.) 

iz^ Oonatmot a having given its base, verb. and altitude. 
(Bomb. Soh. Piii.) 

1124. Oonstroet a A, having given its base, vert, I and area. 
(Allah. Mat) 

1x25. Constmot the A whose area is a maximum, having given its 
base and vert. (Bomb. Mat.) 

iX 2 d. Oonstruot a given its base, veart. L length 

of the median bisecting the base. 

* ix». Oonstruot a A* having ^ven its base, vert. the pt, 

where the base meets the internal bisector of the vert. | . 

* 1X38. Oenstmct a A> having given its base, vert. and the median 
throngh eltiier extremity of the base. (Mad. Mat) 

* ZZ29. Oonstraot a A> having given its base, vert. |_ and sum of re- 
maining sides. 

* XX 30 . Genstmot a A> having given its base, veort. and diffezene# 
of lemainiBg sides* 


CmCLES AND REGUIiAR POLYGONS. 

Addition-al Pbobxjsm L 

Gen. 'Hnun* In a given circle to inscribe a regular polygon of n 
sides. 



Pig. 290a. 


Part, I*ot O be ceiire of a giyf’g 1 . 

It is reqd. to inscribe a reg. polygon of n sides in <S>. 



CIKCUES AKD llEGUIiAR POIiYGONS 


298a 


300® 

Const, Draw two radii OA, OB containing an \ AOB «• — — 

(Note. This can be done with ruler and compasses for only 
particular values of n. For other values a pro- 
tractor may be used.) 

Join AB and set off chords BC, CD» DE . . . eadi equal 
to AB round the circuxs^erenoe. 

Then shall ABCDH ... be a reg. polygon of n sides 
inscd. m the given Q* 

Proof. Join OC, OD, OE. 

•. ' chord AB — chord BC — chord CD « chord DH« . , . Const, 
minor arc AB =* minor arc BC « minor arc CD =* minor 
arc DE =» . . . . . . , Th. 38 (a). 

LAOS = L.BOC - LCOD =* LDOE «... Th. 37 (b> 

But 1_ AOB = — ° Owaat. 

n 

30(yo 

. % each of these angles « so that n of them make up 

360®. 

Hence the polygon has n sides. 

And it is evidently eqniiat. 

Again, •. • 1_ AOC = L_ BOD ^eaoh = 

. % reflex 1 AOC =« reflex 1 BOD. 

But reflex L AOC « 2 L ABC and reflex L BOD « 2L. BCD. 

TO. 42. 

L.ABC « L BCD. 

Similarly, 1 BCD « L CDE = . . . 

Hence polygon is also equiang. and, therefore, re^^ilar. 

Cor. Inscribe a regular figure ofB, 4, 6, 8, 12, 24 sides in a given 0. 

AdoitiokaIi Pbobleu n. 

Gen. En u ff- About a given circle to circmnscsrihe a regvdair polygon 
of n sides. 



l*xa« 2908. 
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Part. Ennn. Iiet O be the centre of a given ©• 

fiisreqtL to circumscribe a reg, polygon of n sides about the given 0* 

Const. Determine the ango^r pt& A, B, C, D, £ ... of a reg. 

polygon of n sides inscd. in the given O Addit. Prob. I, 

At the pts. A, B, C, D, E , . . draw tangents to the 0 
intersecting at F, K . . . . Prob. 16 (a). 

Then shall FGHK ... be a reg. polygon of n sides 
oiroumsod. about the given 0. 



Fxo. 290 b. 


Proof. Join OA, OB» OC. 

Jl AOB - 1_ BOC (each = 

*’ loA = OB = OC (radii) 

lL.fi OAF, OBF, OBG, OCG are aU rt 1 _b. Th. 40 
fig OAFB can be made to coincide with fig. OBGC 
by superposition. 

AF « BG. 

But AF =s= BF Th. 40, Oor 6. 

Hence BF BG » CG » CH » DH » UK «... 

FG « GH « HK « . . a 
the polygon isequilat. 

And it is evidently of n s*des. 

Again^ L AFB coincides witti L BGC when fig. OAFB is 
made to coincide with fig. OBGCa 

• V L afb «lbgc. 

Similar^, L BGC « I CHD«LDKE« . . . 

Hence tme polygon is alao equiang. and, therefore, regular, 

C<B*. Oireumseribe a regular figure o/3, 4, 6^ fi, 12, 24 sides about 
given circle. 



THB FZBIiB BOOK 


ON THB PBAOTIGAL DETBBMINATION OP THB 
ABBAS OP IBBBGULAB REOTIIiINEAL EIGUBBa 

FIBST METHOD— THB PIBLD BOOK. 

Consider the irr^ular reedlineal figure ACDBHF and the sc- 
companyLng notes taken £rom a field-book. Tlie entries in the 
central oolmim gira measurements from A along the base Hue AB 
and must be read upwards. The entries in the side columns give 
measurements along the ofbets PF, QQ RK, SD^ and each appeara 



0 

E200 

FlOO 

0 


links, 


OB 

1060 

900 

720 

400 

160 

O 


0 

220 1 > 
840C 
O 


From © A go east^ 


Fig. 991. 


to the right or left according as the ofEset to which it refers spring 
to the right or left of the base line as a man walks from A to B. 
The figure 0 in a side column indicates that the corree^ndii^ 
point on the boundary is at no distance from the base line ; in 
other words^ that at tms point the base line meets the boundai^. 

Tkus^ these notes may be amplified as follows : — 


RE 

PF 


200 finks 
100 „ 



SD^SSOUzOdi 
QC-1840 ^ 


Start from Station A 
and go east. 


Qiyen the notes, it is easy to draw the^gore, and its srea^ de- 
termined by finding the areas of the triangles and trapoiaBS info 
’which it is divided by the base line and ofibets thm : — 
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SOQ' 


Fig. ACOBEF » A AQC + trap. QSDC + A SBD + A BRE + 
trap. ERPF + A FPA. 

ireqd. area -• {i x 400 x 340 + } x 560 x 500 + J x 160 x 
220 -fix 340 X 200 -fix 300 x 560 -fix 
160 X 100} sq, links. 

« 351600 sq. links = 35*16 sq. chains. 

It is sometimes convenient to use two or more base lines. Con^ 
aider, for example, the irregular rectilineal figure ADEBFCG and 
the accompan 3 dng notes taken from a field-book. ^ 



Fiq. 292 . 



From © A go north, 

In this and similar cases we first find the area of the figure 
bounded by the base lines and then add the areas that fall outside 
and subtract the areas that fall inside -this figure thus ; — 

Fig. ADEBFCG « A ABC -f fig. ADEB -f A BFC - A AGC. 
reqd. ar^ « (n/1370 x 490 x 430 x 450 + 106000 -f 37600 
„ . " -S5200)sq. links- 44*8811 sq.ohain^ nearly. 

Notaco that ^‘tum to the left” is not necessarily at right angles. 

This method is used by land surveyors* They regard the ar^ 
they wish to survey as bounded by a rectilineal figure which nearly 
wi^i the actual boundary. To ensure greater accuracy, 
t^ wmore surveys of the same area are madot l^axying'the base 
liiie% and ihe mean result taken* 



TBM^<3^VliATlOm 


ml 


SBOOND 

Thk metliod amounts to dividixi^: the figure into trian^ea 197 



Fid. 298. 

drawing diagonals and fiTidiTig the areas of these triangles by 
tealring suitable measurements. 

THUtD MBTHOI)---RBl>IJCTIOH !K) A TBIAHGIJB. 

By the construction of Brob. 13 a rectilineal figure of any number 
ef sides can be reduced to an equivalent rectilin^ figui» of OM 
less number of sides. By repeating this construction any irr^uJ^ 
reotilinesd iSigure can be reduced to a triangle of equal area^ and. tiu* 
area can be determined by making suitable measurements* 



Fia. 29^. 

Fer exampl*, figure ABCDEF - figure ABCGF -» figure HBCQ 
* figure HKG. 
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Exerciie*. 


1131 . Plan a field to scale 
400 5^. = 1 in. ftom tlie ao- 
oompanjing notes, and find its 
eiea in acres, roods and poles. 


0 

C200 


Tarde. 


To 0 D 
1200 
700 
500 
0 


0 

JLOOB 

0 


From 0 A go N. 


IZ32. Plan a field to scale 
R. F. =s tsItv ac- 

oom]^n;ing notes, and find its 
area in acres, roods and poles. 


0 

C250 

B125 

0 


Yards. 


To 0 D 
1500 
1100 
800 
650 
0 


0 

375 E 
0 


From 0 A go B. 


11 ^ Plan a field to scale 
70 y^. «■ 1 in. from tire ao* 
eompanying notes, and find its 
area in sq. yds. 


0 

D64 

C66 

0 


Yards. 


To 0 B 
310 
140 
60 
0 


112 F 
48 E 


From 0 A go W. 



wuaia> BOOK. 


30S 


1 x 34 . Plftn s field to ecale 
4 ohalns »> 1 iiu from the ae- 
compwjizzg notesy and find its 
area in acres* 


xz^ Plan a field lo seals 
= n?rr. from the ae- 
oompanying notes^ and find its 
area in acres, roods and poles* 


ZI 36 * Plan a field 
ACDHBFGH 

So aoa^ 150 yds. 1 in* from 
the aeoosnpanying notes, in 
the to a sSceaxa 

are i^Ten in itollos ; ste) find Its 

area in sf. yds. 



UMkM. 



To 0 €r 


0 

1200 

0 

F425 

950 



730 

ME 

DS50 

500 


C60 

430 



275 

2S0B 

0 

0 

0 

Pcom0 AgoN.B 


links. 



To G B 


0 

1500 

140 

fi40 

1060 



960 

60 


740 

ISO 

fiSO 

700 



520 

170 

900 

490 



360 

80 

8^ 

210 


990 

0 

170 

From 0 A go 27. 

1 

1 

Yards. 



To 0 B 


0 

420 

0 

£ 94 

880 


D190 59 

830 


Stream crosses 

815 

base line 


284 

SSF 


246 

190 2600 


162 

170 H 

C46 

OT 


0 

0 

jo 


« IVomOAfeSLW. 
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xzw. Flan a flald to fcala 
R- F. ^ tAx from the ao- 
eompanying noter^ and find its 
area in aoxes« 


0 

H26 

G20 


0 

ElO 
D 12 
0 


Links. 


To O A 
500 
300 
160 
0 

Turn to 
the right. 


To © C 
400 
160 
0 

From 0 B 
go N.E. 


To 0 B 
300 
180 
90 
0 


0 


0 

20 F 
0 


From 0 A go N.W. 


zz^ Flan , a field to scale 
8 chains ^ 1< in. from the ao- 
eomp^ying notes, and find its 
area in a^res. 


H120 

0 


Links. 


To © D 
760 
680 
800 
0 

Turn to 
the right. 


To © B 
800 
200 
0 


0 

160 C 


250 C 
0 


From © A go W. 



miiS BOOK. 


80 & 


1139. Flan a field to nale 
R. F. = tronx the 
eompaxiTing notes, end find its 
ares in aoies. 


0 

60 

0 


liaka 


To O A 
850 
140 
70 
85 
0 


Tnm to 
the left. 


To © C 
840 
75 
0 

Turn to 
the left. 


To 0 B 
1000 


840 

120 

0 


80 

0 

0 


0 

28 

0 


0 

50 

20 

0 


Viom 0 A go S. 
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ng.m 

SSJlwt HM M tb. Me. Ol to M to «i«, VaHlj W bj 
irittignlitiott. (2) by reduction to » toingle. 



niTOSBN SBJlWZHO 
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PATTBBN DRAWING. 

MoonqwnTing geomeixical pati»nisua to bo vaamA as ex. 
eronee m aeaiaiess ax^ aoonzaoy. They are ocHnpomd^ eirelea. 
arM of emdea aixd stetdght lines, and can all be ifcawn iritti iSm 
and comMsa^ 13ie form of eadbt pattern snggeets its ocmabmefcioe 
toes, and theae should be drawn in black lead, only «»<»— Bnee 
beiw inked in that oompoee the pattern. Each copyshonld be 
made from three to fonr inches in greatest width. 

It is nsefnl to bear in mind that when two arcs join so as to fomt 
one conimnous carve, they axe parts of circlee touching one an- 
other at the point where the two arcs join, and so thig point lies on 




Ero. 398. Fio. s»f. 

&eir line <d centres (1%. 41). Also when a straight line Johu an 
ate to form one oontumoos line, the are is part of a circle toaahfog 



Fm. S98. 


tire straight line at tiie point where tiie stisight line joins aie^ 
and so lute perpendi<»iuix to the sixaighfi line at tiliis point p-— t- 
throngh the centre of the are (Th. 40). 





blembj^ts of geometry 
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Fia. 315. 


Fio. 31S. 



Fig. 317. 







PAET IIL 

BXPERIMENTAIi SECTION. 




Sll 


PART III. 


EXPERIMENTAL SECTION. 

EXTENSION OP THE THEOREM OP PYTHAGORAS. 

35*- ABC in Fig 320 is an obtuse-angled triangle dratm on 
squared paper and ACDE, ABGF, BCKH are squares described 
on its side AC opposite the obtuse angle and its sides AB, BC re- 
speciarely. Copy Fig. 320 on squared paper, and shov by counting 



Pia. 820. 

diriaions that the square on AC is greater t^n the ram of ^ 
-nn^ea on AB, BC by twice the rectangle contained by BC and t*a 
on BC of AB (or by twice the rectangle contained b, 
AB and the projection on AB of BC;. 

WprMng r— ^ „ 8* + 10* =« 109 

AB*- AL»+ BL*-a* + 8*=l». 

BC* - 7* = 49 

Twice reot. BC. BL - 2 x 7 x 8e- 49 
And 109 - 18 't 49 + 49 
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Hxp. 352 . Biepeat Exp. 361 two or three times with obtoee-engled 
tarinjiglee difEerent measaremeiitB. 

Hxp. 353 . ABC in Fig. ^1 is any triangle drawn on Roared 
paper and ACX>E, ABGF, BCKH are squares described on its side 
AC opposite an acute angle and its sides AB, BC respectively. 
Copy Fig. on sqoazed pi^r and show by counting divisions 



that the square on AC is lese than the sum of the squares on AB^ 
BC by twice the rectangle contained by BC and the projection on 
BC^ of AB (or by twice the rectangle contained by AB and the 
projection on AB of BC). 

Workmg : — 

AC’* « AL* + LC* - 6 » + 2* « 29 

AB*« AL*4* BL*«5*+ 6* -61 

BC® - 8 ® =s 64 

Twice rect. BC. BL — 2x8x6 — 96 
And 29 SB 61 + 64 - 96 

354* Repeat Exp. 363 two or three times with any triangles 
of oiTOrent measurements. 

From Escps. 351-364 we are led to conclude 

The amtare <m a aide efa triangle ia greater or leaa than 
the awn of the aquaraa on the other two oiiea, aeoordAng 
« the angle eontained by fhoae aidea ia obtuae or aeute, 
bp twice the rectangle eontained by either of the two 
atdea and the projection on it of ^ other, 

Maxn tiiu ligr heart. 




EXTENSION OF THE THEOREM OF PTTHAaORAS 813 


Exp. 355, Make a triangle from the following dale : AB «• & cni , 
BC =* 3*1 cm., CA » 7*6 cm., and calculate tJie length of the pro- 
jection of BC on AB. Verify by drawing and meaaurement. 

Exp. 356. Make a triangle from the following data : AB 21 in , 
BC « 1*8 in,, CA « 1*6 in., and calculate the length of the projeo- 
uon of AB on BC. Verify by drawing and meaaorement. 
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BBOTAlfGIiKS UNBBB SEGMENTS OF CHORDS. 

Exp. 357. Describe a drole and through any point P inside the 
circle draw a chord AB. The point P is said to divide the chord 
AB interncdly into the segments PA, PB. Measure PA and PB 
and calculate, to the nearest tenth of a square inch, the area of the 
rectangle contained by PA and PB. Similarly draw other chorda 



Fie. 839 . 

through P and calculate to the nearest tenth of a square inch the 
areas of the rectai^es contained by the segments into which each 
chord is divided intemally at P. Tabulate and compare your 
results. 

Exp. 358. Describe a circle, and from any point P outside the 
circle draw a straight line PAB to cut the circle in A, B. Hie 
point P is said to divide the chord AB extemaUy into the seg- 



Fig. 823. 


c&lonlfcte, to noareat 
toniih of a aqaaro uioh, the aroa of tho rectangle eomtained by PA 
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and PB, Similarly draw other straight lines from P to cnt the 
circle^ and calculate to the nearest tenth of a square inch the areas 
of the rectangles contained hy the segments into which each chord 
is divided externally at P. Tabulate and compare >our results. 

From Fxps. 3&7» 358, alloir^ ing for errors of measurement, we are 
led to conclude : — 

If two chord* of a circle intersect either inside or outside the 
circle, the rectangle contained by the segments of the 
one is sqtiaf to the rectangle contained by the segments 
of the other. 

Lieam this by heart. 

Hxp. 359 * From a point C in a straight line AB a straight line 
CD is drawn. AC — * 2-4 cm., BC =« 4*3 cm-, CD «= 3-5 cm. A 
circle is described through A, B, D and DC is produced to cut this 
circle at H. Calculate the length of CH and verify by drawing and 
measurement. 

360 . From a point A two straight lines AB, AC are drawn 
and in AB a point D is taken. AB «=* 2*8 in., AC = 3-1 in., AD 
1*7 in. A circle is described through B, C, D and this circle cuts AC 
at H- Calculate the length of AH and verify by drawing and 
measurement. 

Hxp. 361 . lUnstrate by drawing figures, measurement and cal- 



Fm. 824. 

eolation to the nearest tenth of a square inch the following troth : — 
If from any point without a circle a chord and a tangent 
are draion the rectangle contained by the segments of 
the chord is equal to tM square on the tangent. 
lioam this by heart- 

Notice that this is the partioular case of Szp. 358 when PA PB 
(Fig. 823). 

Hxp. 362 . Describe a circle and place in it a chord PQ — 1-1 in. 
Produce PQ to R so that QR » 1*3 ir^ Calculate to the nearest 
tenth of an inch the length of a tangent from R to the circle. 
Verify by drawing and measuremmit. 

li 


12 
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Eacp. 363 , Ulustrate by drawing figures, measurement and cal- 



Fig. 325. 

eolation to the nearest tenth of a square inch the following truth 

If from any point on the eircumference 0/ a eemUeircHe a 
perpendicula/r is drawn to the diameter, the sqv^re on 
the perpendiovlar is equal to the rectangle contained 
by the segments of the diameter. 

Learn this by heart. 

Notice that this is the particular case of Exp. 357 when one of the 
chords through P (FHg. 822) is a diameter of the circle and another is 
at right angles to it. 
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THE GBAPHICAL BXTBAOTION OF ARITHMETICAL 
SQUARE BOOT. 

Eaq). 364 . Dmvs straight line AB » 3 in. anddhide itintenudly 
at C so that AC >>2 in. and, therefore, BC»1 in. On AB describe 
a semi-circle and at C drav CD perpendicular to AB meeting the 
semi-circle at D. Then CD • >^2 in. Why! Calculate to the 
nearest hundredth of an inch the length of CD and verify by 
measurement. 

Exp. 365 . Draw a nizai^t line AB » 6 cm. and divide it in- 
ternally at C so ^t AC = 4 cm. and, therefore, BC » 2 cm. At 
C draw CD perpendiculu to AB such that the square on CD == the 
rectangle contained by AC and BC. Verify by measurement and 
calculation. 

Exp. 366 . Draw the side of a s(|uare equal to a rectangle measur- 
ing 3 in. by 1 in. (Constrnction as in Exp. 364). Verify by measure- 
ment and calculation. 

Exp. 367 . Draw the tide of a square equal to a rectangle measuz- 
ing ( 1 ) 10 sq. cm., (2) 4'6 sq. in., (3) 6*2 sq. cm., (4) 680 sq. mm. 
(C^nstructimi as in Exp. 3U). Verify by measurement and Cal- 
dilation. 

Exp. 368 . Bepresent graidiically the following lengths : (1) ^/ 6 ia., 
( 2 ) a/ 7 cm., (3) x /21 cm., (4) i/12Q0 mm. (CmutRiction ss in Sz|a 
364). Vex^ by measuzesMot and calcnlaBon. 
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THB OBAPHIOAi:* SOIiUTION OF CERTAIN QUADRATIC 
EQUATIONS. 

Hacpu 369 . Draw a staraight line AB 10 cm. and divide it in- 
temallj at C so that the rectangle contained bj AC^ and BC ia 
equal to 10 sq. cm. This amounts to solving the simultaneous 
equations 

« 4- y — 10\ 
ay « laj 

where ic om. AC and y cm. » BC. 

Or, what is equivalent the quadratio equation, 
a:^ - 10a; + 16 - 0, 

where 9 om. AC. 



Fig. 326, on a reduced scale, indicates the construction ThB two 
pomtionfi of C correspond to the two roots of the quadratic. 

570 . Taking *1 in. as the unit of length, give a gxraphical 
soIuMon of ilie simultaneous equations 

a; + y — 30\ 
ay — 144 J* 

Terify by solving algebraically. 

Ea^. 371 . Taking 1 mm. as the unit of length, give a graphical 
solution of the quadratic equation 

a;* - 40a; + 169 - 0 . 

Verify by solving algebiaically- 

Hzp, 372 . Taking 1 in. as the uiiit'of length, give a graphical 
solution of the quadratic equation 

ar - 4a; + 2 ^ 0. 

Verify by solving algebraically. 

Ncfs. 2 is not a perfect square, but ^2 in. can be found either 
axithmetioally or as in Exp. 364. 

373 . Taking 1 cm. as the unit of length, give graphical 
sohxt^ns of the quadratio equations 

(i) ^ - 6 a; + 5 — 0. 

(ii) a;* - 6 a + 9 ■■ 0. 

Verify by solving algebraically. 
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THEOBETIOAL SECTION* 

BBOTAKaiiBS UKBBB SBGMBKTS OF STBAIOH!!? IiINBS. 

l^tXOUH iu 
(Euc. n. !•) 

Gen. Hntm. If there are two atraight linea^ one of which ia divided 
into any numb^ of parta^ iJ^e rectangle contained by the two atraight 
lines is equal to the sum of the rectangles contained oy the undivided 
line and the several parts of the dtvided line* 
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llltsstraiioii. Let AD be a st. line divided into 3 parts AB, BCt 
CD measuring a, b, c of the same linear unit respy.» and let AH be 
another et. line drawn JL to AD and measxuring k of the same 
linear uniii. 

Gomplefie tiiie recto* ADHE, ABFEi BCGPi CDHG. 

Now 

lect, ADHB — rect. ABFE + reck. BCGF + reci. CDHG. 

Bnfc 

ADHB » k(a + b + e) of khe oorresponding aq. unit. Th. 96. 
„ ABFB - ka 

„ BCGF - *6 

„ CDHG - *0 „ 

jWa + b + o)-~ka + kb + ke. 

Or AB(AB 4- BC 4- CD) — AE. AB 4- AE. BC 4- AE. CD. 


»» 


>» 

>9 


99 

»« 

>9 


99 

99 
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Cor. I. If a straight line is divided into any two paHs^ the square 
on the whole line is equal to the sum of the rectangles contained by 
the whole line and each of the parts (Euc. 11. 2). 

Corzasponding &lgebraio&l identity 

{a + b)^ *= a{a + fc) + h(a + b). 

Cor. ^ If a straight line is divided into any two paris^ the 
rectangle contained by the whole line and one part « equal to the 
square on that part together with the rectangle contained by the two 
parts (Euc. II. 3). 

Corresponding algebraical identity 

m{a +d) = a* + o6. 


Exerdses. 

1141. II in Fig. 327 AD 4^3 cm., A£ 2*5 om., ACGE 8 sqr 
cm., find CD. 

Z142. Draw diagrams on squared paper to illustrate the following 
algebraical identities ; — 

(i) x(x + 6) « a:* + 6a:. 

(ill x(y 4- 6) = ary + to. 

(iii) (« + S) (« + 7) « + 10® + 21. 

(It) x(x - 8) =b a:* - S®. (aj > 8.) 

(▼) (a: - 8) (® -f 2) = - ® - 6. (® > 8.) 

1x43. Draw diagrams to illustrate the following algebraioal Idenlitiea 
And state the corresponding geometrical theorems : — 

(i) ob = bo. 

(ii) (o - bje * flc - be. {a > b.) 

(iii) (a + b) (c 4- d) rs oc 4- od -4 bo + bd. 

(iT) (o - bWc + d) « oo + ocl - be - bd. (a > b.) 

{9} [a ~ b) [c - d) mm ac ad be + bd. (a > b, e > d). 

1x44. The hrpot. BC of a rt [d ^ ABC is divided at D so that 

BC. CD » AC* ; show that BC/BD « AB®. (Bomb. Prev.) 

* 1145 . AB is divided at H so that AB.BH AWandl^is tdkenin^ 
AH so that HL » H B ; prove that AH . AL == HL^ (Bomb. Soh. Fin.) 

* 1146. JjT A» EL C, D are 4 pis. takeninorder^ in a st, line^provs that 
AC* BD n AB . CD + AD . BC. (Bomb. Seh. Fin.) 

* 1147. If P is the orthooentre of an acute-angled A ABC. prove' 
that AP. BC 4- BP . CA + CP , AB = 4 A ABC (Cal. Mat.) 

* Z148. AB is a ^t. line trisected in C, D and produced to £ ; show 
ihat C£ . ED « AE. EB + 2AC“. (Bomb. Prev.) 

* 1149. ABC is an isos. A Ld at A ; D is a pt. in BC and E in 
BC produced such that AD is X to AE ; prove that BD . CB 4- 

BE. CDs SAD. AE. (]£«d. F. B.) 
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THKomnc B. 

(Sue. II. 4.) 

Getu HniiQ. 1/ a straight line is divided into any two parUf the 
square on the whole line is equal to the sum of the squares on the 
two parts together with ivHce the rectangle contained by the two 
parts. 



Fxa. 838. 


lUostmtioa. Let AC be a st, line divided into 2 parts AB, ttC 
measuring a, b of the same linear unit respy. 

On AC construct the sq. ACDE. 

In AE take a pt. F such that AF «• AB. 

Draw BGi^ FGH {{ to the sides of the sq. ACDE. 

Now 


«q. ACDE sq. ABGF + sq. GHDK + rect. BCHG + rect. FGS3S. 
But 

sq. ACDE (a + 5)*of the corresponding^ sq. unit. 13x, S&, Oor. 1. 
yy ABGF *■ fit* ,y ff ff yy 

GHDK - ft* ,y „ ,» 


reot.BCHG - 
„ FGKE - 
(a + t)* 


ab 

«« a* + 5* + 2a5. 


»» 

99 


»» 

»> 


Th. 26* 
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ELtBMBNTS OF OBOMETBT 


Exercises. 


^ ^ ACDE = 6-25 sq. in., ABGF » S*24 sq. in., find 


1x51. Draw a diagram on squared paper to illustrate the algebraical 
identity 

(a: + 9)* = -H 18a? + 81. 

1152. Draw diagrams to Illustrate the following algebraical identities,, 
and state the corresponding geometrical theorems : — 

(i) (3a)s » 9a2. 

( 1 :) {a J- = a* + 4a6 + ihK 

(iii) ( 2 » 4 - By)^ sa 4a? + 93 ^ -f 12xy. 

(ir) (p + 2 + r)« = + 2* + + 2p2 + 2pr + 22r. 

XZ55. T7t0 $q. on any st. lino is 4 times the on half the Hne^ 

1x54. If AB is divided at C so that AB^ = AC^ + 2BC^, show thae 
BC = 2AC. 


1155. In a ABC, AD is drawn J. to BC ; if BD • DC ADV 
prove that L BAC is a rL L_. (Bomb. Mat.) 

1156. AO is J. to the base BOC of a A ABC ; prove that AB* + 
AC* + 2BO . OC - BC* + 2AO* (Mad.^at.) 

1157. In a rt \d A 4- « drawn from the rL \ to the hypot^ the 
sq- on this ± =» tnereS, contained by the segments of ^ hypoL (Bomb. 
Mat.) 

1158. From the rL LA of a rL Id A ABC, AD is drawn ± to BC ; 
prove that AB* — BCTBD. (MaoTMat.) 

1159. ABC is a A ^ C ; prove that AB* + 4 A ABC — the 
sq. on the line made up oTAC and CB. (Bomb. Mat.) 

1160. ABC is an isos. A* CA, CB being the « sides ; BO is JL to- 
BC meeting CA producedm O ; show that OB* == OA* + 20A . AC. 
(CaL F. B.) 

1161. ABC is an isos. A, CA, CB being the «« sides ; BO is 1 to 
CA ; show that BO* - 2CO . OA + OA* 

1162. A reot. ABCD has the side AB produced to E so that BE == 
BC: show that rect. ABCD =: J d^erence of sgs. on AE and BD. 
(Allah. Mat.) 

* 1163. AC is divided at B and produced to D : prove that AC* 

BD*.. AD« + BC* - 2AB. CD. 


* 1164. PS is divided at R and ptodnoed to Q ; prove that PR* + 
SQ* - PS* + RQ* - 2PQ, RS. 

* Ii6c If AB is divided at C so that AB. BC AC* and if AB is 
nrodnoM both vrava to D and E so that AB = BD and CA » AR 
ritow that BE* = AB . DE. (Bomb. Prev.) 

* 1x66. AB la divided at H so that AB. BH .i AH* : AB is pro* 
daoed to F so that BF = 2AH ; prove that AF* = SAB*. (Mad. F. A.J 
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Thborcm O* 
(Euc. II. 7.) 


Gen. Ennn. Jf a straight line is divided into any two parts, the 
square on one of the parts is equal to the sum of the squares on the 
whole line and on ilie other part diminished by twice the rectangle 
contained by the whole line and that pari^ 



Fig. 85S9. 


Xllnstration. Iiet AB be a et. line divided inbo two parts AC, CB 
mea-suiing {a — 5), b of the same linear unit respy. 

On AB construct the sq. ABDH. 

In AH take a pt. F such that AF » AC. 

Draw CGK, FGH [| to the sides of the sq. ABDH. 

Now 

i^^CGF«sq, ABDE + sq. GHDK-rect. CBDK-rect. FHDH. 


sq. ACGF « (a - &)*of the correi^ndmgsq. unit^ Th. 26, Cor. 1. 


ABDH 
„ GHDK = 
act. CBDK 
„ FHDH = 
(a - h)* 

/An 


■ &* 

■ ». 

>00 „ 

= o* + 5* - 2ab. 


ft 

ft 

tf 


ff 

fi 

»t 

»» 


Th. 26. 


m 
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BIiBMBNTS OP GBOMBTBT 


Def. 66, If a point B is taken in a straight line AC, then AC is 
said to be divided internally at B into the segments AB and BC, 



Pxa* 330, 

If a point B is taken in a straight line AC produeed^ then AC is 



Pia. 8S1« 


said to be divided eKtemally at B into the segments AB and BC. 

Hence the enunciations of Theorems B and O may be combined 
tiios: — 


If a straight line is divided painty the 

square on the given line is equal to the sum of the squares on the 
two segments the rectangle contained bg the 

segments* 


Exercises. 


1167 . If in Pig. 329 AB =* 3-3 cm., ACGF 4-41 sq, cm., find 
OBIOIC. 

1x68. Draw a diagram on squared paper to illustrate the algebratoal 
Umtiiy 

(* - 5)* - <ti* - 10* + 25. (* > 6.) 

1 x 69 . Draw diagrams to illustrate the following algebraical identities 
and state the corresponding geometrical theorems : — 

0) (a - 25)» a* + 46* - 4a6. ^6 < 

(ii) (2* - y)* » 4*» + ^ 4*y. 

(ill) (a + t - o>® i: a* + t* + c* 4- 2 ah - 2 ac - ate (a + t > cj 
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1170. ThA red, etmlained by 2 uneqtutl si, lines <C i *wn of the sq^t, 
en (hem, 

XZ7Z. If AB is divided at H so that AB , BH ^ AH*, then AB* -f 
(Bomb. Mat.) 

1172, If AB is divided at C so that AB . BC = AC*, prove tliat tiM 
sq, on the line made np of AB and BC =: 5AC^. (Bomb. Hat.) 
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Tbsobsk D. 

Gen- Eann. The difference o/iwo squares is equal to the rOoiangU 
contained hy the sum omd difference of their sides. 



Fia. S32. 


lilustratioii. Let AB be a at. line divided internally into 2 parta 
AC, CB measuring 6, {a - b) of the same linear unit respy* 

On AB construct the sq, ABDH. 

In AE take i^t. F such that EF «* AC. 

Draw CGH, FG || to the sides of the sq. ABDH. 

Now 

s<j. ABLE — sq. FGHE rect. ACGF + reot- CHIDH. 

But 

sq. ABDE =» a® of the corresponding sq. unit. Th. 26, Oor. 1* 
„ FGHE « 6* 

rect. ACGF » 6(a - b) „ „ „ Th- 26. 

„ CBDH = a(a-6) „ „ „ „ 

.--a* - 6^ •» b{a - 6) + a(a h). 

- (a + 6) (a - h) Th. A. 

Or AB* - AC® « (AB + AC) (AB - AC). 

Cor. T. If a straight line is divided inio two equal parts and aUso 
into two uneqtud parts, the rectangle contained hy the unequal 
parts and the square on the line betwe&n the points of section are 
together equal to the square on half the line. (Euo. II. 5.) 


Cor. If a strodght tine is bisected and produced to a/n/y point, 
tike rectangle contained by the whole line thus produced and the 
part produced, together with the square on half the bisected line^ 
is equal to the square on thesline made up of the half and the par^ 
produced. (Enc. U. 6J 
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Sxcfcises. 

117^ If in Pig. 832 ABDB « 9-61 »q. in.* CBDH - 2-17 iq. In., find 

acgp, 

1x74. Draw a diagram on squared paper to Illustrate the algebraical 
identity 

- 49 « (a: + 7 ) (x - 7 ). (« > 7 .) 

XX75. X>raw a diagram to illustmte the following algebimioal identity 
and state the corresponding geometrical theorem : — 

a? - 41 ^ - {« + 26 ) (« - 26 ). (6<|-) 

1x76. In a rt, | d A the ract contained bff the aunt and differenoe qf 

the hypot, and one side the s^. on the other atde, 

X177. In any A ~ rect. contained hy the 

sum and difierence of the other two, the A L.^- 

1178. AB is bisected at C and produced to D ; prove that AD* - 
DB*» « 4 AC. CD. 

Z179. AB is divided at H so that AB. BH <=» AH^ and K is the mid. 
pt. of AH ; prove that AH, KH, KB are the sides of a rt. Id A- 
{Cal. P. E.) 

xi8q. ad is divided equally at B and unequally at C so that AC • CD 
«* 8BO ; prove that BD « 2 BC. 

* n8l. The base QR of an isos. A PQR divided intemally or ex- 
ternally at S- Join PS* and prove that QS.SR *= the dinerenca 
between PS® and PQ*. 

* 1x82. ABCD is a St. line. If AB » BC and AC « CD, then 
AD. DC = SAB®. 

X183. R is the mid. pt. of PQ ; PQ is produced to S and QP to T ; 
prove that the difierence between PS . QS and PT. QT the difierenoe 
between RS* and RT®. 

* Z184. FEABCD Is a st, line snob that A is the mid. pt. of FC as 
well as of EB ; prove that BC , CE + CD . DF == BD. DE. (Bomb. 
Sch. Fin.) 

* 1185. If a red. and a sq. have the same perim., the sq* mU hate the 
larger area. (Mad. Mat.) 

* 1x86. If from the mid. pt. of one of the sides of a rt, L^d A a j U 
drawn to the hypot., the difference of the sqs. on the segments into 
which it IS divid^ » the sq. on the other side. 

* 1187. APQRS IS a st line such that AP *» PS ; prove tua t AQ . QS 
> AR . RS. 

* 1x88. The difference of the sqs. on 2 sides of a ^ ^ twice the reel. 
ccyntoAned by the third side and the projection on the third side of the 
median that bisects the third side. 

* 1189. locits of the vertices of ail the A® haveihesame base 

and the difference of the sqs. on th^ sides = a given sq., isasL Une j. 
to the base. 

* IXQO. ABCD is an isos, trapezium having AB || to CD ; prove that 
AB . CO « AC® - AD** (l^mb* Mat.} 
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* zzpx. A» B» C, E are pts. on a st. line snoh that AB » BC 
CD ^ DE and O is any pt. outside the st^ line ; prove that the differ- 
ence of the sqs. on OA and OE is twice the difierence of the sqs. on 
OB and OD. (Bomb. Mat.) 

* 1192. BC IS drawn X to AB and = JAB ; from CA» CD is cut off 
= CB and from AB, AE is cut off =* AD ; ^prove that AB * BE « AE*. 
(Mad. F. A.) 

Def. 67. If a st. line AB is divided intemally or externally at B 



Fig. 333 . 


50 that AB. BE « AE’ then the st. Une AB is said to be divided 
at £ in medial section 
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TlEUBosBir fSL 

C^. Hnnn . The square an the sum of two straight lines exceeds 
the square on their difference by four times the rectangle contained 
by the lines* . 



Fig. 8S4. 


Iliostraiioii. Let AC be & st. line divided Internally into 2 parts 
AB, BC measurii]^ a, 6 of the same linear unit respy. Suppose 
«> 5 . 

On AC oonstruct the sq. ACEG. 

Take pts. D in CE, F in HG> H in GA, such that CD »» EF 
GH « AB. 

Draw BLM, DMN, FNK, HKL |I to the sides of the sq. ACEG. 
Now 

sq, ACEG - sq. KLMN « rect. ABLH + root. BCDM + rect. NDEF 

+rect. HKFG. 

But 

sq. ACEG *. (a + d)* of the corresponding sq. unit, Th.26>>Oor.L 
„KLMN«(a-h)* „ 

lect. ABLH rect. BCDM « rect. NDEF » rect. 

HKFG « ab of the corresponding sq. unit Tlu 26>. 

(a + fr)* - (a - 6)* ~ 4a6. 

Or (AB + BC)» - (AB - BC)* « 4AB. Ba 
Cor. If a straight line is divided into any two parts, four times 
the rectangle contained by the whole line and one of the paaiSf bh 
gather with the square on the other pa^t^ is equal to the squesre on 
the line made up qf the whole and the first parU (Enc. IL &} 
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Exercises. 


1193. If in Fig.S 34 ABLH=1*14 sq. cm., BC=-6 cm., find KLMN. 

1194. Dmw s, diagram on squared paper to illustrate tlie algebraical 

identity , \ 

(a? + 3 )» - (x - d)» « isfcs. (» > S.) 
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Theorsix F* 

Gen* Enun. The^ square on the sum of two straight lines and the 
square on their difference are together equal to ttciee the sum oj 
the squares on the given lines. 



Fig. S86. 


Illustradon. liet AC be a st. line divided internal! j into 2 
AB» BC measuring a, b of the same linear unit resp;. Suppose 
^ > 6 . 

On AC construct the sq. ACFK. 

Take pts. D in AB^ M in AK, B in MK such that BD AM ■■ 
ML - BC. 

Draw BQG, DPNH, MPQE; LN \\ to the sides of the sq. ACFK. 
Now 

sq. ACFK + sq. LNHK « 2 sq. MQGK + 2 sq. BCEQ. 

But 

eq. ACFK ** (a + 6)* of the corresponding sq. unit. Th. 26^ Cor. 1. 
,, LNHK« (a -h)» „ 

MQGK =» a^ tf 9f » »» 

BCEQ — 6* ft 99 99 *» 

(a + 6)» + (a - b)* « 2a* + 2b*. 

Or (AB + BC)* + (AB - BC)* - 2AB* + 2BC*. 

Cor* X. If a straight line is divided equally and also unequally^ 
ihe sum of the squares on the two unequal parts is twice the sum 
•of the squares on half the line and on the^line between the points oj 
section. (Kuo. XL 9.) 
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Cor 2 . If a Straight line is bisected and produced to a/ny point 

’^MdSSL "i «P «/!»» h^o«da> panpnd^ 

(Eno. n. 10.) 


Exercises. 

ii 9 t U in Fig. 835 ACFK-5-76 sq. in., LNHK=l-96 sq. in., find 
Draw a diagram on squared paper to illustrate the algehraioal 
identity ^ + (a - 1)“ = 2a? + 2. (a > 1.) 

• TTff? AB »s divided equally ai P cmd unequally at Q ; prove that 
AQ'■^^B» = 2AQ.QB + 4PQ^ , ^ 

s.“ 1^“^5 
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BXCBHSIOH OF THE THEOBBM OF P7THA<K>BAS« 
Thsobsh 49« 

(Euo. n. 12.) 

Oen. Etmn . In (xn ohtuse-angledt tria/ngle the sqtuire <m the $ide 
owoMe the obtuse angle is greater than the sum of the squares on 
the sides cemiainiTig the obtuse angle by twice the rectaTigle con* 
tainedL by either of these sides and the projection on it of the other 0 
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Part. Hnun. liet ABC be an obtuse-angled haTing I Cm. 
obtuse L» suppose AD drawn X to BC produced so that CD 
is the projection on BC of AC. 

It is read, to prove that 

AB* « BC* + CA* -h 2. BC. CD. 


Proof. •.* L-CDA is a rt. L. 

AB* = BD* + DA* .... 
(BC + CD)* + DA*. 

= BC* + CD* + 2BC. CD + DA* 
But CD* + DA* * CA* .... 
AB* « BC* + CA* + 2BC. CD. 


Th. 

Th. 32. 

O.S.D. 


Exercises. 

X20X. The side BC of an equilat. A ABC is produced to D and AD 
is joined ; show that AD* = BC^ + CD* + BC * CD. (Bomh. Frev.) 

* X 2 Q 2 ; ABC is an isos. A^ha^ying | A a rt. L, D a pt. in CB 

produced ; if AD* « DB* + 3BA*, prove that DB * BC. (Mad. MCat.) 

* X 203 . The sides of a A ^ ^ greatest of 

the A . (Bomb. Mat.) 

* xaos. ABCisanisos. AandDElsdrawnitto thebaseBC; show 
that BE* = BC . DE + CE*. 

* X205. Jx ^ obtuse f of a ^ ABC and AD is X to BC pro- 

duced, anolbrom AD produceS DF xs out off AB and DO » AC 7 
prove that FC GB. (Mad. Mat.) 
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Thbobbh 50. 

(Euc. II. la.) 

Gen. In any tria/ngle^ the squa/re on the side opposite wn 

acute angle is less than the sum of the squa/res on the sides coTt/atn- 
ir^g that acute angle by twice the rectangle contained by eHher of 
these sides and the projection on it of the other. 



Fig. 387. 


Fig. 338. 


Part. Enun. Let ABC be any fs. having | C an acute L, an<J 

suppose AD draTm X to BC (Fig. 337) or to CB produced (Fig. 338), 
ft is reqd. to prove that 

AB* « BC“ 4- CA* -- 2BC. CD. 


Proof- L. BDA is a rt- L- 

.% AB^ = BD^ + DA® , , . . 

« (BC - CD)® + DA* in Fig. 337. 
= (CD -- BC)® + DA® in Fig. 338. 
in both Fig. 337 and Fig. 338. 

AB® « BC^ + CD® - 2BC. CD + DA® 
But CD® + DA’ « CA® .... 
AB® « BC® + CA® - 2BC. CD. 


Th. 32. 


Th. a 
Th. 32. 

Q.B.D. 


Exercises. 

1206 . If from an extremity of the base of an isos. A G X draipn to 
the tjpp. stdsy twice the rect. contained by that side and the segment adj^ 
to the hose » the Sjg. on the haee. (Bomb. MatO 

1207 . The side BC of an equilat. A BC is produced to D and AD 
is joined ; show that AD® = BC® + BD® - BC . BD. 

* 1208 . If from any pt. O within a A ABC, Xs Oo, Q 6 , Oc are drawn 
to BC, CA, AB respy., sfiow that AC . Ob 4 - CB . B^x + BA . Ac =* 
CA. A6 4- AB , Be 4 - BC. Co. (Mad. B. O. E.) 
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* 1209. 5gs. on ths diags, of a irapeHum arg together » Vto mmt of 
the sqs. on tTio oblique sidee + ttoiee the red, coniainsd by ihs ; ndem. 
{Bomb. Soh. Pin.) 

* 1210. The sum of the sqs, on the sides of a EJgm = the sum of the 
sqs, on its diags. (Bomb. Mat.) 

* 1211- The sum of the sgs on the diags. of any quadl =: twice the sum 
of the sqs. on the $t lines joining the mid, pts. of the opp sides. 

* X2I2. If m any ABC, AB- + BC. CA = BC* + CA*, prove that 

L C (Mad. Mat.) 

* 1313. L ^ A PQR IS an obtuse L, and QS, RT are J,8 to 

RP, QP produced; prove that QR® = PQ.QT + PR.RS. (Cal. 
Mat.) 

* 1214* ABC is a A* AB, BC, CA the sqs. ABDE, BCFG, 

ACHK are desod. all outside the ; prove that KE* + DCP + FH* 
«. 3(AB® + BC* + CA*). (Mad. Mat.) 

* 1215. A pt. P is taken within a ^ ABC such that when J_s PM» 
PN are let fall on AC, AB the rects. CM. AC and BN . AB are «>: 
show that P lies on a fixed st. line J_ to BC. (Bomb. Prev.) 

* I2iA The base BC of a ABC is divided at D so that p . BD *» 
g , CD ; prove that p , AB* + g • AC® *• p , BD* + q . CD* + (p + g)AI>\ 
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Thsorem 51. 

Gen. Enun. The eum of the squares on two sides of a triangle is 
iouhle the sum of the squares on half the third side and on the 
mediom that bisects the third side* 



Fxa. S39. SM Fta. 541, 


Part. Hnun. Let AD be the median bisecting the side BC of a A 
ABC. 

It is read, to prove that 

AB* + AC® - 2(BD® + AD®). 

Const Suppose AE to have been drawn J. to BC. 

Proof. Case I. If AE coincides with AD (Fig. 339). 


AB® = BD® + AD* . 

. Th. 32. 

AC* = CD* + AD* . 

. Th. 32. 

But BD = CD. 


BD® = CD* 


Hence, by adding, 


AB* + AC® - 2(BD* + AD*). 

4.S.S. 


Case IL If AE does not coincide with AD (Figs. 340, 341)> 
One of the \_jb ADB, ADC must be obtuse and 
the other acute. 

Let L ADB be obtuse. 

Then AB®= BD*+ AD® + 2. BD . DE . Th. 49. 
And AC®« CD® + AD* •-2 .CD.de . Th. 50. 
But BD =« CD. 

BB® = CD* and BD . DE » CD . DE. 

Hence, by adding, 

AB* + AC® - 2(BD* -f AD*). 


Q.K.1>. 
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^«'anj 7 fe<rtfAicA Aaif the tame 
base and the sum of the squares on their sides equal to a aiven 
square ts a eircle having its centre at the middie mini of the base 
For in Figs. 840 , 841 , 

AB« + AC» = 2BD* + 2AD» . . Th. «l 

2AD» = AB» + AC» - 2BD» ' * *“• 

= a constant. 

E«noe AD is of constant length. 


Exercises. 


I2r7. Wind the locus o/ apt. such that the sum of (ha sqs. on tfi /TjtffW Lfrt 
from 2 given pts. = a gnen sq. (Cal. Mat.) 

I2I& P IB any pt. wi^in a £Jgm ABCD whose diags. intenect at 
G ; show that PA® + PB® + PC? + PD® = AB® + BC* + 4 PG* 
(Bomb. Prev.) ^ 

1219. Three timet the sum of the sqs. on the sides of a A =/our times 
the sum of the sqs. on the medians, (Cal. Mat.) 

122a G 18 the centroid of a A ABC ; pioTe that 3{GA®-t- GB*+GO^ 
ms AB^ + BC^ 4- CA*. 


1221. The sqs. on the sides of a quadi. are together ^ the sqs on its 
diags. by four Umes the sq. an the sL line joining the mid. vie. of Us 
deags. (CaL F. A.) 

1222. If the sqs. on the sides of a qnadl. are together = the sqs. on ito 
diags., the quad!, is a fjgoi. 

* 1223. In any quadl. if two opp. sides are bisected, the sum of the 
sqa on the other two sides, together with the sqs. on the diags. a the 
mm of the sqs. on the bisected sides together with four the sq. 
OB the line joining the pta of bisection. (Bomb. Mat.) 

* 1224. G is the centroid of a A ABC and D is the mid. pt. of AG • 
prove that DB® + DC® = AB® + AC* - lOAD*. 

* 1225. ABCD is a CJgm of which AC, BD are the diags. ; P is a 
pt. such that PA® + PC® =» PB® + PD® ; prove that ABCD is a rect. 
(Bomb. Mat.) 

* 1226. In a 0, CD is a chord || to a diam. AB ; P is anv pt. on AB : 
■how that AP® + BP® as CP® + DP®. (Bomb. Ptev.) 

* 1227. P is any pt. on a given 0 : Q is a pt. on a given oonoentrio & 
gnoh that PQ subtends a rt. I a meed pi T ; show t)^ the nriSl 
pi of PQ lies on a fixed 0. (Ead. Mai) 
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RECTANGLES UNDER SEGMENTS OF CHORDS. 
Thjbobxk 52. 

(Eiic. HI. 35^ 36.} 

Gren. gnpti. If two chord* of a oirdc intercect either inside or 
mUside the drcict the rectangle contained by the segments of tlU 
one is equal to the rectangle contained by the segments of the oth^^ 



34:2« Fiq* 3^13 ■ 

Fart. Entm. Let AB, CD be 2 chords of a © ABC whose centre 
is F and radius r linear units, intersecting at a pt. E either inside 
the © (Fig. 342) or outside the 0 (Fig. 343). 

It is reqd. to move that 

AE.EB « CE.ED. 


Const. Suppose FG to have been drawn X to AB. 
Jom FA, FE. 


Pnx^. *,• FG is J_ to AB 

Oonst. 

AG = BG 

Th. 35. 

Hence, in F%. 342, 

AE. EB + GE* = AG* 

Th. D, Cor. 1. 

AE. EB + GE* + FG* = AG* + FG*. 
AE. EB = FA* - FE* 

Th. 32. 

= r* sq. units — FE*. 
8imil»ly CE. ED = r* sq. units - FE*. 
AE.EB « CE.ED. 

Q.S.D. 

Again, in Fig. 343, 

AE.EB 4- AG^« GE* 

Th. D, Oor. 2. 

AE. EB + AG* + FG* - GE* + FG*e 
AE. EB - FE* - FA* ... 

Th. 32. 

=» FE* - r* sq. units. 

SimDarly CE. ED ^'VE* r» sq units. 

AE.EB » CE.ED 

O-s.n. 
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Cor. I. If from any point without a circle a chord and a tangerU 
are d/rawn^ the rectangle contained by the segments of the chord is 
’equal to the square on the tangent. (Proof by the Method of 
limits.) 

Cor. 2 . If frorn any point without a circle two straight lines are 
drawn one of which cuts the circle in two points and the other meets 
and if the rectangle contained by the whole straight line which 
^cuts the circle and the part of it without the circle is equal to the 
square on the line which meets the circle^ the line which meets ihc 
circle shall touch it. (Euc. 111. 37.) (Proof by l^dttctio sd 
i^bsurdum.) 
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Theorem 53. 

Gen. If two finite straight lines intersect^ or if the linet 

produced intersect^ so that the rectangle contained by the segments^ 
ef one is equal to the rectangle contained by the segments of the 
otheTj the extremities of the two lines a/re conoyclio. 



Fid. 3i4. Fid. 


Part. Hnim. Let AB, CD be 2 finite st. lines which intersect, 
f)froduced if necessary, at H, and Idt AH . HB CH . HD. 

It is reqd. to prove that 

A, B, C, D are concyclic. 

Const. Suppose the 0 to have been drawn that passes 

through A, B, C Th. 36. 

If this 0 does not pass through D, let it cut CD, or CD 
produced, in D'. 

Proof. AB, CD' are chords of a 0. 

• AH. HB » CH • ED' • * • • • Th. 52« 

But AE.EB « CE.ED, 

CE.ED = CE.ED'. 

ED « ED', 
which is impossible. 

••• the © ABC passes through D. 

A, B, C, D are concyolic. q.».d. 

Exercises. 

taA ABCD is a quadl. insod. in a © and BA, CD produced inters 
•set in O ; prove that QA. OB » OD . OC. (Bomb. Sch. Fin.) 

123^ ©sfne«rfect,th«tr common when 

eonmon UmgsrUs. (Punj, F. B.) 
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, 1230. 1/ 2 0* Infetwci and the cd)B» 7 no»icfcordp«>di»e«i 

jtangenU art dravm, one to each ©, frove that thcae Umgenta are =.. 
(Punj. Mat.) 

1231. Find iheloeus of apt. from, which tangente dreamt to 2 intersMt- 
iffig 05 are ■«. {Punj. Mat.) 

X is the centre of a 0 , ICa r^ins ; from a pt. O without the 

O OQ cuts the 0 at B, prove that OC. CB 

•« 21 C . CQ. (Mad. Mat.) ^ 

* 1233- O is the centre of a 0 and A, B, C are fixed pts. on its cir- 
cumference ; if P IS the mid. pt. of BC and AKI- any chord throuch 
A prove that AK.KL cannot be greater than 

AO** - OP^ (Mad. Mat.) ® 


* ^ 234 - ABC is a A having I A acute ; prove that BC» is less than 
AB» + AC» by twice^e sq. on^e tangent drawn from A to the © of 
which BC is a diam. (Bomb. Sch. Fin ) 


* 1235. Two chords of a Q are drawn at rt Is through a fixed pt. 
toUhin the 0 ; prove that the stan of the sqs. on the ch&rde ie independent 
of the%r dtreciiona, (OaL F. E.) 


♦ 1236. From a pt. A without a 0 2 st. lines ABC, ADE are drawn 
cutting the 0 in B, C, E, D and a 0 is desed. passing throngh 
A, C, D and cutting BE at F ; show that AD. AE = AF* (Mm 
F. A.) 


* 1237. If AB is a diam, of a 0 and APQ a st. line cutting the © 
again at P and a fixed st. line ± to AB at Q, prove that AP. AQ is 
of constant area. (Gal. F. E.) 


♦ 1238, The chord AB of a 0 is produced both ways equally to C, D 
and tangents CE, DF are drawn on opp. sides of CD : show that EF 
bisects AB. (Oal. F. E.) 


* 1239. Two 0s ABCD, EBCF, having the common tangents A£, 

DF, out one another at B, C, and the chord BC is produced to out 
the tangents at G, H ; show that GH* «» AE* + BC*. (Punj. P. A.) 
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PEACJTIOAIi SECTION. 

SQXJABBS Airo BKOTANGHiBS. 

PbobIiEH 24. 

(Euo. U. 14.) 

Gol Ennn. To construct a square equivalent to a given reoUmgis, 



Fig. 346. 

Part. Ennti. Liet ABCD be a given reot. 

It is reqd. to construct a aq. equiv. to the recU ABCO. 

Ccxaat. Produce AD to E making DE » DCX 

Bisect AE at F Prob. & 

With centre F ai^d rad. FA desc. a semi-© AGE* 
Produce CD to meet the semi-0 AGE at G. 

Then shall DG^ » rect ABCD. 

FSroof. Join FG. 

Now I>& - FG^ - FD* . ^ . Th. 32, 

- AF* - FD». 

- {AF + FD) (AF - FD) . . Th. D, 

-^AD . DE. 

■■ rect. ABCD, 

Cor* Oonstruet a square equivalent to a given polygon^ 


4>>ar. 
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The Gtmi^iicai Extraction of Arithmetical Square Hoot. 

In Fig. 346 if AD measores a linear imita and DB measnraa b 
linear units» then DG^ -* ab aqoare units. 

DG =“ linear unite. 

Hius, by giving a and b numerical valu^, we can find geometri- 
cally the square root of their product. For example, DG » ^5 cm. 
if AD fi cm. and DH »> 1 cm. Or» again, DG » tjlb in. if AD » 
5 in. and DE 3 in., or if AD » 15 in. and DE 1 in. 

Exerdsea. 

za^a Bepresent graphically the following lengths ; (i) im, (ii) ^ 
In., \^“63 in., (iv) /s /14 cm., (v) ^Jll cm,, <Ti) ,y 780 mm. 

1241. Oonstruot a sq. equiv. to any given (Punj. F. E.) 

1242. Produce a ^veu at. line AB to C so that root. AB . AC a 
given rect. DE . DF. 

124^ Construct a rect. of given perim. equiv, to a given sq., and 
find when this construction fails. (Bomb. Sch. Fin.) 

1244. Given a sq. and one side of a rect. eqoiv. to the sq., find tne 
other side. (Allah. Mat.) 

* Z245. Construct a rect. equiv, to the diSerence of 2 sqs. (Cal, P. B.) 

* 1246. A St, line AB is bisected at C : find a pt. P in AB produced 

such that PA^ - = PC«. 

* 1247. Divide a given st. line into 2 parts so that the rect. contained 
by them may be the greatest possible. (Cal. Mat.) 

* 1248. Describe an isos, obtuse 1 d A such that the sq. on the 
largest side is equiv. to three times ^e sq. on either uf the » sides. 
(Bomb. Mat.) 

* 1249. Find a pt. P in AB produced such that AB* + AP*= 2 AF . PB. 
(Bomb. Mat.) 

* 1250. Produce a given finite st. line so that the rect. contained by 
the whole line thus produced and the part produced is equiv. to a 
given sq. 

* 1251. Divide the hypot. ol a rt. \ d ^ into 2 parts such that the 

difierence between their sqs. the sq. on one of the sides. (CaJ. Mat.) 

* 1252. Divide a given st. line mtemaily m medial section. (Euo. 
II. II.) 

* 1253. Divide a given st. Ime externally in medial section. 

* 1254. Produce a given fimte straight line so that the sum of the 
sqs. on the whole line thus produced and on the part produced =^8 
times the sq. on the given line. (Mad. F. A.) 

* 1255. On a given st. line as hypot, construct a rt. I d A such that 
the sq. on one side m the reot, oontained by%he hypot. bSS the other 
side. (Bomb. Mat.) 
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Contact of Circles. 

* 12 ^ DcBoribe a 0 passing through 2 given pts. and toaohing » 
given St. line. 

* Describe a 0 passing through 2 given pts. and touching » 
given 0. 

* 125S. Describe a '0 passing through a given pt. and touching 2 
given st. lines. 

Describe a 0 passing through a given pt. and touching » 
given st. line and a given 0. 



S45 


PABT rv. 

BXPEBIMENTAL SECTION, 

RATIO AND PROPORTION, 

Bxpw 394* Draw a straight line AB and divide it into two parti 



Pio. 34:7. 


at C» so that AC « f of AB. 

The fraction f expresses the relation which the line AC 
bears to the line AB in regard to quantity. This relation is 
called the ratio of AC to AB, and is written AC : AB. Hence 
AC 

the quotient and the ratio AC : AB are both represented by 


the same fraction, and one is merely another way of writing 
other. And the same is true of any two magnitudes of the same 
kind if they are commensurable, while if they are incommensur- 
able, they can always be expressed in terms of a common unit to 
any required degree of accuracy, so that we shaU for our present 
purpose treat them as commensurable. With this understanding 
we shall express ratios in the quotient form when convenient. 
For example, the ratio A ABC : A DBF will be writtmi in the 

, A ABC , 
form ^ jjgp 
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£xp. 375- Measare AB and CD in inches, and work out the 



Fzct* S^8« 

AB 

ratio to three places of deaunals- Now repeat in centimetres^ 

and compare your results. Account for any difference there 
may be. 

Hzp. 376 . Draw two straight lines AB and CD. From AB cut off a 



That is, the ratio of AEto AB is the same as the ratio of CFto CD 
Or briefly 

« AE is to AB as CF is to CD ^ 


These four lines are said to be in proportion, and AE, AB are 
said to be proportional to CF, CD for AE in comparison with AB 
is ** portion for portion the same as ” CF in, comparison with CD 

Exp. 377 . Make two triangles having unequal bases but of the 
same idtitude. By measurement and calculation ascertain the 
ratio that the area of the first bears tb the area of the second, and 
compare it with the ratio that the base of the first bears to the 
base of the second. Verify your conclusion theoretically. 

From Exp. 377 we are led to conclude : — 

The areas of triangles of equal altitude are proportional to 
their hoses. 

Learn this by heart. 
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Exp. 

2-9 in- 


¥“ 


Make a triangle ABC having AB « 3*3 in., AC »*► 
rom AB cut off AD « 2*1 in. Draw DH parallel to BC» 


AD 


and 


cutMng AC at E. Measure AE, W«rk out the ration -gp 
AE 

== each to two places of decimals^ and compare. 

CE 

Hsrp. 379- Repeat Ezp. 378, varying the length of AD* 

From Elxps. 378, 379, allowing fmr errors of measurement, 
led to conclude : — . , ^ ^ . i 

If a straight lint ia dratcn parallel io one side of a tnan^tc, 
the other two sides are divided in the same ratio, 

Xfeam this by heart. 

Earn. 380 . Make a triangle ABC, and divide its sides AB and 

AC at D and E respectively, so that *= (This may be 

done by taking AD any fraction, say *7, of AB and AE the 
fraction of AC.) Join DE and verii^ the following truth by 
testing with ruler and set sq^uare ; — . * - 

If a straight line divides two sides of a trtangle tn the same 
ratio^ it is parallel to the third side. 

Learn this by heart. 

Eacp. 381 . ABC is a triai^e, and PQ is 

AB at P, and AC at Q. If AB = 3-8 m., AC = ^ 

AP 1 = 2*4 in,, calonlate the length of AQ> and Teiify hy drawing 
and naeaenpoment. 

Exp. 382 . ABC is a triai^le, and PQ is dxswn p^Uel » 
outt^ AB at P, and AC at Q. H *3 = 9-3 cm., ^ = 

BP^ 4-2 cm., calculate «ie length of AQ, and by drawmg 

and measurement. 

Exp. 383 . ABCD is a quadrilateral, EF is drawn ^ 

AD.^uttail AB at E. and BD at F. FG is draro ^lel ^ DQ 
cutting BC at G. 
and G (^ ' 
calculate 

Exp. 384 . Make atriangle ABC B^i 

Make another triangle DEF 2 “ ^?hen^o tri- 

sides. Now measure and work out the ratios gg» gp» PX> 

to two places of decimals and compare the results. 

Exp.^ 38 S. Repeat Exp. 384 varying t)ie awe of the anglee an 
the length of the sides. jij * 



13 
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From Ezps. 384, 385, allowing for errors of measorement, we 
•wro led to conclude : — 

If two triangles are eguiarhgular^ each side of the first hears the 
same ratio to the correspondtng side of the second. 

Learn this by heart. 

Triangles that are equiangular and have therefore each side of 
the one bearing the same ratio to the corresponding side of the 
other are said to be similar. 

Eacp. 386 . Make two triangles ABC, DEF such that AB b 6 ars 
the same ratio to DE as BC to EF and as CA to FD. (This is 
done by taking DE any fraction, say ' 8 , of AB, EF the same frac- 
tion of BC and FD the same fraction of CA.) Now verify the 
following truth by measurement with protractor : — 

If each side of one triangle hears the same ratio to each side of 
another triangle^ taken in order y the triangles are eqni- 
angnlar. 

Learn this by heart. 

Escp. 387 . ABC is a triangle and PQ is drawn parallel to BC 
cutting AB at P and AC at Q- If AB « 3T in., BC = 4*2 in., 
AP = 1*9 in,, calculate the length of PQ and verify by drawing 
and measurement. 

Exp. 3 S 8 . ABC is a triangle right angled at A and AD is the 
perpendicular from A to BC. Then the triangles ABD, ACD, 
ABC are similar (why 7), If AB = 9*3 cm., BC « 10*8 cm., 
CA =5*5 cm., calculate the lengths of BD, CD, AD and verify by 
drawing and measurement. 

Exp. 389 . ABC is a triangle. A circle touches BC at C, passes 
through A and cuts BA produced at D. Then the triangles ABC, 
BCD are similar (why?). If AB = 6'8 cm., BC = 7*9 cm., CA 
= 6 cm,, calculate the lengths of CD and AD and verify by draw- 
ing and measurement. 

Exp. 390 . ABC is the circum-circle of a triangle ABC. Another 
circle ADC touches AB at A and passes through C. The tangent 
to the circle ABC at A cuts the circle ACD at D. Then the 
triangles ABC, ACD are similar (why?). If AC =» 4*8 cm., BC 
= 5*9 cm., AB = 6‘6 cm., calculate the lengths of CD and AD 
and verify by drawing and measurement. 

Exp. 391 . Make a triangle ABC having LA «* 66 ®, AB = 2*6 iru, 
AC = 2*9 in. Make another triangle DEF having LD = L^ 

DE AB . 

DF " AC measure BC and EF and show 

that the triangles ABC and DEF have each side of the one bearing 
the same ratio to each s^ide of the other taken in order and are 
therefore similar. 
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From Exp. 391 fre are led to coiiclude — 

// rntin nf tico sides of otte frtangle be equal to the rati^o/ 
i%oo sides of another triangle^ and if the angles conietime** 
by these si^s be equal the irusngles are simUar. 

Iiearn this by heart 

Exp. 392 . Make a Lriaagle ABC having AB ■■ 8*3 em», BC *- 7 
«in-, CA 12-1 cm. From AB cut off a part AD — 6 cm., and from 

AB AD 

AC cut off a part AE such that — ^g. Caloolate the length 
of DE, and verify by drawing and measurement. 

Exp. 393 , Make a triangle ABC having AB -■ 7*7 cm., BC A’l 
cm., CA = 5*2 cm. Produce BC to D so that CD -« BC. Join 
AD. h^ke another triangle EFG similar to the triangle ABD, 
but havi^ FG = 5-2 cm. Now calculate the length of the median 
of the triangle EFG through Hand verify by drawing and measure- 
ment. 

Exp. 394 . Make a triangle ABC having AB -» 2*7 in., BC « 
in., CA ■« 2*3 in. Draw AD bisecting L A iniemeUiy and cutting 

BD 

BC at D. Measure BD and CD and work out the ratios and 
AB ^ ^ 

each to two places of decimals and compare the results. 


Exp. 395 . Bepeat Exp. 394; varying the measurements. 

E^. 396 . Make a triangle ABC having AB *-> 4*4 in., BC ** 
2T in., CA= 2*6 in. Draw AD bisecting L.A extemeUly and 
cutting BC produced at D. Measure BD and CD and work out 

the ratios and each to two places of decamais aad 


compare the results. 

Exp. 397 . Repeat Exp. 396 vurying the measurements. 

From Exps. 394 to 39?, allowing for errors of measnarement, we 
are led to conclude : — 

Hu intemdl bisector of an angle of a triangle divide# the 
oppofttie side internally in the ratio of the sides containing 
the angle^ and likewise the toAemal bisector externally. 
Learn this by^ h^irt. 


Exp. 39 S. Make a triangle ABC having AB ^ 8*6 cm., BC 9*2 
cm., CA * 6*7 cm. Draw AD bisecting LA internally and cutting 
BC at D. Calculate the lengths of BD and CD and verify by 
measurement. 


Exp, 399 , Make a triangle ABC haviaag AB ■■ 3*6 in., BC 2*2 
in , CA =» 1*7 in. Draw AD bisecting LA extenmlly and catting 
BC produced at D. Calculate tiie lengths of BD and CD and 
verify by measurement. 
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Exp. 400. Make a triangle ABC having AB =» 8'5 cm., BC ■» 
8'8 cm., CA => b'8 cm. Draw AD bisecting LA internally and 
BE bisecting LB internally. Let AD and BE intersect at I. 

AI 

Now work out the ratio -gj to two places of decimals and verify 

by measurement. (See Properties of Proportion IX., page 356 .) 

Exp, 401. Make a triangle ABC having base BC = 32 in. and 
altitude AP = 2'4 in. Make another triangle DEF equiangular 
and therefore similar to the triangle ABC out let its base EF = 
2’8 in. Then the altitude of the triangle DEF and AP are pro- 
portional to EF and BC (why?). Now evaluate and compare the 
ratio 

area of triangle ABC 
area of triangle DEF 

with the' ratio 

area of square on BC 
area of square on EF* 


Exp. 402. Bepeat Exp. 401 varying the measurements. 

From Exps. 401 , 402 we are led to conclude ; — 

The areas of similar triangles are to one another as the squares 
on corresponding sides. 

Learn this by heart. 

Exp. 403. Make a ixiangle ABC having BC = 8*6 cm. and area 
= 27*2 sq. cm. and from it cut off a triangle ADE by a straight line 

9 

DE^rallel to BC such that the triangle ADE is of the tri- 


angle ABC. Verify by measuring the base and altitude of the 
tidangle ADE mid calculation. 

Exp. 404. Make a triangle ABC having AB = 6’3 cm., AC = 
3*1 cm., BC = 6 cm. Draw the tangent at A to the circomcircle 
of the triangle ABC and let it meet BC produced at D. Then 
AABD and AACD are similar (why?). Evaluate the ratio 
AABD 

A ACD ^ places of decimals and verify by measuring CD 


and using the result of Exp. 377. 
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THBORETICAL. SECTION. 

RATIO. 

The quotient of one magnitude by another expreasee the ratio <->f 
the first magnitude to the second. Thus if one magnitude A con- 
tains a particular unit a times, and another magnitude B contains 
the same unit b times, the ratio of magnitude A to magnitude B is 
expressed by the quotient of A by B, which in this case is csqual 

to the fraction 

Euclid defines Ratio as the mutual relation of two magnitudes 
of the same kind to one another in respect of quantity This de- 
finition, however, cannot be accepted as satisfactory, for the ides 
of ratio is a fundamental conception, and cannot bo precisely de- 
fined. 

If A and B are incommensurable magnitudes, the Quotient of 
A by B can only approximately be expressed numerically. Since, 
however, the measures of incuinmensurable magnitudes of the 
same kind can be expressed in terms of any chosen unit to ae 
many decimal places as we please, we shall, for our present pur- 
pose, always regard them as commensurable- 

The ratio of A to B is written A : B. It is also put in the quotient 

forms g, A/B and A -r B. 

A 

Of the terms of the ratio g. the numerator A is called the ante- 
cedent and the denominator 3 is called the consequent of the ratio. 

Note X. "We can only speak of the ratio of one magnitude to 
another of the same kind just as we can only speak of tlie quotient 
of one magnitude by another of the same kind. For exMnple, we 
can speak of the ratio of one area to another area or of one sum of 
money to another sum of money, but not of an area to a length or 
of a weight to an interval of time. 

Note 2. The ratio of one magnitude to another is aji abstract 
■number and is independent of the particular unit or nnits in^ terms 
of which the magnitudes are expressed. Thus the ratio of 7 inches 
to 16 inches is and not ^ in^es. 
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Tlw ratio g is said to be one ot 

greater inequality if A is greater than B, 
equality if A is equal to B, 
less inequality if A is less than B. 

Exercises. 

1260. Express the following theorems algebraically and supply a 
proof ia each case: — 

(a) A ratio is unaitered by multiplying antecedent and consequent 
by the same number. 

{&) A ratio of greater inequality is duniiushed by adding the same 
quantity to antecedent and consequent. 

(c) A ratio of less inequality is increased by adding the same quan- 

tity to antecedent and consequent. 

(d) A ratio of greater inequality is increased by subtracting the 

same quantity from antecedent and consequent. 

(e) A ratio of less inequality is diminished by subtracting the same 

quantity hrom antecedent and consequent. 

1261. Find the ratio of 1000 sq. in. to 6 sq. ft. 

1262. Express the ratio of IS cm. to 27 cm. as a decimal fraction to 9 
places. 

1263. Write down the ratio of the diagonal of any square to its side 
and verity by construction and proof. 

1264. Write down the ratio of the altitude of any equilateral triangle 
to its side and verity by construction and proof. 

1265. Which is the greater ratio 82 yds. to 55 yds. or 37 in. to 60 in f 
iC 255 . What quantity added to the antecedent and consequent of the 

ratio 5 ft. : 9 ft. will convert it into the ratio II ; 13 ? 

ABC is a right-angled The ratio of side AB to side BC iS' 
The square on hypotenuse AC measures 164 sq. in. Find AB and 
BC. 

12^ ABC is a right-angled A. The ratio of hypotenuse AB to side 
BC is The square on side AC measures 125 sq, cm. Find AB and) 
BC. 

1269. Dirida 288 * into two parts in the ratio of 6 to 9. 

1290. If 2 ** - Szy - 3 p® ■» 0, find the ratio of « to y. 
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PBOPOBTION. 


Oef. <S8. II the ratio ol one magnitude to a second ie equal to the 
ratio ol a third to a lourth, the four magnitudes are said to be in pro* 
portion, and the first and second are said to be proportional to the third 
and lourth. 

A C 

Thus II A, B, C, D are four magnitudes, &nd-g » g ox A : B » 

C : D, we say that A and B are proportional to C and D, or “ A is to 
B as C is to D This proportion is sometimes written A : B : : C : D. 
A C 

In any proportion g = q the terms A, D are called the extremes 

Mai B, C the means ; also D is called the fourth proportional to A, B 
and C. 


Note. — When four magnitudes are in proportion, the two compared 
In the first ratio need not be of the same Idnd as the two oompared m 
the second ratio. This is implied in Dei. 68. 


r 


Fox example, 


tt. 4 m. 


3 ft. 6 in. 
Since each ratio a 


1 ton 2 cwt. 
“ 1 ton 18 owt. 
h 


Dei. 6a II the ratio of one magnitude to a second is equal to the 
ratio of tne second to a third, the three magnitudes are said to be in 
proportion. 

A B 

Ihns if A, B, C axe three magnitudes in proportion, we bare g 

In this proportion the term B is called the mean proportioaal 
tween A and C ; also C is called the third proportioaal to A and B. 

Note. — When throe magnitudes aie in proportion, they must all be 
of the same kind. This is implied in Del. 69. 

ABC 

Oef. the magnitudes A, B, C, D, etc., are 

«sdd to be in continued proportion 
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PBOPBBTIBS op PBOPOBmON. 


L ^ g “ g> then ^ = q (Invortendo) 


for ^ 
A 


I • ^ 


1 . C D 
^ D “ C* 


TT Tr^ ^i.l_ AH“B C+B 

D~ 


(Componendo) 


m. If g = §, then 


for ^ + 1 = g + 1 

l+B C+D 

• * ~B~ “ D * 

A ~ B C - D 
B D 

£ ^ 1 
D ^ 
A - B C - D 


(Dividendo) 




B D • 

rV- If g “ g, then ^-^-g = §‘~^ (Oomponendo mi4 Divl- 
dendo) 


for 


A + B 
A B 


1 + ^ 


C + D 

A _ i“ 

- 1 

C - D’ 

B ^ 

D ^ 


g. then 

A P 

6 " R 

(Ex eeqnftll) 

B C 

<5 R 

P 



VL where a, &y d are absiraet nambw% 

j j (Altezziando) 



PBOPBBTIBS OB BBOPOETION 


359 


vn. If ? 

0 

4id -« 6c 


1 


where a, 6, c, d are abstract numbers, then 


for j X 6d a= 2 X 6d 
r, ad ^ 6c. 

a b 

Cor. I. If g-**- where a, 6, c are abstract numbers, then 
«<? » 6®. 

Cor. 2. Jjf /our straight Imes are in propoHio7if the rectangle con- 
tained by the extremes is equal to tihe rectangle contained hv the means, 
<Euc. VI. 16.) 

Cor, 3* 1/ three straight Imes are in proportion^ the rectangle co 7 »- 
t^Md by the extremes ijf equal to the square oti the mean, (Euc. VL 


VIIL If ud — 6c, where a, 6, c, d are abstract numbers, then 

a c 

6 "rf* 

for aci 4- 6c2 * 6c -r bd 
a c 

••• 6*^a- 

Cor, T, Tf ac «« 6* where a, 5, c are abstract numbers, then 
a 6 


Cor, 2^ If the rectangle contained by otic pair of straight lines is 
equal to the rectangle coiitained by another paU\ the fou/r straight 
lines are in proportion, (Eua VL 16.) 

Con 3- If the rectangle contained by two straight lines is equal to 
the square on a thirds the three straight lines are in proportion^ 
(Buo. VI. 1L> 


IX. If” 



where a, 6, c . . • p, q* r 


abstract numbers, then 


a 

P 


for if 


a 

f 


a -r b c 
j5 4- r + . , . 



then a •• pk^ b qk, ^ rk , . , 
a 4- 6 + c + . . , ^ kip ^ q 

^ * p q + r T . . . # ^ 


•) 


are 
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BLBMBNTS OF GBOMBTKY 


Exercises. 

1371. Alt the foUoTidiig statements ooxreoi 

5 in. : 7 in. 6 sq. in. : 7 sq. in. 

5 in. : 5 sq. in. <■ 7 in. : 7 sq. in. ? 

1272. Complete the proportion 2 } yds. : 6) yds. « If os. * 

1273. Find the fourth proportional to ’ 16, 6 and 1’6. 

1274. Find the fourth proportional to 5 , *15 and 4 * 5 . 

1275. Find the third proportional to 1 sq. ft. and 86 sq. In. 

1276. Find the third proportional to 36 sq, in. and 1 sq. ft 

1277. Find the mean proportional between 4 shillings and 8 penoe. 

127S. Find the mean proportional between 3 penoe and 4 shillings. 

1279. Find the third proportional to 1 + ..ys and 8 + SnJS, 

1280 A mixture contains 82 parts gold, 5 parts silver and 8 parts 
copper; what Is the percentage of the copper in the mlxtunt 

1281. Prove that the fourth proportional ola,b,b is the third pro* 
portional of a, b. 

x^z If a, 5 , c ore abstract nimbers, and a : b «• 6 : e, proos that 
• : c «a a* : b* » b* ! c* wd b » n/oc. 

1:^3. If a, b, e, d are abstract numbers, andfitbabicwoid, 
prove that oidaa*: b>»b*:c*«c*:(Pandbja{/^e«i ^ 52 |t. 

1284. If a : b « c : d, and b is a mean proportional between c and d, 
prove that e is a mean proportional between a and b. 

1285. Prm that a given straight Im&m be dmded mtmuUly in « 
fivm ratu) at one and mly one point. 

1386 . Prove that a given straight line can be divided eKttmaUy in « 
given ratio at one and only one point. 

1287. Prove that the rectangle contained between twe rt. Unas is i 
mean proportional between the squares on the lines. 
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proportionaij division op straight DIHHSS. 

SIMILAR TBIANGIiHS. 


Theobsm 54. 


(Euc. TI. 2.) 

GexL Hnun. (A) Tf a straight lint i$ drawn pa/raUtl to one sido 
of a triangle the other two sides are divided in the same ratio. 
Conversely 

(B) If a straight line divides two sides of a triangle in the Sdjma 
ratio^ it is parallel to the third side. 



Eio« S50. 


Part. Entm. (A) Let the at, line XY be drawn || to the side BC 
of a ABC cutting AB and AC at X and Y reepy. 

It is reqd, to prove that 

AX _ AY 
BX ~ CY* 

Const* and Proof. Suppose AX and BX to have a common measim 
PQ and suppose 

PQ 

and BX - n. PQ 

, AX m 
so that sv ■“ 

Suppose AB divided into m + n equal parts. 

Then AX will contain tw and BX will contam 
n of these parts. 

And each part »* PQ. 

Through the pts. of division in AB suppose si. 
lines dr.^wn 11 to BC, 

These parallels will dividle AC into m 4- a 
equal parts, of which AY will contain m 
and CY will contain n , * Th. 23. 

.V X. AY m 

7 AX AY 

^ 5 ?- 
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ELEMENTS OP GEOMETRY 


Part. Knun. (B) Let the st. line XY divide the sides AC 

AY A V 

of a A ABC at X, Y so that ^ . 

It is reqd, to prove that 

XY ii* 11 to BC. 



Pia. 361. 


Proof. If XY is not )i to BC suppose the || to BC through X to 
cut AC at Y^ 


Then 

But 


AY + 


AX _ AY^' 

BX C Y' 

AX _ AY 
BX ~ CY 
AY AY' 

CY CY' 

CY AY' + CY*^ 


• - CY ~ CY' • 
^ . AC AC 
that IS « CY' * 


Th. 64 <A). 
Hyp, 


Conip<»neniU>. 


. •, Y and Y' coincide. 

. \ XY is parallel to BC. 

Q.K.n. 


Similarly if XY be drawn ll to BC outtinj^c AB and AC jproduced 
eitlier way 



Fta. 3651. 


Fxo. 668* 





KBOPORTIONAIi DIVISION OP STBAIGHT LINES S5^ 


X and Y respy. it can be proved that 

AX AY 
BX CY* 

And, conversely, 

if XY divides the sides AB, AC of a A ABC produced either 'way 
AX AY 

at X, Y so that ” 'gy can be proved that 

XY 18 II to BC. 

Cot. If a at. line XY be drawn [\ to the side BC o/ a A ABC 

Ar» j. -xv AB AC , AB AC 

tuttxng AB and AC at X, Y then and =* 

and conversely. 


Hxercises. 

1288. The St. line joining the mid. pts. of the sides 0/ a A ^ II ^ 
base. 

1289. ABCD is a quadl. having AB i| to CD ; prove that the st. line 
joining the mid. pts. of AD and BC is || to AB. 

Z290. ABCD is a guadL }iavvng AB || tx) CD ; prove that any sU line 
drawn \\ to AB cuts AD and BC proper Handily. 

i^l. ABCD is a quadl, having AB 1 | to CD ; prove that ajiy st. line 
cutting AD and BC proportionally is || to AB. 

1292. Points D, £, F are taken on the sides AB^ AC, BC respy. of 

a A ABC such that D£ is || to BC and £F is || to AB ; prove that 
AB BC 

AD ^ BF’ 

1293. The diags. of a irepesium cut one another pro2)ortionally, 

X294. E is a pt. in the side AB of a quadl. ABCD ; £F || to AD 

meers BD in F and EG || to AC meets BC in G. Prove that FO 
Is t! to CD. 

1295. E is a pt. in the diag, BD of a quadl. ABCD ; EF (| to DA 
meets AB in F and EG (| to DC meets CB in G. Prove that FG 
is II to AC. 

1296. If 2 st. lines ate cut by $ or mare |f st Itnes^ the intercepts on the 
one have the same ratios as the intercepts on the other. 

1297. O is a fixed pt. and PQ a fixed at. line ; OR is any st. line 

OS 

drawn from O to PQ and S is a pt. in OR snoh that the ratio 
is const. Find the locus of S. 

X298. BE bisecting the median through A of a A ABC meeta AC 
at E, Prove that E Is a pt. of triseotion of AC. 

* X299, The areas of ^As and name of ^he same attitude are to one 
aftother as their bases. (Buo. V 1. X.) 
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ELEMENTS OP GEOMETRY 


* 1300. If ABC, PQR are S A»<>f = ««« having^ prove 

that ; and conversely if |_A = L.** pR ” AC P’’®®* 

that A ABC = A PQR 

* 1301. If ABCD, PQRS are 2 ofm txrea having L^B = lp| 

prove that gp = ^ and eowuersely %f 1_B ■» 1_S and gg = 
prove that CJg”^- ABCD = [Jgm. PQRS. (Euc. VI. 14.) 

* 1302 ST is drawn 11 to the side QR of a A PQR meeting PQ at 
S and PR at T. If RS, QT intersect at V prove that PV lies along 
a median of the A PQR* 

* 1303. XY is drawn paraUel to BC the base of a A ABC cutting 
CA pioduced and BA produced at X, Y respy.; if D, £ are the mid. 
pts. of BY, CX prove that DE is || to BC. 

* Z304. A st. line is drawn cutting the sides BC, CA, AS (produced 
if necessary) of a A ABC in D, E, F respy., and it is equally inolmed 

BD BF 

to AC and AB ; prove that gg 

•1305. PQR is a A; PS is th«? 1 from P to the internal bisector 
^ LQ J ST drawn J to QR m«ets PR in T* Prove that T is the 
miaTpt. of PR. 

* 1306. QS, RT are the bisectors of the external Is at the base 
QR of a APQR S, T are the feet of the JLs from P on QS, RT ; 
prove that ST is )i to QR. 

* 1307. If the line joining a Txed pt. to any pt. on a fixed © be 
divided at P in a constant ratio, Vid the loons of P, 
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Theobem 55. 

(Euc. VL 4.) 

Note. — The 8l<Xee of equiangular triangles, which are opposite to 
equal angles, are called corresponding sides. 

Gen. Hnun. // two trtcmgles are equiangular each side of the Jira^ 
bears the same ratio to the correspo^iding side of the second. 



Fart. Enon. Let ABC, DEF be 2 having 

fLA - 
iLB-l E. 

VLC - LlF 

It is reqd^ to prove that 

AB AC BC 
DE * DF “ EF' 

Conat. 

DEF can be placed so that pt. D coincides with pt. A» 
side DE falls along side AB and side DF alongside AC. 
Iiet E% F' be the new positions of E» F. 

PtooL L.AE'F' - L.B . . • . . Const. 

••LB* * * * • HyD- 

E'P" is II to BC T^6. 

. *■ ^ ** Til* B4 0ot« 

. AB AC 
♦hst IS jjg- 

Similstl; by pIsoinK A DEF so that pt. B eoinoules with pt. B, 
side BD f»IIs stong side BA sad side BP along side BC* it «sn b* 
shown that 

AB ^ BC 
DE EF' 

. AB AC BC 
■ • B1 " 5f " ^ 
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ELEMENTS OF GBOMETBT 


Theobbm 56. 

(Euc. VI. 6.) 

Gen. Enun. If each side of one triangle bears the same ratio to 
each side of another^ taken in order^ the triangles are equiangular. 



Fig. 356. 


Part. Hnun. Let ABC, DEF be 2 As in which 
^ AC _ BC 
DE DF “ EF* 


It is reqd, to prove that 

f^s ABC, DEF are equiang. 

Const Suppose L_ FEG =• |_ B aaid 1_ EFG - 1_ C, the pu. D 
«na G being on opp. sides of EF, 

Proof. • As ABC, GEF are equiang. , , Th 8, Cor. % 

, AB BC 

• • GE “ EF • ’ • • • Th. 66. 

AB 

"* DE ..... Hyp. 

GE=. DE. 


Similsrly GF - DF. 

Also EF is oomraoQ to As GEF, DEF. 
Hence AGBF = ADEF . 

. •. A® GEF, DEF are equiang. 
But As GEF, ABC „ „ . 

AsABC, DEF „ 


Til, 14 . 
Const. 
Q.K.». 


“® equUngular, and haye thsreforo eacb 
co^eaponding .id?S 
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Ezerdses. 

1308. Tht *«. Itna joining the mid. pts. of the sides of a is ^ th* 
bctse. 

1309. sL line drawn H to a side of a ^ outs off a stmtlar A, 

1310. BE is the Internal biseofeor of LB of a ABC and D, E ace 
the feet of the JLs from A, C on BE ; prove that AD . BE « BD . CE, 

13x1, Tn similar ^3 correspondtng sides are jproportional to corrs* 
spending altitndes, 

1312. If one of the || sides of a trapezium is double the other prove 
that the diagonals meet in a pt. of triseotion. 

13x3. Deduce from jB?«, 1812 that tJie medians of a /\ trisect each 
othSre 

X314. S I fits lines are cut by 3 or more ai. lines draton from a 
common pLi jirove that the intercepts on the one are proportional to the 
corresponding intercepts on the other, 

13x5. A, B» C are Hxed pts. in a st. l5no» and CD is any st, line 
through C ; prove that the is from A and B on to CD bear to one 
another a const atit ratio. 

x3x 6* Df E are the mid. pts. of the aides AB, BC of a /\ ABC and 
DF^ EG are drawn H to one another, meeting AC in F, G; prove that 
DF * EG* 

X3xy. // from any pt, without a 0 a ohd, and a tangetd are dramit 
prone that the reel, contained by the segments of the chd, ^ the on the 
tangenti, 

X3x8* If 2 chds* 0/ a 0 intersect either inside or outside the 0* the 
red, contained by the segments of the one » the red, contained by the 
segments of ths other, 

13x9, ABCD it a C 78 ^ BEF is drawn meeting AD produced 

IBC 

at F and cutting CD at E ; prove that «* gfg* 

X3aK>. // a be an angle whose vertesi is O and from any pt, P tn 

efihe arms a X be drawn to the other arm, prove that the ratio 0^ 

is the same for all positions of P. 

PN 

N[ote*--**The ratio is called the sdxie of the angle a (written 
ahia). 

ON 

X3ax« inihefig, of Mm, 1890 prone that ths ratio is the same for 
aU posHkme of P, 

ratio ^ is called the coehie of the angle « (written 

ooea). 

PN 

xsas. In the fig, of Mm, 1890 joroee ihod the rode 4 $ the same for 
aUpoeithmofP, 
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note. — ^Th« ratio is called the tang^ent of the angle m (vritteis 

tan a}. 

1323. In a rt, [d ^ ABC a ± AD ts drawn from the rt, LA to 
^ hypot. BC. Prove that (1) AD ^s the mean proportional between 
BO and CD, (2) AB is the mean proportional between BC and BD. 

1324. PQ is a fixed diameter of a © and S is a pt. on the tangent at 
Q ; ifr*S outs the ciroumfce. at R prove that the root. PR . PS is oon- 
etant for all positions of S. 

132c PQR is a A and VPX is drawn through P || to QR ; if PX 
»= PV and QX outs PR at S and RV outs PQ at T prove that TS 
is II to QR. 

X326. PQRS is a quadl. having PS JI to QR ; PR and QS meet at 
T and XTV is drawn ll to PS meeting PQ and SR at X and V respy. 
Prove that XT VT. 

1327. If 2 A^s are on » bases and between the same parallels* any 
st. line II to their bases will out ofi equal areas from the As. 

1328. The tangent to a 0 at P cuts 2 |) tangents at Q, R whose pto. 
of contact are S, T respy. If QT, RS intersect at X prove that PX 
is 11 to QS and RT. 

1329^ Tlie corresponding sides of similar to one another as 

their circum-radii. 


Z33a P and Q are fixed pts. and AB is any st. line passing between 
them i prove that if the from P and Q on to AB hear a constant 
ratio to one another, AB must pass through a fixed pt. 

Z33zl A O of centre P touches a © of centre Q externally at R and 
a st. line SRT is dravm meeting the first 0 at S and the second 0 ait 
T ; prove that PR . RT « QR . RS. 

""1332. D, E, F are pts. on the sides BC, CA, AB of a A ABC 
such that DH is | to BA and £F is || to BC. Prove that A PEF Is 
a mean proportional to AFE and DEC. 

* 13^ If P, Q are pts. of contact of a direct common tangent to 
2 0s that touch one another externally* prove that PQ is a moan 
proportional between the diams. of the ©a. 

* 1334. Q contact of a direct common tangent to ^ 

0s that touch one another externally at T and if PQ meets the line of 
centres in R* prove that TR is the mean proportional between PR and 
QR. 

* X 335 * ^iiie tangent at P to a fixed © meets 2 || tangents at Q and 
R ; prove that reot. PQ . PR is const. 

* 1336. ABC is a A ^ AB, AC such that 

, AB FF 

BD CE. If D£* BC produced meet at F, prove that «« 0|j:. 

* ^ 337 * AB is a diam. of a © and BEF is the tangent at B ; AH is 
drawn to out the ciroumfce. at C and AF to but the ciroumfce. at D. 
Prove that A ACD is simile# to A AEF. 
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* 1338. If 2 A« have one L of ihe one «« one L_ 0/ arw2 the 

§tdes about 2 other | s in proportion^ then the remaining Ls are either 

» or supplementary, (Euc. VI. 7 .) 

* 1339. PQ is one of tihe « sides of an isos. A PQR ; ST bisecting 
PQ at rt. r s meets the base QR produced at T. Prove that 
PQ«= QR.QT. 

* X340. The internal bisector of the vert. L A of a A ABC 
meets the base BC at D and the oircum-0 at £. Prove that 
AB . AC « AD . AE. 

* 1341. In the fig, of JBx, IB^O prove that AB • AC » BD . DC + AD*-^. 
^Euo. VI. B.) 

* 13^12. The external bisector of the vert, I A 0/ fl A ABC meets the 
base BC prodiiced at D ; prove that AB . AC*® BD . DC - AD*. 

* 1343. If from the vert, L 0/ a a $t, Itne be drawn to ike 6ase< 
the red, contained by the stSes of the ^ shall he equal to the red, con- 
tamed by the jL and the diam, of the cvrcum-Q, (Euo. YL 0.) 

* I344» The red, eontoA/ned by the diags, of a cyclic quadl, « the sum 
of the reds, contcUned by the opp, sides, (Euo. VI. D.) 

* 1:345 PQR is an eqnilat. A and S is a pt, on the arc QR of the 
eiroum-O ; prove that PS *» QS + RS. 

* 1346. If 2 As PQR, STV have !0 = IT prove that 

SPQfe‘-ASTV« PQ.QR:ST.TV. 

* 1347* Two ©8 intersect at P and Q and at P tangents are 
drawn to each 0 meeting the oiroumfces. at R and S ; prove that 
A PQR ; A PQS « QR ; QS. 

* X348. QR is a diam. of a 0 ; P is a pt. on the clroumfce, ; the 
tangents at P and Q meet at T; PS is the «L from P to QR; prove 
that TR bisects PS. 
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Theobxm 57# 

(Euc. VI. 6 .) 

Gen. Ennn. If the ratio of two sides of one triwngle be equal to the 
ratio of two sides of another triangle^ and if the angles contained 5y 
these ^es be equals the triangles are similar^ 



PiQ. 366. 

Part Enun, Let ABC, DEF be 2 As m which 

HA « LD 
\ AB DE. 
lAC “ DF 

It is reqd. to prove that 

A^ ABC, DEF are 
Const. i A i_D. 

ADEF can be placed so that pt. D coincides with pt. 
side DE falls along side AB, and side DF along sid» 
AC. 

Let E', F^ be the new positions of F. 

PE 

DF • • . . 

DE “ DF 
AB AC 

AE' “ AF' • . . , 

E'F' is II to BC 

L-AE'F' « LABCandLAF'E' 

As ABC, AE'F' are eqaiang. 

Hence As ABC, DEF „ „ 

• •. each side of the one bears the same ratio to the cor- 
responding side of the other • * , Ta. 55 ^ 

• *. As ABCc DEf' are similar. 


^ ^ AB 
Proof. *.• 


that is 


- . Hyp. 

• Alternando* 

• • Const. 

• Th. 64, Oor# 
L.ACB Th. 6 . 
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Exercises. 

1349. If tfhe dlags. of a qoadl. are divided proportioitallv at their pt, 
of intersection, prove that the quadl. is a trapezium. 

1350. Two st. lines AB, CD intersect at E so that reot. AE . EB ■« 
reot, CE . ED ; prove that As AED, BBC are similef , 

*35**. JL 'vertex A of a A ABC to the base BC, 

and if AB is the mean proportional between BC and BD, prove that 
L_A is a rt. , 

1352* Prove that the medians from corresponding I ^s of timilar As 
are equally inclined to the opp. sides. 

1353. D o» the side AB 0/ o A ABC, DE is drown |i to 

BC ; »/ gg -■ ^ provs that the pt. Elies on, AC. 

p * 1354. 'Two ©8 Intersect at P and Q, and the tangents to the ©s at 

meet the oiroumfces. again at R and S ; prove that PR : PS = 
radius of © PQR : radius of © PQS. 

* 1355. Two ©8 intersect at P and Q, and a st. line RPS is drawn 
meeting the oiroumfces. at R and S ; prove that OR : QS « radius of 
© PQR : radius of © PQS. 

* r 35 <!. M?id the locus of the miipts. of st. Urns dratm K to the base 
8/0 A> terminated by the sides. 

* I 3 S 7 ‘ is a A and S is a pt. on PR, produced if necessary, 
such that PS is a third proportional to PR and PQ ; prove that PQ 
la a tangent at Q to the ciionm.© of A QSR. 

* 1338. From any pt, F in m given st. line OX, PQ is drawn {| to 
another given st. line OY so that PQ bears a const, raito to OP t find 
the loom of Q. 

* 1359- The corresponding sides AB, DE of similar Ae ABC, DEF 
are divided at P, R so that BP : AP « ER : DRandtheoorresponding 
sides BC, BP at Q, S so that BQ : CQ ES : FS. Prove that PQ ; 
RS » AC : DF. 

* 1360. O is a fixed pt. and PQ a fixed st. line ; OR is any st. line 
drawn from O to PQ, and S is apt. in OR such that the reot. OR . OS 
is const, Find the loons of S. 

* l3)Sx. A pt. P moves on the arc of a segment of a © whose ohd. is 

AB. AjdtCie taken on BP snoh that Is a oonst. ratio, and a pt. 

PD 

O is taken on AP such that is the same ratio. Prove that CD 
always toaohee a fixed ©. 
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Thsobbu 58. 

(Euo. VI. 3 and A.) 

Gen. Entin. The internal bisector of an angle of a triangle di^ 
ifides the opposite side internally in the ratio of the sides containing 
\he angle, and likewise the external bisector externally. 
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Part, Eaun. In the A ABC let AD bisect LB AC internally 
(Fig. 357), and externally (Fig. and cut BC or BC produced 

at D. 

It if reqd. to prove in both cases that 

BP BA 
DC* AC 


Const. Through C supp »8e CE drawn II to DA, catting BA 
produced (Fig, 357), and BA (Fig. 358) at E. 

Take a pt F in BA (Fig, 357), and in BA produced (Fig- 358). 


Proof. DA is J to CE 

in both Figs., LI>AC - LACE and 

Lfad«Laec • . • . 

ButLDAC « LFAD • • • , 

.% lace « LAEC. 

« *• A£ ■* AO 


Ooust. 

Th. 6 
Hyp. 

Th. 13, 


Again 


*. • DA is II to CE a side of the ^BCK 
-"■ji/jn both Figs., »■ , 


Const. 

Th. 5A 


. BD 


BA 

xe* 






PBOPOBTIONAIi DIVISION OF STBAIom TilNBS SSa 
Dafo 'JXm a. straight line AB divided internally at P, aiid> ex- 




Fro. 859. 

AP AO 

terzuilly at Q, ao that jgp = gQ is said to be divided harmonicany. 


Exercises. 

1363. The base of a Is divided harmonically by the internal and 
external bisectors of the vert, i . 

1363. AD is a median of a A ABC ; DE bisecting L_ADB onts AB- 
at E aud DF bisecting L^ADC cuts AC at F. Prove that EF is || to 
BC* 

1364. AD is drawn to the base BC of a A ABC ; DE bisecting I 

ADB outs AB at E and DF bisecting LADC outs AC at F ; if El? 
is II to BC prove that AD is a median of tEe A ABC. 

1365. If AB is divided harmonicaUy at P and Q prove that PQ is 
dwtded harmonioally at A and B* 

1366. Xf AB is divided harmonically at P and Q prove that 

112 
At> + AQ ” Al- 

1367. If O is am pt. in a A ABC and OX, OY, OZ biseoting L.a 
BOC, COA, AOB meet BCTCA, AB in X, Y, Z respy. prove that 

BX CY AZ , 

XC • YA • ZS "" 

ABC is a A having AB > AC. 11 AD hlsaoting I A cnta 
BC at D and B it tM mid. pt. of BC prove that 

AB +AC BC 
AB“^e BB- 

1369* PQR is a A rt. Id at P and PS, PT are drawn equally In- 
olined to PQ ; If PS meets OR in S and RQ produced in T prove that- 
TR : SR « TQ : SQ. 

1370. Tl I Is the tncentre of the ^ ABC and AI produoed outs BC 
at D, prove that jjj mm — , 

tgfX^ XI the bisectors of the Is A and C of a ^adl. ABCD meet on 
the mag. BD, prove that the biseotoni of the l_s B and D will meet on 
the diag. AC 

Prove that the internal bisectors of the angles of a A ^ 

current. 

• *373* ABCD Is a quadl. BD bisects IB and BD is the mean 
^portional betwcin AB and BC. Xf BDouts AC at H prove that 
XiTs EC»AD<:CD«. 
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* 1374. If a pt. moves so that Its distances from 2 fixed pts. are in a 
•oonsti. ratio, prove that its locus is a 0. 

* *375 SRT is a chd* J. to a diam. PRO of a 0 ; X is a pt, in ST 
and PX, QX are produced to out the 0 at Z, V. Ftove that 

VS ^ 

VT ZT- 


* 1376. BD, the mtemaJ bisector of the vert 1 of » A ABC, oati 

AB 4 * BC AcT* 

-the ciroum-0 at D ; prove that — “"AD* 

* * 372 : P a pt. on a 0 whose diam. is QR ; prove* that the JL from 
P to Qk and the tangent to the 0 at P divide QR harmonically. 

* 1378- internal bisector of I A of A ABC outs BC at D. If 
D£ 11 to BA cuts AC at £ and to CA 01 
BF : CE « AB» : AC*. 


. outs AB at F, prove that 


* 1379. Two 08 touch intemsdly at P and a ohd. QR of the outer 0 
touches the inner 0 at X ; if PQ, PR out the inner 0 at S, T provr 
PS QX 


ihat 


PT RX' 
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Thbobeiii 69. 

(Eue. VI. 19.) 

Gen. Bnun. T'ht areas of similar triangles are to one another a«> 
the sqaares on corresponding sides. 



Fia. 360. 


Part. Enan. Let ABC, DEF be similar As ia which L_B L.E 
•ad L-C L.F. 

It is reqd. to prove that 


AABC BC* 

SDEF ” gF* 

CoiTJt. SupiM>i-o AG, DH drawn J. to BC, EF respy. 


Proof. A* ABG, DEH are wiuian". 
AG AB 
“ D£ ' 

Again *.• As ABC, DEF are equiaag. 
AB BC 

•■•51“ If * 

„ AG BC 
“ EF 

AG . BC _ BC* 

SHTeP “ EF* 

But AG. BC - 2. AABC \ 
AndDH.EF-2.ADEF ; * 


Th. 8, Oor. 2 
Thu 66. 
. Hyp. 
. Th, 66. 


Th.2S; 
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Exercises. 

1380. In a rt. Id A ** * J- is drawn from the rt. L, *0 the h]^t. the 
As on each side m it are to one another as the s(}s. on the sides eon* 
taming the rt. 

1381. £, F ate the feet of the Is from B, C on to the sides AC, AB 
of a ABC. Prove that ^ ABE : A ACF » AB* : AC®. 

X382. PQ, PR are tangents to a 0 at Q and R. If S is the centre 
of the 0 prove that A PQR * A QSR => PQ® : SQ®. 

1383. PQ, RS are ohds. of a 0 that intersect when produced at a pt. 
T outside the 0. Prove that A PPT • A QST = PR® : QS®. 

AP 1 

1384. The side AB of a A ABC is divided at P so that ^ " "7|. 
Prove that a line through P || to BC will bisect the A ABC 

1385. D, Bare the mid. pts of the sides AB, AC of a A ABC and 
CD, BE intersect at F. E^ve that A BFC =» 4 A DFE. 

1386. The areas of similar to one another as the aqs. on their 
oiroum-radii. 

* 1387. In any rt. [_d A araaof a A dased, on the hypot, «* the 
$um of the areas of stmlar A< descd. on the s%des eontaming the rt. 

* 1388. PT is the tangent at P to a 0 whose centre is 0 ; a diam. 
QOR when produced meets PT at T ; the tangent at R meets PT at 
S ; prove that A RST : A PTO - TR : TQ. 

* 1389. D, E are the feet of the i.s from A, C to-the sides BC, AB 
of a A ABC Prove that A ABC : A DBE » AB® : BD*. 

* If the areas of 2 isos. A® one another as the s^s. on 
iheir oases, prove that they are similar. 

* 1391. PSR is a diam. of a 0 whose centre is 0 , and S is the foot 
of the jL upon it from any pt. Q on the circumfce. If the tangents at 
P and Q meet at T, prove that A PTQ : A QOR = PS : SR. 

* 1392. ABC is a A L»^ ** A and BCP, CAQ, ABR ate equilat. 
As desod. on BC, CA, ABrespy. If D is the foot of the J. from A on 
BC, prove that A ABR - A BRB and A ACQ «» A CPD, 
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PEACTIOAL SECTION. 

pbopobtIonals. 

Peobubm 26. 

(Euc. VI. 12.) 

Gtn. Enun. To find the fourth vroporiional to three given straight 
Mines, 



Fjn. 8ei 


Part. Enun. Let AB, CD, HF be 3 gxv'en et* lines. 

It M teqd, to find the fourth proportional to AB, CD, EF. 
Const* Draw 2 st. lines GH, GK making any convenient L.* 
From GH out oflT GL- AB and LM » CD. 

From GK cut off GN « EF. 

Join LN. 


Through M draw MP || to LN cutting GKat P 
T^en shall NP he the fourth proportional to 
AB, CD, EF. 

Proof. \ ’ LN is II t-o MP a side of A GPM , 

GL GN 

■ LM NP 

But GL - AB, LM CD, GN - EF. 

AB EF 


Frob. 6 u 


Oonst. 

Th:54. 


•’•Cd NF 

That is NP is the fourth proportional to AB, CD, EF, 

Q.M.T* 
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Cor. To find the third proportional to two given straight lines 
<Euc. VI. 11 .) 


Exercises. 


1393. Find by construction the 8rd proportional to 8*7 in. and 2*8 in 
and verify by measurement and calculation. 

1394 Find by construction the dth proportional to 4*3 cm., 6*6 cm. 
7*1 cm., and veri^ by measurement and calculation. 

1395. Fmd by construction the following lengths and verify bj 
measurement and calculation : — * ' 


3*9 X 2-6 . 

( 1 ) —rj~ 

^ ft *3 X 6*1 
(2^ ■■ 6>7 " om. 

( 3 ) 1*1 X 4*3 in. 
( 4 :)< in. 


Z396. Divide a given st. line internally into segments proportions 
to 2 given st. lines. 

Z397. Divide a given st. line externally into segments proportions] 
to 2 gi\en st. lines. 

Z398. Divide a given st. line into segments proportional to 3 given st. 
lines. 


1399. Divide a ^ven st, line into segments proportional to the seg 
ments of a given divided st. line. (Euo. VX. 10 .) 

* 1400. Given a st. line representing a in., draw lines to represent thi 
following lengths : — 


(1) m. 

(2) a** in. 

( 3 ) a* in. 


"" 1401. Construct a ^ of, given perimeter whose sides are proportionrt,! 
to 3 given st. lines. When is the construction impossible ? 

* X402. AB, AC are st. lines of indefinite length and F is a pt. bet wee c 
them. Through P draw a st. line terminated by AB at Q and by AC 

at R so that pg = f . 

* 1403. Construct a ^ of given base, of one given base I and whose 
sides are proportional to 2 given st. lines. Show that t^re may be 
2 aucb As* When is there only one, and when is the construction 
impossible ? 

1404. Construct a A of given base, of given vert. L. end whose sides 
are proportional to 2 ^en st, lines. 
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Problem 26. 

(Euo. VL 13.) 

Gen. Hnun. l?o find the fnecifi proportional between two 
ttraiyht 



Pia. 362. 


Part. Ennn. Let AB, CD be 2 given st. lines. 

It %$ reqd, to find the mean proportional between AB, CD. 

Const. Prom any st. line EF of indefinite length cut 
off EG « AB, GH « CD. 

On EH aa diam. deso. a aemi-O EKH. 

From G draw GK i. to EH meeting the 8 emi-C> 

EKH at K Prob. 3. 

Then shall GK be the mean proportional be- 
tween AB, CD. 


Proof. Join EK, KH. 

\ • EKH is a semi-O .... 

,-.l EKH isart-L. .... 
,*.LEKG - 90® « LHKG 
i. LKHG, 

A« EKG, KHG are equiang. . • 

EG ^ 

‘gk"’gh 

But EG AB, GH -- CD. 

AB ^ 

' ‘GK "" CD* 

That is GK is the mean proportional be-* 
tween AB, CD. 


Const. 
Th^ 46. 


Th. S, Cor. 2. 
Th. 65. 




Exercises. 

1405 . Find by oonatruotion the mean proportional between 37 mm 
and 43 mm., and verify by measurement a^d calculation. 
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37 ^ 

1406. Represent graphically the following lengths and verify by cal* 
enlation and measurement to 2 places of decimala: — 



MAXIMA AND MINIMA 
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MAXIMA AND MINIMA. 

If a geometrical magnitude yaries its position contmnously ac- 
cording to any law its value may or may not vary with its positioia. 



Fig. 363, 

In Pig. 363, for example, the position of the triangle ABC vanes 
oontinuouwly if its vertex C is siipposed to move along a straight 
line parallel to its fixed base AB, But the area of the triangle 
loes not vary with its position, and so is said to be constant 



Pxa, 864. 


In Pig. 364 the position of the chord AB varies continuously if 
its extremity B ia supposed to move along the circumference of 
the circle, its other extremity A remaining fixed. In this case, 
however, the length of the chord varies with its position and in- 
creases until it becomes a diameter of the circle when it begins to 
decrease. 

In Fig. 365 the position of the line AB varies continuously if its 
extremity B is supposed to move along the straight line 3CY, its 
other extremity A remaining fixed. In this case, also, the length 
of the line varies with its position and decreases until it becomes 
♦he fierpendicular to XV, when it begins bo increase. 
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A 



Fia. 366. 


Dcf. W. When a geometrioal magnitude, varying its position oon- 
fcinuously according to any law, stops increasing and begins to decrease 
Its value is said to be a maximum, and when it stops decreasing and 
begins to increase its value is said to be a minimum. 

Hence it follows that a maximum value of a continuously moving; 
geometrical magnitude is greater while a minimum value is less than 
the values which immediately precede and follow. 

Exercises. 


X 4 ^ 2jf A, B ar& two fixed ^oinU on the same s%de of a fixed s^aight 
Une 3CY cmd P is a moving point on XY, then AP + PB is • minimum 
when P oeczipies a posit%on stich that 1 APX j= LBPY. 



Pxa. 366. 


Const and Proof. Suppose L. APX « [_ BPY and ANA' drawn 
JL to XY meeting BP produced at A'. 

Join Q, which is any pt. in XV other than P* to 
A, B A'. * 

Nowi-'A APNsAA'PN . 

.‘.AP + PB- A'P + PB - A'B. 


(Why?) 
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Again-. - A AQN = AA'QN 

. (Wky^ 

AQ + QB = A'Q + QB. 
But A'B<A'Q + QB 

Th. 18 , 

AP + PB<AQ + QB. 

Q.B.n. 


Note. Fig. 366 illustrates an important law in Optics, namely^ 
that a ray of light AP incident upon a plane mirror XY mil W 
reflected along PB. Hence in passmg from A to B by reflection in 
the mirror the light travels by the shortest possible path. 

Z408. Given *the base of a A and its area find the position of iia 
vertex so that the sum of its si^s may be a minimum. 

1409. Given the area of a 5-sided polygon prove that the perimeter 
is least when it is equilat. 

14x0. Given the base of a A and the sum of its sides, prove that its 
area is a maximum when it Sisosoeles. 

141 z. Given the perimeter of a A that its area is a znaximam 
when it is equilat. 

X4X2. 1/ ^ S are two fixed points on oj^ osite sides of a fixed straight 
line XV and P is a mooing point on Xx, then the aifference between 
AP and PB is a maxiTntcm when JP occupies a vosttion such that 
L APX«L. BPX 



Fio, 867. 


Const and Proof. Suppose L- APX « L. BPX and ANA' drawn 
J. to XY meeting PB or PB produced at 
A'. 

Join Q which is any pt. in XV other than P, 
to A B A' 

Now -. A APN S A A'PN (Why ?) 

, diffoe. between AP end PB > diiTee. b.bween 
A'P and PB - 4 'B. 


14 
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Again A AQN = A A'QN (Why ^ 

diffc© between AQ and QB - diffce. between 
A'Q and QB. 

But A'B > dilice, between A'Q 

and QB . . , . Th. 18, Cor. 

. \ dilfce. between AP and PB > difEbe* between 
AQ and QB. 

Q.iLn. 

14x3. If AB is a JlmU siflrwighi hns and P a moving ^wt on aJU^sd 

oiraAight lino XY of indefinite lengthy | APB will he a maximum whon 

© APB tofuihes hne XY. 



Fig. 368. 


Const, and Proof. Suppose 0 APB touches line XY. Take Q 
which is any pt. on XY other than P 
and on the same side of AB as P. 

Join QA, QB. 

Let QA out 0 APB at R. 

Join BR. 

Now L APB « U ARB . • Th. 43, 

But L ARB>L AQB . Th. 8, Cor. 4. 

L APB>L AQB. 

Q.n.n. 

Note. — Since two circles can be described to pass througn A, B 
and to touch XY there are two points in XY at which the angle 
subtended by AB will be a maximum but they are on opposite 
sides of AB. 

14x4. AB is a finite at. line outside a given 0. Find a pt. on the 
eireumfoe. of the 0 at which AB subtends, (1) the maximum angle, 
the minimum angle. 
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X 415 . P is any pt^ in a given st, line AB, rect» AP • PB is a 
maximum when P %s the mid, pi, of AB. 



PzG- 369. 

Proof. If Q fe any pt. in AB other than the mid. pt. P 

AQ . QB + PQ* = AP* . . Th. B, Oor. 1 (p. 326 ). 

« AP . PB 

AP . PB> AQ . QB. Q.B.D. 

14x6. Of all rectangles of given perimeter the M^uaxe has the xnaxi- 
mum area. 

1417. If "P is any point in a given straight line AB» AP“ -h BP* 
«f m minimum when P is the middle point of AB. 



Fig. 870. 

Proof. If Q is any pt. in AB other than the middle pt. P 

AQ^ + BQ* - 2AP* + 2PQ* . Th. P, Oor. 1 (p. »!>. 

« AP« + BP* + 2PQ* 

. •. AP* + BP*< AQ* + BQ* 

x^8. 0/ all rectangles of given areOf the square kess the miniimem 
perimeter^ 



Fig. 371. 


Const, and Proof. Let ABCP be a reot. of the giTon area. 

Construct the equivalent sq. DF* . Prob. 24. 
Now AE, the diam, gf the semi-G AFE, b 
half the perimeter of the root. ABCI>. 
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And 2DP is half the perimeter of the aq. 
DF*. 

But of all at. lines that can be draw» m a 
O the (Ham. ia the greateat. 

AE > 2DF, 

And 2AE > 4DF. 

Q.B.D. 

It follows from Def. 72 that if a geometrical magnitude, varying 
ita position continuously, can occupy two positions wef equal value, 
there must be an intermediate position of maximum or minimum 
value which can be determined by making the magnitudes of equal 
value gradually approach (while always remaining equal) and ulti- 
mately coincide. 

Many of the Exercises that follow are solved by the application 
-of this principle. 


Exercises. 

1419 . Find iha straight lins from a point P to a straight 

Mtu AB of indsfinite length. 
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Const, and Proof. A O deacd. with centre P so as to out AB will 
meet it in two pts. Q and R such that 
PQ « PR. 

by diminishii^ the radius of the © ao that 
the equal lengths PQ and PR gradually 
approach (while always remaining equal) 
and ultimately coincide in PS. we arrive 
at a max. or min. ^t. line from P to AB. 
This happens when the 0 touches 

AB and PS is X to AB * Th. 40 
The Fig. shows that PS cannot be a maximum 
it must be a minimum. 

1430. ( 1 ) the ( 3 ) the minimum et. line from a given 

pLi ko the olronmfoe. of a given 0 . 
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1421. Through a point P within a given drclo of eeptre Q find tho- 
mhwmtm chord of the c%rcU» 



Fia. 373. 


Const, and Proof. Desc. a © with centre Q and radios < PQ. 

Through P draw AB and CD tan- 
gents to this 0 and ohds. of 

the given © . . . • Prob. 16, 

Then AB « CD , , . . Th. 39. 

by increasing the radius of the 
inner 0 so that the » chds. 

AB, CD gradually approach 
(while always remaining equal) 
and ultimately ooinoide in HF, 
we arrive at a max. or min. 
cbd. through P. 

This happens when the inner 0 
passes through P and .% EF 
& JL to PQ . . . , Th. 46. 

The Fig. shows that EF cannot be a maximum 
,% it must be a minimum. 


Q.B.r. 

KoUce that by decreasing the radius of the inner © the equal 
obA«as AB and CD can be made to gradually approach (wtdle 
always remaining e^ual) and ultimately coincide in a diameter of 
the ^ven © which is evidently the maximum chord through P. 

X4a2, Find the triangle of maximum area having a given base AB and 
a given vertical angle 
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Coost. and Proof. On AB desc. a segment of a 0 containing an 
L == La . - . . Prob. 21. 

Draw any «t. line fl to AB cutting the arc of 
this segment at C and D. 

Join AC, BC, AD, BD. 

As ABC, ABD have each the given l>asc 
and the given vert. L* 

And aie equal in area . Th. 28 , Cor. 2 . 
by increasing the distance between the 
parallels CD and AB so that the e<juiva- 
lent ABC, ABD gradually approach 
(while always remaining equal) and ulti' 
mately coincide in A AEB, we arrive at 
a max. or min. A on base AB and having 
vertical L *• La- 

This happens when CD touches the G at E 
and it can easil:^ be shown that A AEB 
xf> isosceles. 

The Fig. shows that area of A AEB cannot 
be a minimum 

it must be a maximum. q k.^*, 

X423. A ladder leans against a vertical wall ; in what position does It 
lnfcei:cept with the vertical wall and the horizontal door a A of ma:£« 
area ? 

1424. Of all rectangles that can bo inscribed in a © tha sauaro 

the max. area. ^ 

1425. Find the ^ of max. vert. I having a given base and a grvea 
area. 

X42d. Inscribe a root. oS^max. area in a given semi-©. 
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Cmutruct tJu triangU of rnaxiimum oraa, tmo moCm AB cvnd 
AC Watg given. 


c 



A ^ B 


Fia. 376. 

Cout and Proof. Desc. a 0 with centre A ana radins AC and 
suppose it to meet a parallel to AB at D 
and H. 

Join AD, BD, A£, BH. 

Now /is ABD*, ABB hare each two sides 
equal to AB, AC respy. 

And are equal in area . Th. 28 , Oor. 2 . 

.••by increasing the distance between the 
parallels DB and AB so that the equiva- 
lent As ABD, ABE gradually approach 
(while always remaining equal) and ulti- 
mately coincide in A ACB wo arrive at a 
max. or min. A haring sides of the given 
lengths. 

This happens when DE touches the 0 at C, 
and it can easily be shown that AC is JL 
to AB. 

The Fig- shows that area of A ACB cannot 
be a minimum. 

.*• it must be a maximum. 

X4^ Cloxisiruet the parallelogram of maximum area, Its two adjaoeni 
•ides AB and AC being given. 

^ X42g- From jpt. A outside a 0 of centre 1 C draw a st. line to out 
She oiroumfce. in B and C so that the A BCK may be of max. area. 

* X430. Construct the £ 178 ^* max- area its 2 diaga. being given. 

* I43X* Through a pt. of intersection of 2 08 draw the max. at. line 
terminated by the oiroumfoes. 

* 143a* Find the pt. in a given at. line of indefinite length from 
which the tangents drawn to a given 0 contain the max. 

* 1433* Through a given pt. P between 2 intei^ecting at. lines OX, O'F 
draw aline whi^ shall form with OX and OY a A min« ar^ 
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* 1434. Through a given pt. P between 2 intersecting st. line* .OX, 
OY draw a line meeting OX and OY in A and B respy. so that : rect, 
AP . BP may be a minimum. 

* 1435. Construct the of min. area having given its altitude and 
vert. L* 

* 1436. AB is a finite st. line outside a given O* ^ind a pt. P on 
the ciroumfoe. of the O ^iiat area of A APB may be (1) a maxi- 
mum, (2) a minimum. 

* 1437. If AB is a chd. of a given 0, and C is any pt. on the-" 
circumfce., find the position of C so that the perimeter of ABC may 
be a maximum, 

* 1438. Of all ^8 that can be inscribed in a 0 the equilateral has 
the maximum perimeter. 
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DBPIOTTIONS. POSTULATEIS, AXIOMS ANI> HYPOTHBTIOAIi 
CONSTRUCTIONS. 

Defikitions. 

X, A poifU is that which has position but no length, breadth or 
thiokness. <P. SS.) 

2. A line has position and length but no breadth or thickness. (P. 33.) 

3. A straight lifts lies evenly between its extreme points. (P. 33.) 

4. A sttrfaca has position, length and breadth but no thickness. (P, 33.) 

^ A plans surface or plane is a surface in which, apy two poinia 

hemg taken, the straight line that joins them lies wholly in that sax- 
face. (P. 88.) 

d. A solid has position, length, breadth and thickness. (P. 88.) 

7. When two straight lines meet in a point they are said to make 
with each other a plane reetiUneal angle or, shortly, an angle. (P. 34.) 

5. Two angles are said to be adjacent when they have a conomon 
vertex and lie on opposite sides of a common arm. (P. 85.) 

o. h. plane figure is a part of a plane bounded by one or more Unea. 
<p: 36.) 

xo. When a straight line standing on another straight line makes the 
adjacent angles equal to one another eaoh of these angles ia called a rigM 
angle^ and the straight line which stands on the other Is called a per* 
pmdicular to it. (P. 87.) 

xz. An obtuse angle is greater than one right angle but less than two 
right angles. (P. 87.) 

xa. An acute angle ia less than a right angle. (P. 87.) 

13. A eircU is a plane figure contained by one line which is called the 
circumference and is such that all straight lines drawn from a certadu 
point mthin the figure to the oiroumferenoe are equal to one another. 
This point ia called the centre of the circle. (P. 88.) 

14. Any straight line drawn from the centre of a circle to its oirouxn* 
fexenoe ia called a roMus of the circle, and any straight line drawn 
through the centre of a circle and terminated both ways by the oimuxn* 
ferenoe is called a diameter of the circle. (P. 88.) 

15. The bisector of a magnitude is that which divides it into two 
equal parts — ^the irisectors into three equal parts. (P. 38.) 

Xfi. When two angles are together equal to two right angles eaoh is 
said to be the si^plement of the other and the Imo angles are said to be 
st^lsmmtarg* 47^ 
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17. When two angles are together equal to one right angle, aaoh ie 
eaia to be the corrvplement of the other and the two angles are said to be 
complementary^ (P. 47 .) 

18. A corollary is a geometnoal truth that can be easily deduced from 
a proved proposition. (P. 47 .) 

19. Two theorems are said to be converse each of the other when the 
hypothesis of each is the conclusion of the other. (P. 49 .) 

20. Of the four angles formed by two intersecting straight lines those 
that are opposite one another are called vertically opposite angles. (P. 
50 .) 

2Z* Straight lines in the same plane, which do not meet, however far 
they are produced in either direction, are said to be parallel. (P. 52 .) 

^ 22. A triangle is a figure bounded by three straight lines. (P. 60 .) 

23. An equilateral triangle is one which has its three sides equal. 
(P. 60 .) 

24. An isosceles triangle is one which has two sides equal. (P. 60 .) 

25, A scalene triangle is one which has three unequal sides. (P. 61 . > * 

26, A right-angled triangle is one which has a right angle. (P. 61 .) 

* 27. An obtuse-angled triangle is one which has an obtuse angle. (P. 
61 .) 

28. An acute-angled triangle is one which has three acute angles. (Pr 
61 .) 

29. A quadrilateral is a plane figure bounded by four straight lines. 
<P. 62 .) 

30. A polygon is a plane figure bounded by four or more straight 
liiMS. (P. 62 .) 

31. A ooTwea polygon has each of its angles less than two right angles. 
(P. 62 .) 

32. A regular polygon has all its sides equal and all its angles equal. 
(P. 62 .) 

33. Qfhe diagonals 0/ a polygon are straight lines joining opposite 
obrners. (P. 63 .) 

34. Figures which can be made by superposition to coincide Or fit 
exactly are said to be congruevi, (P. 69 .) 

35. Three or more lines are said to be concurrent when they meet tn 
4 he same point. (P. 69 .) 


36- Three or more points are said to be coUincar when they lie on the 
same straight line. (P. 69 .) 

^ *37. An axis of symrnetry of a figure is a line about which the figure 
oto be folded so that one half may coincide with the other halt (P. 76 ,) 

38. The distance of a point from a straight line is the perpendicuta* 
from the point on to the lino. (P. 99.) 

39. ApareUlelogram is a quadrilateral whose opposite sides are paratle!. 


. 49. X rhombus is a ^^allelogram having two adjacent sides equal# 

{P. 101.) 
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41. A rtotangle is a parallslogram having one of its angles a right angle. 
(P. 101.) 

42. A squcvre is a reotanglo having two adjacent sides equal. (P, 102.) 

43. A trcupezium is a quadrilateral having only one pair of opposite 
eides parallel. (P. 102.) 

44. An isosceles trapezium is a trapezium in which the sides that are 
cot parallel are equal to one another. (P. 102.) 

45. The ortJiogonal jgrojection, of one straight line on another of un- 
limiied length is the portion of the latter intercepted between the 
perpendiculars drawn to it from the extremities of the former. (P, 102.) 

46. If every point on a Ime, or group of lines, satisfies a given condi- 
tion, and no other point does so, then that line or group of lines is 
called the locus of the point satisfying that condition. (P. 111.) 

47. The parallels to the sides of a parallelogram through any points 
vex one of the diagonals divide it into four parallelograms, of which the 
two through which the diagonal passes are called the parallelograms 
about a diagonal^ and the other two are called, the carngoUrnetits of the 
parallelograms about a diagonal. (P. 222.) 

48. A chord of a cirole is a straight line joining any two points on 
the oircumference. (P. 231.) 

40. An are of a circle is any part of the ciroumferenoa. (P. 231.) 

5a A sector of a circle is a figure bounded by two radii and the arc 
intercepted between them. (P. 231.) 

^x. A flg'U/re is said to be symmetrical about a Une if the line divides 
tt into two parts which coincide when the figure is folded abo;ut the 
line. The line is called the axis of symmetry of the figure. (P. 282.) 

52. A figure is said to be symmetrical about a point if the point bs* 
sects evexy line drawn through it to meet the boundary of the figure in 
both directions. The point is called the centre of symmetry of the 
figure. (P. 232.) 

53. A ctroZa Is said to be circumscribed about a rectilineal figure, and 
the figure is said to be inscribed in the cirole if the circle passes through 
all the vertices of the rectilineal figure. (P. 237.) 

54. Points are said to be concyclio when they lie on the same cirola 
(P.^7.) 

5^ A eecani of a cirole is a straight Une of indefinite length which 
meSs the ciroumferenoe of the circle in two points. (P. 247.) 

56. A tangent to a cirole is a straight line which meets the circum- 
ference of the circle in one, and only one, point, however far produced. 
This straight line is said to touch the circle, and the point where it 
meets the circle is called the point of contact. (P. 247.) 

57. A tangent to a cirole is a straight Una which meets the circum- 
ference of the cirole in two oonseoutive points. (P. 248.) 

58. Two droles which meet in one, and only one, point, are said to 
touch one another, and the point at which they meet is called thepoimf 
0 / amtaci. (P. 243.) 

50. 'Two oitclee which meet in two coxueantive points are said to 
touch one another. <P« 249A 



890 


BliBMBNTS OF GBOMBTRTt 


6 o* Common tangents to two circles are said bo be direct or trans- 
verse according as the two circles lie on the same side or on opposite 
sides nf the common tangent. (P. 250.) 

6 1. Two circles are said to cut orthogonally when the two tangents at 
either point of intersection are at nght angles to one another. (P, 251.) 

62 . A circle is said to be inscribed m a rectilineal figure, and the 
figure ie said to be ciroumsc/ ibed about the circle if the circle touches 
all the sides of the rectilineal figure. (P. 251.) 

63 . A segment of a circle is the figure bounded by a chord of the circle 
and one of the arcs into which it divides the ciroumfei^noe. (P. 261.) 

64 . An angle in a segment is the angle subtended by the chord of the 
segment at a point on the arc. (P. 262.) 

65 . A cyclic quadrilateral is one whose vertices lie on the same circle.- 
P. 269.) 

66 . If a point B is taken in a straight line AC, then AC is said to 
be divided internally at B into the segments AB and BC. If a point 
B is taken in a straight line AC produced, then AC is said to be 
divided externally at B into the segments AB and BC. (P. 824.) 

<57-. If a straight line AB is divided internally or externally at H so- 
that AB . BE == AH^, then the straight line AB is said to be divided 
at E in medial section. (P, 32d.) 

68 . If the ratio of one magnitude to a second is equal to the ratio of 
a third magnitude to a fourth, the four magnitudes are said to be in 
proportion, and the first and second are said to be proportional to the 
third and fourth. (P. 353.) 

69 . If the ratio of one magnitude to a second is equal to the ratio of 
the second to a third, the three magnitudes are said to be in proportion* 
<P. 363.) 

ABC 

7 a magnitudes B» C» D, etc., are said 

to be in contiimed proportion. (P. 858.) 

7 x, A straight line AB divided internally at P and externally at Q 
so that gp cs gS is said to be divided harviomcaUy. (P, 869.) 

72 . When a geometrical magnitude, vaxying its position continuously 
according to any law, stops increasing ana begins to decrease its value 
is said to be a maximum, and when it stops decreasing and begins to 
increase its value is said to be a minimum. (P. 373.) 

PosruLjkTBa. (P. 39.) 

Let it be granted : — 

x« That a straight line may be drawn from any one point to anyoth^ 
point. 

a. That a finite straight line may be produced to any length in that 
straight line. 

3 . That a* circle may be described vrtth any centre and with a xmdiuf 
equal to any finite straight line. 
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Axioms. (P.41.) 

t. Things wnloh are equal to the same thing are equal to oneaootlien 

2 . If equale be added to equals the wholes are equal, 

3. If equals be taken from equals the remainders are eqaal< 

4. If equals be added to unequals the wholes are unequal. 

5. If equals be taken from unequals the remainders are unequal. 

6. Things which are halves of the same thing are equal to one another 
7^ The whole is equal to the sum of its parta 

8, Any magnitude can be transferred from one position to another 
without its shape or size undergoing any change. 

9, Magnitudes which coincide with one another, that is which exactl] 
fill up the same space, are equal to one another. 

xo. Two straight lines cannot enclose a space. 

11. All right angles are equal. 

12. (Playfair’s Ajdom).->Two straight lines that interseot one another 
eannot both be parallel to the same straight line. 

Hwothbucjal Oohstruotioits. (P. 45.) 

(u) A line or angle can be divided into any number of equal parts. 

( 2 )) A line can be drawn from any point in any desired direction and' 
of any desired length. 

(e) A figure can be reproduced or placed in any position. 
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ANSWERS. 

Part 11. 

Exp. 127. (11, 6), (- 11 , 6), (- 11 , - 6). (11, - 6), ( 4 , 0 ), fO, *). 
(- 4 , 0 ), ( 0 , - 4 ), ( 0 , 0 ). 

Exp. 138. (i) I'l in., (ii) 0*8 in., (iii) 1‘5 in,, (iv) 0*9 in., (v) 0*55 ia« 
<vi) 1*21 in. 

Exp. 139. (i) (0. 0), (ii) ( 0 , 9 ), (iii) (- 3 , 0), (iv) ( 16 , 0), (v) (0, 8*9), 
(VI) ( 1 * 7 , 4 ‘i). 

Exp. 141. (i) ( 5 , 5 ), (ii) (6. 8), (iii) ( 5 * 6 , 8 * 5 ), (iv) (- 2 ,- 5 ) 

Exp. 142. (2, - 1). 

Exp. 145. (6*6, 3 * 6 ). 

Exp. 147. (3 1, 1 ) and ( 7 * 9 , 7 ). 

Exp. 148. (11*8, 6) and ( - 1*8, 6). 

Exp. X49. (- 2 * 6 , - 1*9). 

Exp. 150. ( 8 * 7 , 0*8), 

Exp. 156. ( 3 , 2). 

Exp. 157. a?« 0 , yssO; » — 2, |^=a-2. 

Exp. 158. 20 an 'hour, 82 ^ mile« an hour, 85 miles an hour, 

20 miles an hour, 85 ^ miles an hour, 3 | miles from B. 

Exp. 163. 100, xH* 

Exp. 167. 1*6 sq. in. 

Exp. xdk (i) 1*64 sq. in., (ii) 2*21 sq. in., (iii) 1*066 sq. in., (iv) 0*4868 
sq. in. 

Exp. 169. (i) 3*67 sq. in., (ii) 3*8776 sq- in., (iii) 1*7424 sq. in., (iv) 2*1424 
sq. in. 

Exp. 17a ( 1 ) 3 sq. ft. 83 sq. in., (ii) 26*22 sq. om., (iii) 88 sq. ft., 48 sq. 
in., (IV) 3446 sq. yds. 6 sq. ft., (v) sq. in., (vi) 3 a 5 sq. ft. 

. Exp. 171. (i) 2 sq, ft. 73 sq. in., (11) 8 sq. yds. 4 sq. ft. 81 sq. in^, 
(iii) 9 «* sq- in., (iv) 4- 2 ay) sq, om. 

Exp. 172. (i) 6 ft, 8 in., (ii) 121 yds., (iii) p in., (iv) in. 

Exp. 176. (i) 13 in., (ii) ^sJx in., (iii) (a 4* 6) miles. 

Exp. x8a £3 11s. l-^d. 

Exp. x8z. £117 6s. 8d. 

Exp. 182. 9 yds. 2 in., 6 yds. 1 ft. 7 in. 

Exp. 183. 450 . 

Exp. 185. (i) 0*386 sq. in., (ii) 0*82 sq. In., {i!i)il*0462 sq. in*, (It) 1*10286 
sq. in. 
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Exp. 19 *. (i) 0-84 sq. in., (ii) 0‘77 sq. m., (iii) 1-3 aq. in., (iv) 0*33 
cq. m. 

Exp. IQ2, (i) 1*12 aq. in,, (ii) 1*1655 sq. in,, (iii) 2*2311 eq, in., 
(iv) 2*6839 sq. m, 

Exp. 193 . (i) 10 sq. ft., (ii) 17 sq, yds. 6 sq. ft. 126 sq. in., (iii) 1332^ 
«kCrGa, (iv) 12 ajy sq. in. 

Exp. X 94 , (i) 15 chains, (ii) -j- ft. 

Exp. 196 . (i)»l*67 sq. in., (ii) 4*06 sq. cm., (iii) 0*84 sq. in., (iv) 3*04 
sq. cm. 

Exp. 204 . (i) 0*6 sq. in., (ii) 0*525 sq. in., (iii) 0*405 sq, in., (iv) 0*385 
sq in. 

Exp. 203 . (i) 0*676 sq. in., (ii) 0*935 sq. in,, (iii) 0*87126 aq, in., 
(iv; U 77406 sq. in. 

Exp. 2o5. (i) 1 ft. 186 sq, in,, (ii) 540 aq, yds., (iii) 110 acres 
1 rood, (iv) 6 pq sq, in. 

Exp. 207 . (i) 9 chains 30 links, (ii) 11 yds. 2 fb. 8 in. 

Exp. 208 . (i) 13 chains 72 links, (ii) 18 v ^2 ft. 

Exp. 210 . (i) 16*17 sq. cm., (ii) 1*16 sq, in . 

Exp. 216 . (i) 9*06 sq. cm., (ii) 1*05 sq. in., (iii) 1*64 sq. in., (iv) 1-9 
aq. in., (v) 10*84 sq. cm. 

Exp. 221 , 0*67 sq, in. 

Exp. 222 . 0*616 sq. m., 0*676 sq. in. 

Exp, 223 , (i) 0*465 sq. in., (ii) 0’3u sq. in., (iii) 0*956 sq. in,, (iv) 0*606 
aq. in. 

Exp. 229 . (i) 1*48 in., (ii) 1*25 in., (iii) 1*43 in., (iv) 1*66 in. 

Exp. 230 - (i) 1*43 in., (ii) 1*92 in., (iii) 1*86 in., (iv) 2*16 in. 

Exp, 231 . Scalene. 

Exp. 234 . (2, 4). 

Exp, 23 s. 6'92 cm. 

Exp. 236 * 88 mm. 

Exp. 239 . 1*41 in. 

Exp, 241:. 8*54 emu 

Exp. 243* 1*5*2 in. 

Exp. 244 . 1*2869 . « . in., 1*298 . . « aq. in. 

Exp. 244 ^ 2*14146 . • « cm., 8*189 . . . om<, 6*4 • aq. pm. 

Exp. 249 . (i) 806 sq, yds., (ii) 90 sq. miles, 0ii) 16 sq« JEt. B sq. in* 
(Iv) tHi sqTyds. 8 sq. ft. 12 sq. in. 

Exp. 251 . 44 mm. 

Exp. 23& 0*6 Ui* 

Exp. 259. 0*49 i»« 

Exp. 26a 6 5 m# 

Exp# 262 . 2*41 in* ; 0*97 Im 
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Eacp. 263 . 0-49 om, ; 2*37 cm, 

Eacp. 264 . 2-4 in. 

Eacp. 270 . 4-13 cm. 

Eacp. 272 . (i) 0*82 in., (ii) 108 in., (iii) 0*48 in., (iv) 0*92 in. 
Ea:p. 278 . i, 

Eacp. 280 . 25*5 mm. 

Exp. 281 . 1*73 in. 

Hxp. 2 S 3 . (i) 154 in., (ii) 88 miles, (iii) 352 Tr>nni^ 

Exp. 284 . (i) 14 ft., (ii) 3*5 metres, (iii) 490 miles, 

Exp. 285 . 59*690 in. 

Exp. 286 . 47*746 mm. 

Exp. 287 , 360. 

Exp. 288 . 104 days IS hours 17f minutest 
Exp. 292 . 20 sq. yds. 106 sq. in. 

Exp. 293 . 39*2 yds. 

Exp. 294 . 29 acres 4*625 poles* 

Exp. 296 . 2*89 . . .in. 

Exp. 297 , dB19 Os. 8 fd. 

Exp. 298 . dB76 19s. 5*544d, 

Exp. 299 . 21*46 sq. in. 

Exp. 301 . 17*3 mm. 

Exp. 302 . 0 in., 0*74 In., 0*58 in% 

Hxp, 304 . 1*80 cm. 

Exp. 305 . 4*8 cm* 

Exp. 306 . A- 
Exp. 317 . 60®. 

Exp. 318 . 11 ®, 40®, 

Exp. 319 . SO®. 

Hxp. 320 . 140®. 

Exp. 327 . 57®. 

Exp. 328 . 0*65 in. 

Eacp. 330 . Ill®* 

Exo. ^ 35 - 78®. 

Ex. 571 . 1*59 in., 2*06 in., 0*98 in. 

Ex. 572 . 2*62 in., 0-98 in., 1-79 in. 

Ex. 573 . 2*36 in., 1-88 in., 1*69 in. 

3 - 111 f 

574 . 5g. 63360* i^* §s5ja* rnrfrTr,-* 

Ear. 575 , 8-696 in. 

^ §^ 52835 ’ 

577 . 10-00406 . . . 


milea. 
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Sx. 578 . 1'65 in. nearly. 

Ex. 58 a 19 miles, 22 miles. 

Ex. S 8 r. 2'65 miles nearly. 

Ex. 582 . 38*42 ft. nearly. 

Ex. 584 . i^g.gg- 

Ex. 594 . 3 miles 7 fur. 

Ex. 595 . 19 miles. 

Ex. 59^ EfC — 2*21 metres nesirly, CD = 2*S5 caecres uearlv. 
Ex. 1 x 31 . 37 acres 0 roods 30^ poles. 

Ex. 1132 . 94 acres 1 rood 2^r poles. 

Ex. 1133 . 27020 sq. yds. 

Ex. XI 34 . 8*772 acres. 

Ex. 1 x 35 . 5 acres 0 roods 5*84 poles. 

Ex. 1 x 36 . 75626 sq. yds. 

Ex. 1 x 37 . 0*6533 acres. 

Ex. X 138 . 2*05 acres. 

Ex. 1 x 39 . 1*499 acres nearly. 

Ex. XX 40 . 5*62 acres nearly. 


Part HL 


Exp. 355. 2*164 cm. 

Exp. 356. 1*41 ... In. 

B^P* 359* * • • oto* 

Exp. 360 . 1*58 ... in. 

Exp. 36a. 1*8 in. 

Part IV. 
S6 

Ex. xa6x. |g‘ 

Bx. xa6ar. 0*481. 

£x. 1363. ^/S, 

Ex. xa(S4. 

Bx. 1265. 87 in. to 80 Ixu 
Ex. xa66. 17 ft. 

Bx. xatS^. 8 in., 10 In. 

Sx. xaO& 16 om., 10 om. 
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Eac. 1269. 85 **, 163 ®. 
Eac. 1270. 3 , -J. 

Ex. 1271. Yes. No. 
Ex. 1272. 8f oz. 

Ex. 1273. 160 . 

Ex. 1274. * 136 . 

Ex. 127 *;. 9 sq. inu 
Ex. 12^0- a act. »•- 
Ex. 1277 . 1 shliiliiff. 
Ex. 1278. 1 sniiimg. 
Ex. 1279. 7 + 6 ^ 2 - 
Ex. 1280. 7*5 per oenfi. 



HINTS TO THE SOLUTIONS OF EXEJbt- 
GISES MARKED WITH AN ASTERISK 
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HINTS TO THFJ SOLUTIONS OF EXERCISES MARKED WITH 

AN ASTERISK. 


Ex. i8. L ECD « I DCA - I ACE. Also L. ECD == L 
- L BCD. 2 L ECD = L DCA - L BCD. 

Ex. 24. Let OC be the bisector of the acute I AOB^^aud OD the 
bisector of the reflex I AOB. Then I AOC -fL AOD « J (acute 

I AOB + reflex | ADB) = J of A rt, Lis. 

Ex. 30. Produce FE to G. Then 1 AEF = I BEG (Th. 3). Also- 

I CEF = L beg (Th. 8). But AfeF -« CRB. . *. L BEG 
I DEG. 

Ex. 35. At C in AB let, if possible, CD, CE be drawn Xe to AB. 
Then it will follow that I DCA is at the same time equal to and un- 

equal to L eca. 

Ex. 46. Let EF cut the |J s AB, CD at E, F as in Fig. 66. Let EG,. 

EH, FG, FH be the bisectors of the 4 int. Is. Then | GEF = 

I HFE. GE is 11 to HF (Th. 4). Similarly HE isU to GF. Also 
r GFH === a rt. L (Ex. 14). Is FHE, HEG, EGF are all rt. Ij^ 
(Th. 6). 

^ Ex. 47 . All the L.8 of the 4-sided fig. formed by the bisectors can be* 

shown to be rt. | as in Kx. 46, and it follows that its opp. sides are [J 

(Th. 6). 

Ex. 48. Prove by Playfair’s Axiom. 

Ex. 49. Draw a at. line through the vertex |] to the base and then 
use Th. 6 and Th. 1. 


Ex. 53. Draw a st. line outlAng AB, CD, EF (Fig. 71) and show that- 
alternate | are «■« 

Ex. ^ Let AB OD uon-y st. lines. Let them be out by one at. 
line in ^ F oy another st. line in G, H respy. Through 

E, G draw lines? fj u CD. Then these st. lines win be [| to one* 
another (T/l 7, and t£eir ooirespg. L.* with AB will be » (Th. 6). 

Ex. 813. b*aeh oi the quadl. formed by the bisectors is an [ of a /\ 
whose otb^r 21..* halves of ext. L.B of the given quadl. Now usr 
Ths. 8, 1 and Kx. 66. 

Ex. 83 - LBDC-180«-.(iLB + 4L.C) (Th. 8 ). But 4 L..B 4 - 
JL.C-9<F-4LA (Th. 8). 


Ex. 84. L. B + I 
I B « lOO'^d I CT 
64® (Th. 8). 



- 2 L B * 126* + 74\ 

L. A « 180®-10(P-.26*«i 


Ex. 8s blseotora include an t == ** 4 *U3Da of ext. la 

(Th. 8) 180® - 4(360® - sum of base L.b) (Th. 1) =< 4 L-*- 

Ex. M. I BDC - i(L. rf+ 1_ C) ra*. 86). But iflB + LC)- 
90“ - i l_ )r (Th. 8). 



HINTS TO SOIitmONS 


Ex. 8y. It DEF ia tha A formed, I EOF - I EBA + 1_ DAB 
(Th. 8 . dor. 8 ) *jr EBA +T EBC -t CBA. ^ilarly |T>FE- 
L. BAG and [_ gTED - 1_ ACB. ^ 

Ex. 88 . Let ABC be a A. Produoe BC to D Bind let CE, a triaeotor 
of ext. 1 ACD, be [[ to BG> a tnaeotor of int. I B. Let CF be the 
other tnaeotor of ext. I ACD. Then »l_ B = I GBC - L BCD' 

Exe ixx. Each eact. L of a reg. polygon of n sides =* ^ rt. L_b (Th. 9 ). 

Now ^ rt. L.S •« 16® when n w 24 and — 20® when n ■- 18, but is not *- 
26® lor any integral value of n* 

Ex, 1X3. Bach tnte L of a reg. polygon of n sides « ?!Lzi la 

KV 

(Bx. 105)« Now — jj — rt. Lb 136® when n = 8 and = 140® when 
w 5 = 9, but is not « 1^ for any integral value of n, 

2fB — 4L 

Eac. XX 3 . tfhat the reg. figs, may fit together 4 rt. L* ^ — 

rt. L* ^ *» whole number where n =* number of sides of each fig. 
(Ex. 105). This is only possible when n >» 8 or 4 or 6 . 

£x. XX 4 a Each L by prod.uoing alt. sides of the polygon is »t 

the vertex of a base L» «xt. Is of the polygon, and the 

sum of these base ! s » 2 x 4 rt. L^ (^h« OTT Also the sum of all the 
L» of these ^s mmHk rt. L» % 

Ex. XSI* AS, CD be » and [t and drawn in the same sense. 
Jotii BQ AC, BD. Then \ ABC « U BCD (Th. 6 ). Hence 
ABCs A BCD (Th. 10 ), mw use Tfc 4. 


A forn 
hLEB 
ACB. 


. L eba + L i^ab 

SEnilarly I OFE— 


Ex« XX3. Each int. L ^og. polygon of n sides 


Ex. 1 x 4 . Each L formed by producing alt. sides of the polygon is »t 
the vertex of a base L» ext. Is of the polygon, and the 

sum of these base ! s » 2 x 4 rt. [b (Th, OTT Also the sum of all the 
I s of these As rt. is (Th. % 


Also the sum of all the 


Ex. xsa* Join OP. OQ, OR. Then A MOP = A MOQ (Th. 10 ), 
and A NOP^ A NOR (Th. 10). .% Ll^OQ + L^OR - 2L AOB 
Ml 2 rt, L.»> Now us. Th. a. 


Ex. x 6 & BC, t«ratiaftt>.d »t B, C ^ AB, AC be bieeoted at D 
•t EF, terminatMi at B, F by AB, AC also pass through D. Let 
■“ “ . - . _ Then BDGg A 


f.«t EF, terminatMi at B, F by AB, A 
8 G, n to CA, mMt PB or PB prodnoMl 
CDF (Tbs. 0 , II). BD is sot mi DF. 


A ABC meeting BC in 
ABinF. Thei^AEF 
FBC + L BCFTrh. fl, 
I ACF. Again I FCB 
FBC - 4 I ACB Cost 


AFK - 1_ AED 


CorrS) - I ACF, or I FBC +• t ACB I ACF. Again I FCB 
w I ACB - L. ACP - 1 AOB - 4 L. *^C - 4 L, ACB (jost 

prJved) - 4 17ACB - L^BC). 

Ex. 196 . A BCF S A CBE (Tbs. 12 , 10 ). .•. I AFK - AED 
and PB - EC. Henoet^ AFK s A AEL (Th. TO). 

Ex. m. Let ABC, DEF be 8 As having AB_» DE, AC « DR 
1 ABC w I DEF. It L BAC -ITBDF, then I ACB - L DFE 
(Tb. 10 ). ITL, BAC is «t •» i ElDIR, one of TOem nmsn>e th. 
gnatw. (BoppoeeC. BAC>L.EDF. At D in ED suppose [_ EDG 
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made sss J BAC and DG to meet EP produced in G. Then ^ SAC 
= A EI 5 G (Th. 11 ) and T ACB » Ll r>GE also AC « DG. But 
AC « DF. L I>FG «LI>GF (Th. 12). Ls DGF, DFE are 
supplementary* Qs ACB7T)FE are supplementary. 

Ex. 198. Produce AB to D so that BD « AB* Join CD. Then 
A ABC = A DBC (Th. 10). Hence ADC is an equilat. A ^^^d 
ACD = 2 L ACB. 

Ex. 199. I C'A'C - I A'CB + I C'BA' (Th. 8, Oor. 3 ). But 

k C'A'B' =11 ABC. .%( A'C'B =T B'A'C. Hence A C'BA' = 
A'CB' (Th. 11). SimilaSTy A C'BA^ A B'AC'. 

Ex. SS23, Suppose DF dra-wn || to AB. Let DE cut BCin G. Then 
] DFC = I ABC (Th. 6) = I ACB (Th. 12). DF « DC (Th. IS) 
« BE. Hence A DGF = A^GB (Ths. 8, 6, 11 ). 

Ex. 224. There are 2 converses, (i) If AB « AC and j BAD ** 1 

CAE then AD « AE. (ii) If AB = AC and AD « AE tEen L B Al 5 
* I CAE. Proof of (i) : I ABC - I ACB (Th. 12 ). Hence A 
ABD^ A ace (Th 11). Proof of (ii) : [_ ABC == ! ACB (Th. 12) 
and L ADE«L AED (Th. 12 ). Hence A ABD s Z^ACE (Th. 11). 

Ex. 225. Produce AD and BC to meet (if possibly at E. Then AE 
= BE (ih. 13 ) and DE=CE (Th. IS). AD = BC. If AD and BC 

do not meet when produced, the Is of the quadl. are all rt. I s (Th. 6). 

the opp. sides of the quadl. are y (Th. 5 ). AD « BC (SS, 163 ). 

’ Ex. 226. Produce AD and BC to meet (if possible) at E. Then 
U EDC = I ECD (Th. 6) and AE = BE (Th. 13 ) and DE « CE 
(SCh, 18 ). .'rAD « BC. If AD and BC do not meet when produced, 
the opp. sides of the quadl. are || and therefore •» (Ex. 168 ). 


Ex. 227, L BDC - I DBA + I A (Th. 8, Oor. 3 ) «. 2 I A I 
C. .% BC - BD (Th. IB). But BD = AD (Th. 13 ). 

Ex. 228. Join AD. Poduce AD to E so that DB »» AD. Join 
EC. Then A CDEsA BDA (Ths. 8, 10). CE«BAandl CED 
« L bad =1 cad. Hence AC = EC (Th. 13 ) = AB. 

Ex. 229. If yXZ is drawn in the same sense as AB, L XDZ | 

6DZ « L. ^2:D (Th. 6). XZ = XD (Th. 18 ). Simily. XY « XD. 


Ex. 230. Let ABC be the Aj bnd let I B «« 
foot of the JL from A on BC-^From DCcut ofi 


Then A ABD = A AED (Th. 10). - . . 

J EAC =L.C (TTB: 8, Oor. 8) and EC 
Ex. 231. FE = J AB - FD (Ex. 212). 
Ex. 232. DF = i BC « DE (Ex. 212). 

Ex. 211a 


I AEB SM I 

: -^A (Th. i 55 


2 I C. Let D be the 
DE= DB. Join AE. 


B = 2 L a 
BA* 


Now use Th. 12 and 


Ex. 26a Let ABC be a A and let the ±b at E. F, the mid. pfcs. of 
BC, AC, meet at D. Let G^he mid. pt. of AB- Join DG, DA, DB* 
DC. Then A DEB s A DEC (Th. 10). .-. DB - d 6. Siatily! 

L^GB-lJdGa" H«no6ADGBsADGA(Th. lA), 

Ex. 261. If possible let one 0 out another In 8 pts. A, B. C. Let 

©S' ^l^®*** PQ, PA, PB, PQ QA, QB, 
qa Then A = A •*CQ (Th. I 4 f and A PBQsA PCd 
^h. U); ' .-.t: QPA - LibPB - L QPC. whi^ i. 
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_s B and C of 
'G dra^m J.s to 


Ex. 262. Leti ABC be a A- Through A, B, C suppose EF, FD, 
DE drawn [j to BC, CA, AB respy. Then A, B, C are the luid. pts. 
ot EF, FD, DE (Bx. 165). Now the J_8 at A, B, C to the sides of the 
A DEF are oonourrent (Bx. 260) and these are the JLs from the 
vertices to the opp. sides of A ABC (Th. 6). 

Esc. 263. Let K, L be the mid. pts. of AB, AC. Now A ABD = 
AACD (Th. 14). Hence AE is J. to BC and AADG = AEDG 
(Th. 10). AG - EG. Simily. AF - EF. Again A KAE = 
A LAE (Th. 10). L_ FED = L_ GED. Hence EF = EG (Th. 11). 

Ex. 264.» A YBC ~ A XCB (Th. 10). I OBC = I OCB and 
OB - OC (Th. 18 ). Hence AOAB=' A OACr(Th. 14) and 1 BAD 
-l_CAO. Now use Bx. 121. v / u- 

Esc. 272. Let BD, CD, the bisectors of the int. 

A ABC, meet at D. Join DA. Suppose DE, DF. 

BC, CA, AB. Then ADCEsADCF (Th. llL .*. DE — DF, 
Simily. DE » DG. .-.DlP-DG. Hi ' 

16). L. daf - L. dag. 

Ex. 273. Proof similar to that of Bx. 272. 

Ex. ^4. Let ABCDE be psut of a xeg. polygon. Let the bisectors 
of Is B and C meet at O. Join OD. Then AOCB=AOQD 
(Tlir 10). I OBC » L ODa But I OBC - i L ABC and 
L,ABC-L.3^C. .•.LT>DC-iL.EDC Simily. OE bisects 

E, ato. 

Ex. 27s In the fig. of Bx. 274, suppose OF drawn X to BC. Then 
A OFB S a OFC (Th. 11). BF - Cif. Simily. ±6 at mid. pts. 
m CD, DE . . . will pass through O. 

£x. 284. Produce BA, CD to meet in E. Then BE — CE (Th. 18) 
and in the A ADE the greater aide has the greater I opp. to it fEh. 
16). Henoet_BAD>L.ADC. 

Ex. 265. Let ABC be a A having A for its vert. and AB ^ >)iC 
Join A to D the mid. pt. of BC. Produce AO to E so that DE — AD. 


lenoe AADF = AADG (Th. 


ECD (Ths. 8, 10). 
EAC> L CEA (Th. 16). 


Join EC. Then A ABD Si 
tCEAandAB-]^ Henoel 
^L.BAD. 

Ex. 386. Let ABC be a A having A for its vert. 1 AB > AC, 
Let AD bisect tl A end leth be the mid. pt. of BCT Then AB falls 
between AB anTAD (Bx. 286), that is BD > DC. 

Ex. 300. Join DC Then I DEC > L. A (Th. 8. Oor. 4) > I AtB 
6ft>t_ECD. DC> DE (Th. 17). Apainl BDC3I 
.... (Bx. 67). BC>DC (ifc 17). 


(E*. 6f) >L.I 
(Th. 8, Cor.^ 

£^Hie 


LBAD = 
-••LEAC 




Ex. 30*. L.ACB<» ABC (T 
(Ths. l,^). A BD> CB (Th. 17) 
Ex.303.L_DEC 


(Th. 16). Hence l_ BCD > 1_ CBD 


Lboe.-.a»> 


I lECP - LACB 
.% .•.l.BEC> 


ECF(Th.8,0or.4). But| 
h.Tia)>L, BDE (Th. 8, Oor. 

.B (Th. 17). 

Jdn A. B, C to O the centre of the aemi-cirole. Then 
^ LABOLBCA. .-.AOAB 


MWU 30 s 3 * JOLB B* C KO < 
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Ex. 304. ! FAE - I DAE > I AEF (Th. 8, Cor. 4 ). .% EF > 

AF (Th. 17 )- 


Ex. 320. Produce BO to meet AC in D. Then BA + AD > BD 
4Th. BA + AC > BD + DO BO + OC (Th. 18 ). 

Ex. 321. Bet O be the centre of the © end let POM, PN be et. 
lines drawn to the ciroumfce. Join ON. Then PO +#ON PN 
^Th. 18 ). ButON-.OM. .%PM>PN. 

Ex. 322. Pcoof similar to that of Ex. 321 . 

Ex. 323, Proof similar to that of Ex, 321 . 

Ex. 324. Proof similar to that of Ex. 821 . 

Ex. 32s (AB 4- AC) + (BC + BA) + (CA + CB)>(OB + OC) 4 - 
40c + OA) + (OA + OB) (Ex. 820 ). AB + BC -h CA> OA 4 - OB 
+ OC. 

Ex. 326. Produce AD to E so that DE AD. Join EC. Then 
AADB^=AEDC (Ths. 8, 10). .-. EC -= AB. But AC+CE> 

AE (Th. 18 ). AB + AC> 2AD. 

Ex. 327. This follows immediately from Ex. 326 . 

Ex. 328. OB + OC>BC (Th. 18 ). But BC = AC and AC>AO 
4 Ex. 294 ). 

Ex, 32M. Bet D, E, F be any 3 pts. within A ABC. Join DE and 
jvoduce DE both ways to meet BC, AC in G, H. Join GF, DIR 
EF, HF. Produce GF to meet AC (or AB) in K. Then DE + EF 
+ FD < GH + HF + FG (Th, 18 ) < GH + HK + KG (Th, 18 ) < 
AB + BC + CA (Th. 18 ). 

Ex. 330. Bet AD, BE, CF be the medians of the A ABC. Then 
AD>AB-BD, AD>AC-CD, BE>BC-CE, BE>BA-AE, 
CF > CA - AF, CF > CB - BF (Th. 18 , Oor.). .% 2 (AD + BE+ CF) 

AB + BC + CA. 

Ex. 331. Prom AB out off AD =* AC. Join DE. Then A ADE 
S A ^E 10). .v DE - CE. Now BE - ED < BDlTh. 18 
< 3 o£), BE - ED < AB AD. AB - AC> EB - EC. 

Ex. 332. Produce BA to D so that AD » AC. Join DE. Then 
A ADEs a ace (Th. 10). DE CE. Now BE + ED > BD 
<Tlh. 18 ). .-.^B + EC> AB + AC. 

Ex. 338. Bet AC, AD he drawn from A to the ciroumfce. of the 0 
eiuoh that L BAC < L BAD. Join C, D to O the centre of the ©. 
•Case 1. Bet C, D be on the same side of AB. Then the pt. D lies 
between C and A L COA > DOA Hence AC > AD (Th. 
19 ). This solution assumes an obvious property of the circle. Case IL 
Bet C» D lie on opposite sides of AB, and prove by symmetry. 

Ex. 339. Proof similar to that of Ex. 838 . 

Ex. 340. BC - AD (Ex. 5168 ), Also L. BAD U •aaUt CChi. 6). 

AC > BD mu 19 ). ^ 
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Ex. 34X. L ECB > L DBC (Th. 16). A BE > DC (Th. 19). 

Ex. 342, L ABC > L ACB (Th. 16). L BCE> L I>BC (Th. 1), 

Hence BE > DC (Th.^). 

Ex. 349. L ECB > L. DBC (Th. 20). AB > AC (Th. 17). 

AC ^ L. ABC> L ACB (Th. 1). 

Ex. 351. Join PR, QS. Now PR > QS (Th. 19). Hence I PQR 
> L QPS (Til. 20), HI ^ 

Ex. 352-BB > DC (Th. 17 ). L bad > L CAD (Th. 20). 

Ex. 366. Let PM be J. to AB from an outside pt. P. Let PN, PR 

be drawn to AB such that MPN <1 MPR. Case I. Let N, R 

be on the same side of M. TEen 1 PNMli acute (Ex. 67). I PNR 
is obtuse (Th. 1). L PNR >T1 PRN (Ex. 67). PR > FN (Th. 

17). Case II. Let H be on opposite sides of M, and prove by sym- 
metry. 

Ex. 367. If possible let the 0 whose centre is O out AC in 8 pfcs. 
A, B* C. Join QA, OB, OC. Then OA = OB OC, which Is 
Impossible (Ex. 866). 

Ex. 398. AD, FE are each » and y to BC (Th. 22), Hence AD HP 
Is a CJS^ 161) and C is the pt. of intersection of its 2 diaigs. 
<Th 22). 

Ex. 399* A AEG = A BEC (Ths. 3, 10). Hence GA is J to BC 
(Th. 4). SiiSly, FA is U to BC. .% G, A, F are oollmear (Playfair’s 
Ax.)* 

t X. 400- Let AE, BE, CF, DF, the bisectors of the Is A, B, C, 
D of a quadh ABCD, form a reot, EGFH. Then L EAB -h I HBAsr 
1 rt. L. (Th. 8). .-.1 DAB 4- L. CBA « 2 rt. AD w [j to BC 

(Th. ^ Simily. ABis [[ to DC. 

Ex. 401. L APQ « I AQP (Th, 12). Also L B « L. C (Th. 12). 
w% L. APQ - L B (ThTg). PQ is II to BC (Th. 6). 

Ex. 402. Suppose PQ, PR drawn J,s to AB, AC. Also CS X ^o 
AB and FT X to CS. Then PT is I] to AB (Th. 6). ITPC « 

I a « I C (Ths. 6, 12). Hence A TPC == A BCP (Th. liy. /. PR 
« CT. Also PQ »» TS (Th. 2^ PQ + PR « CS « a const. 
>r all positions of P. 

>3. Through P draw a 1) to a side of the A the result 


I a « I C (Ths. 6, 12). Hence A ^PC 
«CT. Also PQi-TS (Th. 2^ 
length for all positions of P. 

Ex* 403. Through P draw a 1) to a side 
of Kx. 402. 

Ex. 404* Use the result of Bx. 197. 

Ex. 40s AEDP is a £7gm. EA - 
CP. EF * 2 DC. 


DP (Th. 22). Simily. FB 


Then GFHB Is the CJm 
D (Ex. $80, Th. 4). And E 


, ox each rhombus intersect m Cir, H resiw. 
enclosed by the lines bisecting L,b A, B, Cp. 
IF *» AD (Th. 22). 


pass through K (Th. 22). Also BK «^2 BD (Th. 2^ and A BCK = 
A HBE (Ths* 6, 1 Cor. 2, 10). EH BK «= 2 BD. 



404 


BIiEMBNTS OF OEOMETBY 


Eas. 408 . Ijet EG, FH be the extreme JLs from the angular pts. of 
the squares desod. upon the sides AC, BC of a rt. I d A ABC upon 
the hypot. produced. Suppose CD drawn J_ to ABT Then A DBC 
= A HFB (Ths. 8 , 1 , 11). HF « BD. Simily. GE « ADT 

Ex. 409 . I AFB + I FBA + I BAF = 2 rt. Is (Th. 8 ). But 
L FBA + I BAF = 4 rt. I s - 2 X 60“ - 1 rt. I ^s. 1 , 8 ) 150“. 

I AFB « 30“. Now L. « 60“. EC is X to DF (Th. 8 ). 
Simily. DC is X to EF. FC is X to DE (Ex. 262), 

Ex. 414 . Bet D, E be the mid. pts. of tke sides AB, AC of a A 
ABC. Join DE and suppose EF drawn JJ to AB. Then*DE is [] to 
BC (Th. 23, Cor. 2). DE «■ BF (Th. 22 ). Also F is the mid. pt. of 
BC (Th. 23, Cor. 1 ) . 

Ex. 415 , Bet G be the mid. pt. of AB and suppose AE, GH, BF 
drawn Xs to CD. Join AF meeting GH in K. Now AE, GH, BF 
are \\ (Th. 5). EH = HF (Th. 23;. .-. HK -= 4 AE (Th. 23, Cor. 1 , 

Ex. 414). Simily. GK = 4 BF. 

Ex. 416 . PR and QS bisect each other (Th. 22 ). Now use the 
result of Ex. 415. 

Ex. 417 . Each line is || to a diag. of the quadl. (Th. 28, Oor. 2). 

Ex, 4 x 8 . These lines are the diags. of a Ogni (Ex. 417). 

Ex. 419 . Each line is I| to one of two opp. sides of the quadl. (Th. 23 , 
Oor. 2). 

Ex. 420 . This follows from Ex. 418, Ex. 419 and Th. 22. 

Ex. 421 . If the diags. are at rt. js, the lines bisecting opp. sides are 
the dia^. of a root. (Ex. 417). H the diags. are the lines bisecting 
opp. sides are the diags. of a rhombus (Ex. 414). 

Ex. 422 . DF and EB are »• and fl (Th. 22 ). BF is [] to ED (Ex, 
151) ana they trisect AC (Th. 23, Cor. 1 ). 

Ex. 423 . Complete the xect. of which the A ABC is half. BC is one 
of the diags. of this rect. and the median of ^e A ABC through A is 
4 the other. 

Ex. 424 . Bet E, F be the mid. pts. of the diags. BD, AC of a 
trapozi'im ABCD whose (1 sides are AB, CD. Now the line through 
E II to DC will pass through the mid. pt. of BC (Th. 23, Oor. 1 ). But 
tihe line through the mid. pt, of BC 1| to AB will pass through F (Th. 
23, Oor. 1). 

Ex. 423 - Join E, F, the mid. pts. of the non-|| sides AD, BC of a 
trapezium ABCD. Bet EF out the diag. AC in G, Then G is the 
mid. pt. of AC (see solution of Ex. 424). And EG « 4 ^he [| sides 
of the trapezium and GF = J the other (Ex. 414). 

Ex. 426 . Bet G be the pt. of intersection of the medians BE, CF of 
a A ABC. Join AG. Produce AG to H making GH «»» AG* Join 
BlI, CH. Then GE is If to HC (Th. 23, Cor. 2), and FG is |1 to BH 
ITh. 23, Oor. 2 ). GBHC is a Ogm and AH passes through the mid. 
pt. of BC (Th, 22). 

Ex- 427 . In the fig. of Ex, 426, let D be the mid. pt, of BC, then 
GD « 4 GH (Th. 22) « 4 A<& - J AD- Simily. GE « 4 and 
GF ^ 4 CF. 
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Ex. 428. Join AC. CP CQ^ CA out BD in R, S, T. Then S 
is tile centroid of the A ACD (Th. 22, Ex. 426). DS » 3 DX ilSx 
427) -= h DB (Th. 22).“simiiy. BR = i DB. ■ ‘ ^ i ^ ^ 

^ °1 ^^^26 if BE = CF, then BG = CG and 

« a(?*' •■’. A.BGF= A CGE (Ths. 3, 10). .-. BF = CE. 

.'. AB •»« AC. Simily. ifBE = AD, BC = CA. 

Ex. 43a Let AD, BE, CF be the medians of a A ABC and let G 
be its centroid (Ex. 426). Then BG + CG>BC,^G + AG>CA, 
AG + BG > AB (Th. 18). .-. 2(BG + CG + AG) > perim., that is 
S X ] aitm oflnedians (Ex. 427) ;> perim. 

Ex. 431. Let P, Q be the feet of the J.s from B and C, the ends of 
the base of a A ABC, upon the bisector of the vert. 1. Join P, Q to 
M the mid. pt. of BC. Suppose MN drawn J. to the bisector. Then 
CQ, MN, BP are jj s rahs. 4, 6). Also BM = CM (Hyp.). PN = ON 
<Th.28). .% AMNPsAMNQ(Th.lO). ^ 

Ex. 433. Proof same as that of Ex. 481. 

Ex. 433. Through P, the mid. pt. of the base BC of a A ABC, 
eupposelPS drawn H to AB cutting AC in Q and the int. and ext. 
bisectors of the vert. J. A in R, S. Then Q is the mid. pt. of AC (Th. 
SIS, Cor. 1). Also S<J^ QA = RQ (Ths. 6, 18). .*. RS = 2 AQ = AC. 

Ex. 434. BFGE is a Ogna (Th. 23, Cor. 2). FG = BE (Th. 
32). Also EG -■ BP a: i BA s DE (1^ 414). Hence A AED 5 
A CEG (Ths. 8. 10). CGsAD. 

Ex. 43s. Join C to F the mid. pt. of AB. Now I DAC = 1 AFC 
+JL 8. Oor. 8). But L AFC - 1 FcJr(Th. 12).^enoe 

FCls II to AE (Th. 4). BC =XE (Th. 2V Oor. 1). 

Ex. 436. Join FC. Now EFDC is a reet. (Th. 28, Oor. 2). Also 
A AEG SH APEG (Th. 10) and A AEF = A CEF (Th. 10). Hence 
r: FAG - OCG. Simily. L. FCH » L. FBH. Hence AG is 1| to 
tew (Th. 4). 

Ex. 444. The reqd. locus is a st. line |J to the given st. line and 
biseoting the J. from the given pt. to the given st. line. 


Ex. 44s raiid. locus is a st line || to the given st. line, on the 
side of It remote from the given pt. and at a distance from it ^ the 
distance from it of the given pt. 

Ex. 446. The reqd. loous Is a quarter of a Q desod. with the vertex 
«f tito n. ^ as centre and with the line of given length as radiua 

Ex. 447. Let AB, CD out at B, Draw fis to CD on both sides of 
It and at distaiirns from it s the const, difloe. Let them out AB in 
P, G. Through F, G draw ||t to the bisector of L,_ ABC. The reqd. 
locus will lie along these }|B and along linos drawn m a similar way 1| to 
the bisector of AED. 

Bx. 448. Let AB, CD cot at E. Draw 1|8 to CD, on both sides of 
tt. and at distances from it m ths const, sum. Xwet them out AB in 
p, G. Through F, G draw JL* to ths bisector of L. AEC. The reqd. 
loons will lie along these Is and along iiabs drawn in a similar way 
Xto the hisectoc of L. AED. 
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Ex. 461. Draw ||s on both sides of the 2 given st* lines and at the 
^ven distance foom them. The reqd. pts. are the intersections of these 
4 lines. There is no such pt. when the given lines are || and the dis- 
tance between them is greater or less than twice the given distance. 

Ex. 462. Draw |i s on both sides of the given line and at the given 
distance from it. The reqd. pts. are the intersections of these ||s and 
the perp. bisector of the line joining the 2 given pts. There is no such 
pt. when the bisector is || to the given line and at a distance from it 
greater or less than the ^ven distance. 

Ex. 463. Describe a Q with the given pt. as centre and the given 
distance as radius. The reqd. pts. are the intersections of this Q and 
one of the || s drawn on both sides of the given st. line at the given dis- 
tance from it. There is no such pt. when the j|s lie outside the 0. 
Ignore for the present the special case in which the given pt. lies on 
ihe given line. 

Ex. 485. Det AB ae the sum. Produce AB to C so that BC the 
difFce. Bisect AC in D (Prob. 2). Then AD and DB are the reqd. 
lengths. 

Ex. 486. Bisect FG (Prob. 2). Then the line of bisection is the 
reqdl line. 

Ex. 487. Join AC, BD. Bisect AC, BD (Prob. 2). Then their 
lines of bisection will cut at the reqd. pt. P. 

Ex. 488. See hg. 114. 

Ex. 4^3. Draw 2 st. lines bisecting one another at rt. each equal 
to the given diag. and join their extremities. 

Ex. 494. Draw 2 st. lines bisecting one another at rt. L_s, equal 
respy. to the two diaga. and join their extremities. 

Ex. 497. Det AB be the given st. line and C, D the given pts. 
Draw CE JL to AB (Prob. 4), Produce CE to F so that EF « CE. 
Join DF cutting AB in G. Join CG. 

Ex. 498. Oonst. similar to that of Ex. 497, 

Ex. 499. Det E be the given pt. and AB, CD the given 1| st, lines 
drawn in the same sense. Through E draw EF X to AB meeting, 
produced if necessary, CD in G (Prob. 4). Prom FA out off FH 
EG and from GC (if E lies between AB and CD), or from CD (if E 
lies outside AB and CD), cut ojBf GK = EF. Join EH, EK. 

Ex. 505. Draw any st. line PC from P to AB. At P in PC ma’be 
an L *= the given diffce. (Prob. 6). 

Ex. 506. Draw any st. line PC from P to AB. At P in PC make 
an I «« the supplement of the given sum (Prob. 6). 

. » A 1*. l_d at B. At B in AB make 

L ABD ■= L_ A (Prob. 6). 

E*. SIS ABC ba the gi^en Land D the given pt. Draw DE 

i to CB (Prob. 6), meeting -AB iiiE. Prom EA out ofl BF - BE. 
oin FD and produce FD to meet BC in G. 
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Eac. Si6, Bisect I B (Prob. 1). Let tke bisectoi BE out AC in E. 
IDraiv £D II to CB (Prob. 6). 

Ex. 517. In AB take any pt. D. Draw DE |[ to the given line 
.{Prob 6) and of the given length. Draw EQ |1 to BA meeting AC m 
-Q (Prob. 6). Draw QP J| to ED meeting AB in P (Prob. 6). 

Ex. S^r8. Draw AG U to ED an arm of | DEF (Prob. 6) meeting 

EF in H. Bineot EH in B (Prob. 2). Join AB and produce AB to 
meet ED (or DE produced) in C* 

Ex. 519. Bisect 1 8 A and C (Prob. 1), Let tbeir bisectors meet at 

P. Draw DFE || to AC (Prob. 6). 

Ex. 520. Let A be the lesser base I . Bisect int. I A and ext. | C 

^Prob. 1). Let their bisectors meet aFlF. Draw FEl) li to CA (Prob. 

Ex. 521, Let ABC be the given A* Bisect I B (Prob. 1). Let 
its bisector BD out AC in D. Draw DE || to cB and DF |i to AB 
(Prob. 6). 

Ex. 522. Let AB, BC be the intersecting st. lines. Bisect L. B 
{Prob. 1). At any pt. F in the bisector BD draw FE JL to BD and 
A i the given length (Prob. 3). Draw EG || to DB meeting AB in G 
ana draw GH || to EF meeting BC in H (Prob. 6). 

Ex. 525. Prom CA or CA produced cut off CF *=* the given length. 
A.t F in CF draw FG cutting CB in G and making L_ CFG 4 jT A 
{Prob, 5). Draw GE Ij to AB cutting AC in E (Prob. 6)., Draw ED It 
to CB (Prob. 6). 

Ex. 528. Join BC. Find a pt. D in BC or BC produced such that 
BD iTCD (Prob. 7). Join AD. 

Ex. 553. Let AB « the given base. Draw CD J_ to AB at its raid, 
pt. C. Make CD « the given sum. Join AD. Make DAE » 
L ADC (Prob. 6). Join B to the intersection of AE, CD. 

Ex. 554. Let AB ^ the perim. Draw CD JL to AB at its mid. 

£ t. C. Make CD ■■ the given altitude. Join DA, DB. Make 
^ ADE « L. I>AC and L B^DF L. DBC (Prob. 5). 

Ex. SSS Let ABC be the With centre B and any radius 

de«o. a I© cutting BA, BC in D, Erespy. With centres D, E and the 
same radius deso. 0s cutting the first 0 in F, G. Join BF, BG. 

Bx* 556. Let AD » the g^iven altitude. At A, D draw EAF, 

GDH Xs to AD (Prob. 3). Make I EAB »« one of the base I s and 

FAC the other (Prob. 6). 

Ex. SS7. Let AB « the base. Make \ BAC =s the given base L 

(Prob. mT Make AC the given sum. Join BC. Make I CBD « 

L BCA (Prob. 5). 

Ex« AB mb the greatest side. Make { BAC = the given 

adi. r IProb. Make AC » the given diffoe. Join BC. Produce 
AC tT E and make L. CBD « L. BCE (Prob. 5). 

Ex. AB M the perim. Make I BAC » i one of the base 

Is andTl ABC «« 4 the other (Prob. C). ^lake L ACD — LA and 
C BCE « L B (Prob. 5). 
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ifex. S<SO- I*®* AB = the given sum. Make 1 _ ABC 
With A as centre and the given hypot. as radius deso. a O cutting BL. 
InDjH. Draw DF, EG JLs to AB (Prob. 4 :). Join AD, AE. 

Eac. 561. liet AB « the given base. Make L ABC j given 
drffce. of base L.s (Prob, 6). With A as centre and given difice. of 
remaing. sides as radius deso. a O cutting BC in D and E. Det E lie 
between B and D. Join AE. Produce AE to F, Make | EBG 


L BEF (Prob. 5). 

Ek. 56k Const, same as that of Bx. 559. ^ 

Ex. 563. Let P, Q, R be the given pts. and let P lie on AB the line 

of the base. At A make I BAC = 60® and at B make ] ABD =» 60° 

(Ex. 565). Through Q, Ffdraw Us to CA, DB (Prob. 6). 

Ex. 564. Const, an equilat. A ABC (Ex. 630). Produce AC, BC to 
D, E so that CD = CE « CA. Join DE. Draw GCF bisecting 
L BCD (Prob. 1) so that CF = CG - AB. Complete the hexagon. 

Esc! 565. Const, a A ABC having f of each of the given medians for 
its sides («obs. 7, 10). Produce CB to D so that BD » CB. Bisect 
CB in E (Prob. 2 ). Join AE and produce AE to F so that EF = AE. 
Join AD, FD. 

Ex. 566. Det AB the given diag. On each side of AB const, mm 
equilat. A 530). 

'Ex. 567. Let AB = the given diflEce* Make I ABC = i rt. L 
490). Make L BAC « 4 rb, L 8, Ex. iSl). Then BC — side 

of reqd. square. 

Ex. 568. This construction requires a ruler marked in 2 places. Xiei 
ABC be the given L- With B as centre and with the distance between 
the 2 marks on the ruler as radius, deso. a Q cutting BC, BA and CB 
produced in D, E and F respy. Place the ruler so that its edge passes 
through E and its marks lie one on the O G say) and the other on 
CB produced (at H say). Then L EHC = i L. ABC. For proof, 
join BG and use Th. 12 and Th. 8, Cor. 3 (Pappus). 

Ex. 5o8, Produce BC both ways to meet FL. in P and KM in Q. 
Then prove that CP and BQ are each « the J. from A on BC 


Ex. 609. AD and BE are d w 

a £7gm (Ex. 151). And £Jgm ABED 
CBEL (Th. 27, Oor. 2) 

Cor. 2). 


ana ujl. (xn. 


_ygiii « C7gm ADl^C •+• 

Ogm AFGC + £ZIgm CBHK (Th. 27, 


Ex. Apply one A other so that one pair of sides coin- 
cide and the supplementary | s form a straight f . Then the other 

pair of s=s sides will lie in one and the same st. une (Th, 2). Now 
use Th, 23, Oor, 2. ' 


Ex. 637. Area of polygon = J side of polygon x sum of distanoes of 

‘^es(Th. 2r 


. 28, Oor. 1). 

2). A FGH 


any pt. withm the polygon from the sides (Q 
Ex. 638. AFHG 13 a ZUsm (Th. 28, Oor. 

AFG (TE: 22) c= ^ a ABC (Th. 28, Oor. 2). 

Ex. 639. Produce AO tc*,G so that OG = AO. Then BOCG is a 
A bog = A ABO (Th. 28, Oor. 2) « i A 
ABC^(Bx^^2^^^ B^t the sides of the A BOG are » in length to 
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Hx. 640 . Iiet PQRS be a trapezium having PQ || to RS and let> 
T, X be the mid. pts. of PQ, RS. Let TX meet QS in V and join 
PV, RV. Then, by Th. 28, Cor. 2 , A VXS -= A VXR and A VXP 
= A VTQ. Hence A PVS === A QVR (Ex. 624) and fig. PVRS == 
A OSR. Hence PVR is a st, line (Th. 28, Cor. 2 ). 

Ex. 641 . F, G are pts. of triseotion of AC, AB (Th. 23). A 
AFH == ^ A AHC (Th. 28, Cor. 2 ). Similarly A AGH=i A AHB 
Also A HDE = * a HBC (Th. 28, Oor. 2 ). 

Ex. 642 . VZ = i PR (Ex. 428). A QVZ = i PQRS (Th 
28. Oor. 2 ^ AJso QTSX = i PQRS (Th. 28, Oor. 2 ). PQRS =* 
8 X TSXZV. 


Ex* 643 . Let PR, QS intersect at O and complete the sq. POOy. 
Then PSOV is a and V, T, S are coUinear (Th. 22 ). PX 

« i PQ (Ex. 428). 

Ex. 655 . Join AC, AE, BD, BF. Then A AFB =? i A -AOB 
(Th. 28, Oor. 2 ). Similarly A BEA ~ i A BCA But A APB 
A BCA (Th. 28, Oor. 2 ). Hence EF is || to AB (Th. 29). 

Ex. 656 . A PDQ = A BPB. PBRD is a ZZZgm (Th. 29). 
Also ABCD is a O'gi^a. Hence CR = AP (Th. 22). 

Ex. 669 , Through E draw FG || to AB meeting AD, BC in F, C 
Then A EFD s A EGC (Th, 11). quadl. ABCD == Ogm ABGl 
= 2 A AEB (Th.^ 0 ). 

3Sx. 67 a A is the mid. pt. of EF (Th. 23). Hence EBCF « 2 A 
ABC (Ex. 669). 

Ex. 671 . Through the vertices of the quadl. draw ||s to the diags. 
Then quadl. £I 7 gm so formed (Th. 30) » a A having 2 sides equal 

to the diags. of the quadl. and the contained \ equal to that between 

the diags. 


Ex. 


30) 


c. 672 . A 

A 


ADF - ^ Ogm ABCD =» A AED + A BEC (Th. 


. A AEF =■ A Bfec. " A ABF = A CFE. 


Ex. 673 * A AFC 4 - A BFP 4 - A ABF *4- A. BFC =3 /\ ABO -H 
A BFD « A BCD 4- A BFD. A AFC + A BFD A BCD 
4- A BFD - A ABF - A BFC « A CFD - A ABF. 

Ex. 678 . Draw a st. line from C || to AE, and then use Th. 11 . 

Ex. 679 . A, AEC = i AE x X from C on AE (Th. 28, Got. 1 ). 
Similarly A AEB =« i AE x X from B on AE and A AED =» 4 AE x 
X from D on AE Hence A AEC = difference oe tween As AEB. 
AED (Ex. 678 ) «» i differencebetween nems BE, DE (ThrSO). 


Ex. 680 . They have their greatest value when their common vertior 
is the mid. pt, 01 the diag. of the given £I 7 gni. Prove by reductio ad 
absurdum, using Th. 81 and Th. 27, Oor- 2 . 

Ex. 694 . I>raw CE X to AB. Then CD® = DE* 4- CB® (Th. 32), 
But DE^ 25BE® and CE* «« 8 BE® (Ex. 690). CD® « 28BE® 
7 AB«. 


1 

Ex. 695 . Let ABCD be a reot. Then AB « x diag. of sq. on 

AB (Ex. 682). Similarly BC = ^ x di^g. of sq. on BC. reot. 
AB, BC w i rect. contained by diags. of sqs. on AB, BC. 
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Ex. 696 . Proof similar to that of Ex. 695. 

Ex. 697 , Through P draw a X two opposite sides of the rect. 
and use Th. 39. 

Ex. 698 . AE2 + BJP + CD‘^ = AB3 « BE^ + BC« - CF« -h CA^ 
- AD-* (Th. 32) == CA5» - CF» + AB« - AD* + BC^ - BE* = AF* + 
BD‘- + CE* (Th. 82). 

Ex. 699 . Through A draw a X to BC and B'C' ; through B a X to 
CA and C'A^ ; through C a X to AB and A'B'. Now use Th. 32 and 
Ex. 698, 


Ex. 700 . PR is II to VT (Th. 4), .-. A PVT =*A RVT (Th. 

28, Cor. 2 ). Similarly A QXS « A RXS. A PVT + A QXS- 
= i(A QP'P + A PPS) = 4 equilat. A desod. on PQ (Ex, 693) =» a 
const. 


Now A E>AC S A 

GC = L age 


Ex. 701 , Let BE out CD at F and CA at G. 

BAE (Th. 10 ). I FCG = \ AEG. Also L. P<^ 

(Th. 3), L CFG = L PAG (Th. 8 ) = a rt. L.. 

Ex. 702 . Draw AP X to BE and AQ X to CD. Now A BAE = 
I^DAC (Th. 10). . •. AP = AQ (Ex. 165). Hence L AFE « L AFD 

Ex. 703 . Join M to E, a comer of the sq. ACDE, and join N to F,. 
a comer of the sq. ABGF. Then A BME « A ABC (for A AME + 
A CMD = 4 sq. AD — A BCD. A AME = A BCl^^. Similarly 
A CNF == A ABC. A BME - A CNF. But BE « CF. 

AM - AN (®L. 29, Cor.). 

Ex. 704 . Bxs. 701, 702. 

Ex. 707 . Let ABC be a A having AC* > AB® + BC*. Draw BD 
X to AB and = BC. Join AD. Then AD® = AB® + BD® (Th. 32V 

AB® + BC® < AC®. .% AD < AC. ^ 

(Th. 20). 

Ex. 708 . Proof similar to that of Ex. 707. 

Ex. 709 . w® + {s/2n -h i)® =» (w -f 1 )®. 


L ABD < L ABC 


Ex. 710 . linear units, or x^S 2 n^ + 2 linear units. 

Ex. 715 . Let BC out EF at G. Join AG, DG. Then AG ■» CG 

(Ex. 712). Similarly BG « DG. Hence L AGB = | CGD (Th. 14). 

AG and DG are in the same «t. line (Ex. 23). 

Ex. 716 . Fold the fig. about AB. Then semi-© ACB coincides 
with semi -0 ADB (Th. 34) and AC lies along AD, C coincides 
with D and AC = AD. 


Ex. 717 . The 4 parts coincide with one another whan the © is 
folded about the 2 diams. successively (Th. 84). 

Ex. 718 . The pts. of intersection of the 2 ©s are the image'% of one 
another in the line of centres because this line is an axis of symmetry 
of the fig. (Th. 84, Oor. 2 .) 

Ex. 719 . Join the centres to apt. of intersection of the ©s and to 
one another, and see Ex. 718 and Ex. 691. 

Ex. 72 a The bisector qf the vert. can be seen to he an axis of 
symmetry by folding. 
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Hac. Tax. Xiet the bisector of one base | B out the bisector of the 

▼ert. I A at 0« Join OC, and show that OC is the biseotor of the 

base C. See H i x . 

Eac. 722 . See Br. 720 and Bac. 715. 

Eac. 727 . Yes, about. the mid. pt. of a diag. Prove by Th. 11 . 

Hac. 728 . Xiet P, Q be the centres of the 0 s that intersect at A, O 
and R the centre of the 0 that intersects the 0 with centre P at B 
O- Then PBRO and QCRO are rhombi. PB is and |} to QC 
(Th. 7). PQ is II to BC (JSac. 151). But OA is JL to PQ (Ex. 718) 

OA is JL to BC (Ex. 42). Similarly OB OC are Xs to CA, AB 
respy. 

Eac. 7 ^ 3 . Iiet A, B be the given pts. and C any pt. on AB. Join 
A, B, C to O- the centre of the 0 , and show that OC -< OA (Th. 8 , 
Oor. 4, Th. 12 , Th. 17). 

Eac. 744 * Btew ^Erom P and Q to AB, and use Th. 35 and TJtu 22. 

Eac. 7 ^ Draw Xs trom the centres to AB, CD, and use Th, 36 and 
Th. 22. 

Eac. 746 w Det TT be the pt. of intersection and X, V the centres of 
the 0 s. Draw X* from X, V to PT, QT, RT, ST and ||s from X, 
V to PQ, RS. Now proceed as in Ex. 745, and use Ths. 6 , 8 and 11 . 

Ex. 747 . Eat T he the pt. of intersection and X, V the centres of 
the 0 s. Draw PTQ 1| to XV and any other st. line RTS, both 
terminated by the 0 s. Draw Xa from X, V to PT, QT, RT, ST 
and a {I from V to RS. Now proceed as in Ex. 745, and use Ths. & 
and 17. 

Eac. 748 . If PS, QR intersect at the centre of the 0 , it follows that 
L QPS^ L RSP 3, 10 ) and QP is 1| to SR (Th. 4). 

Eac. 754 . The pt. can he shown by Th. 14 to lie on the X Idseotor of 
the ohoroToining any 2 of the given pts. on the 0 . 

Eac. 7SS. The ciroum-centres are the pts. of intersection of the J_ 
bisectors of PT, QT, RT, ST (Th. 35, Oor.). 

Ex. 756 . An isos, trapezium is symmetrical about the j_ bisector 
of its II sides and a 0 can be desod. through any 3 of its verticee 
(Th. 36>. 

Ex. 761 . Join E to F, the centre of the 0 . Then I BFE | 

FEC (Th. 6 ) r« I FCE (Th. 12 ) - I BFD (Th. 6 ). arc EB = 
arc BD (Th. 37). 

Ex. 762 . Join E and G to K, the centre of the sem!-0 Then | 

DKE I KEH -h I KHE (Th. 8 . Oor. 8 ) - L KGE (Th. 12) + I 
KHE - FI GKF (Th. 8 , Oor. 8 , Th. 12 ). arc FG i arc DE 
(Th. 87). 

Ex. 767 . Bet AB, BC, CD be consecutive sidee of a reg- polygon 
Insod. in a ©, Join AC^ BD. Then ^ ABC = A BCD (Ex, 766, 

Th. 14). L B -n 1 C. Similarly remaining Ljs ^ polygon can be 

shown to be •«. 

Eac. 758 . liot DB out AB at G and AC at H and join D, E to F, the 
centre of the ©. Then DF, EF are X® AB, AC (Ths. 33, 14, 1 (B. 
Now I AGD * I EDF + a rt. I Cor. 8 ) - DBF (Th. 12 ) 

-f a riTL. « L. (Th, 8 , Oor.^. 

14 


15 
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Esc, 785. The sum of the J_s from R, S upon PQ = 2 x X from the 
■centre of the 0 upon PQ (Ex. 4:15) = a const, for all positions of RS. 

Ex. 786. Proof similar to that of Ex. 786. 

Ex. 787. See Ex. 780 and Ex. 764. 

Ex. 788. Join F, the centre of the 0, to B and C. Then A ABF 
= A ACF (Th. 14). BD, CE are equidistant from F (Ex. 165). 

BD ^ CE (Th. 39) and AD = AE. 

Ex. 789. Let CD, EF be chords of a 0 bisected at Q, R by a fixed 
chord AB whose mid. pt. is P. Let PQ be < PR. Join O, the centre 
of the 0, to P, Q, R. Then OQ < OR {Th. 86 and Ex. 866). 

CD > EF (Th. 89). 

Ex. 823. I QPR « 180® - 2 I PQR (Ex. 798, Th. 8) «» 180® - 
2(90® - L RQS) (Th. 40). 

Ex. 824. The quad), so formed is a rhombus (Ex. 790, 805). How 
see Ex. 820. 


Ex. 825. S, T are the mid. pts. of PQ, PR (Ths. 40, 36). .*. ST 
« i QR (Ex. 414). 

Ex. 826. Join O, the centre of the 0, to S. Then i OSP as » 

OPS (Th. 12) = I QPS. OS is II to PQ (Th. 4). ^ut OS is ± 
to the tangent to the 0 at S (Th. 40). 


Ex. 827. Let the in-© touch AC at E and AB at F. Then differ- 
ence between AB and AC = difference between BF and CE (Ex. 798) 
« difference between BD and CD (Ex. 798). 


Ex- 828. Let A be the fixed pt. and AB, AC^ BC the 3 tangents. 
Join 1, the centre of the 0, to B and C. Then T BIC 180® - ^ (j 
B + r C) (Th. 8) = 180® - i (180® - l_A) (Th. ^ « 90® + 4 I A «« a 
constTfor all positions of BC. 


Ex. 829. Join O, the centre of the 0, to P and Q. Then I POQ 
= 180® - 4 (L. P + L Q) (Th. 8) = 180® - 90® (Th. 6) « 90®* 

Ex. 830. The in-centre lies on the bisector of the vert. I (Th. 25), 
which IS also the j. bisector of the base (Ex. 121) and, therefore, passes 
through the oiroum-oentre (Th. 24). 

Ex. 831. Let ABC be the A. Then the internal bisector of I A 
passes through the in-oentre I (Th, 26) and one of the e-centreaTsaY 
L^h. 26), of the A‘ Also L IiAIa^L. I , AI^^OO® (Ex* 14). Similarly 
laB IS to Ijlj, 


Ex. 83 a. (i) AEi = AF, (Bx. 798). AE, + AF, « AC + CD, + 
AB + BD, = 2 «. AE, a a. SixaSlariy BF, - 
BD, « CD, « CE, = s. 

(li) AE - AF (Ex. 798). AE + BD + CD » AF + BF 
+ CE - .-. AE - » - a. Similarly BP - BD 

ss s — 6 ; CD = CE « a c. 

Oil) BD, - BF, (B^^798). BD, - CD, - BC - • - a «). 

Simi^rly CD, = CE, - 5 - a ; CD, - CE, » a1^ 
« I . TT " « AF, - BD, - bf;- # S2 

(It) AE - » - o fli)^ also CE, » • - o <lii). Slmiiatly BF 
- AF, ; nD « BD,. 
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(V) BEi = FFi (Ex. 801). EE^ = AEi - AE « 5 -- (s - a) 
(i, ii) =:a- Similarly FF2= DD2= h ; DD3=EE3==c. 
(vi) DiIX=CDi + CD2 = (s - 6 ) + (s - a) (iii)=c. Similarly 

a I — • &• 

(yii) DDi = BD - BDi «= (s — &) - (a - c) (ii, iii) « c — 
Similarly EEg « a - c ; FFj = a «- d. 

Eac. 845 , The common tangents meet at the in-centre of the 
whose vertices are the centres of the ©s (Ths, 41, 40, 16). 

Ex. 846 . Ex. 845. 

Ex, 847 . Let CD, the common tangent at C, meet AB at D* Then 
CD is X tio the line of centres (Ths, 41, 40) and D is the centre of the 

0 descd. on AB as diam. (Ex. 798). Now see Th. 40, Oor. 2 . 

Ex. 848 . PR H- QR = rad. of 0 with centre P + rad. of © with 
centre Q (Th, 41) = const, for all positions of R. 

Ex. 849 . Let D, E be the centres of ©s touching exteryially at A 
and let 1 | tangents be drawn, one to each ©, touching the © with 
centre D at B and the © with centre E at C. Join DA, DB, EA, 
EC. ( 1 ) Suppose the tangents to lie on opp. sides of A. Then BD is 
II to CE (Th, 40, Ex. 43). | BDA == Q CEA (Ths. 41, 6 ). Hence 

1 DAB I EAC (Ths. 8 , Isj. AB, AC are in the same st. line 

^x. 23). ( 2 )" Suppose the tangents to lie on the same side of A Then 

BD is II to CE (Th. 40, Ex. 48). T BDA + I CEA = 2 rt. I s 
(Ths, 41, 6 ). Hence BAG is a rt. I (Ths. 8 , 12TTSx. 3). When tEe 
©8 touch internally similar proofs apply. 

Ex. 850 . Let the chord RS be drawn in the © with centre P. 

Join PS, QT. Now PQ passes through R (Th, 41) and | PRS + 

L QRT ~ 90^ (Ex. 3). f SPQ + I TQP = 180® (TOs, 12 , 8 ). 
PS, QT are == and || (Th. 6 )”. ST, r*Q are *=* and || (Ex. 151). 

Ex. 851 . Let X, V, Z be the centres of the ©s and let XV pass through 
P, VZ through Q, ZX through R (Th. 41). Join SZ, TZ. Then SZ, 
TZ are both || to XV (Ex. 841) ST is |1 to XV (Ax. 12 ). 


Ex. 852, Let D, E be the centres of the ©s interseoting at B. 
Join AD, AE, BD, BE, CD, CE. Now both AB and AC are J. 
bisectors of DE (Ths. 41, 14, 10). 

Ex. 853. Consider 2 positions of the smaller ©. In the £rst let R 
be the pt. of contact. In the second let S be the pt. of contact a*nd 
let R now occupy the position R' and the centre of tlbe smaller © the 
position Q. Join P, the centre of the larger 0, to R and R' and join 
Q to R'. PQ produced will pass through S (Th- 41). Now I R'QS 
= 2 L RPS (Th. 87). But L R'QS « 2 I R'PQ (Th. 8. Cor. 8, Tti. 
12). .% L RPS « L RTS. R' lies o£T^R 


Ex. 872. 
BCE) f 


Join 


BC. Then L AOC + ^ BOD - 2 (L EBC + L 


42) = 2 1_ AEC (ii:. “8, Oor.’s! 


Ex. 873 . Let I be the in-centre of A ABC. Join ID, IE, IF. 
Then L. PBE « 4 L- PIB (Th. 42 ) « ^^(180® - f A) (The. 40, 8 ), 

Similarly 1_ DEF * 90* - f . L EFD - 90" - 
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Ex. 874. Join E, F, the centrea of the 03, to A, B. JoinAB. Then 
i_ AEB = L AFB (Th. U). 1_ ACB = L ADB (Th. 42). .-. BC 

- BD (Th 13) 

Ex. 875. Join DB, DC. Now DE = DF (Th. 11) and DB = DC 
' (Bx 857). .*. A BDE = A CDF (Th. 16). .-. BE = CF. .*. AE = 
i (AB + AC). 

Ex. 876. Join AD, AE. Now I AFG = I ADF + L. OAF and 
1 AGF = I AEG + 1_ EAG 8, Oor.^). But ]_ ADF = [_ 
EAG and LT>AF - L^EG (Ex. 856). 

Ex. 8^. Join BE,_EQ Then BEC is an eqnilat. A* 


I BCE 

I 60' (Th. 8). .-. 1_ BDE = 30' (Th. 42). ' “ 

Ex. 878. PT, QX, RS are the internal biseotors of the Lj* of A 
PQR (Ex. 866). .*. they ate cononrrent (Ex. 272). 

Ex. 870. Join E, F, the centres of the Qs, to A, B. Join EF. 
Then 1 AEB = I AFB « 120' iTh. 8). .-. 1_ ACB = I ADB = 
60' (Th. 42). .-. LTCBD = 60' (Th. 8). .-. CD = DB = BClBa:. 200). 

Ex. 880. Let PS li« between PI and PQ. Join SO. Than T 
SPI =• I QPI - L QPS = 4 1 P - J (180' - I QSP) (Ths. 12.^ 
= 4 L P - i (180” - 2 L_ R) (TE 42) - 4 (1_ R ^ Q) (Th. “ 


. 8 ). 


Ex. 881. Let AC, PR intersect at E and BD, QS at F. Join PC 
“ “ ■ — "IQ (Ex. 861). 


QD. Now arc AP = arc DS end arc CR = arc B 
ACP = I DQS and I CPR = I BDQ (Ex. 856). 
BFQ (Th:8, Oor. 3). 

890. Join PS. Then [_ SPT = PRQ - 
■ “ ■ ' , arc 


Laep 


Ex. 


ib 

I PSQ (Th. 8, 
ST =■ 003 


I ACF (Th. 
SiSlarly L ^ 


ooiQst. for 

43) sw i 
- 90 ** - 


Oor. 8) = const, for all positions of R (Th. 45) 
positions of R (Es:. 854). 

Ex. 89X. I ADE + I ADF « I ABE + 

L B + L - i (180^- L A) (Th. 8) 

j and 1_ F - 90' - f. 

Ex. 892. Join QS. Then RT is || to QS (Th. 23, Oor. 2). .% I 

PTR =■ I PSQ (Th. 6) ■. const, for all positions of S (Th. 48). 

Ex. 893. Join SO. Then 1 SQR and, therefore, I SQT is const. 
(Ex. 689). arc ST of oonsl. length (Ex. 864). 

Ex. 894. Let the median of A PTR through T meet PR In X and 
QS in ^ Then I QTV - 1 PTX (Th. 3) = I TPX (Ex. 212) « 
<^T (Th. 43). ^enoe As QVT, QTS are eqSang. (Th. 8) and 
QVT » QTS *« a rt, [ , 

Ex. 895. Join BQ, AO, BO. Then | ^PQB - 4 1, AOB (Th. 43) 

(a?h.Waor.8). ...li 

Ex. 89A_Jdn IQ, Then L, SRI -^L^SPQ + L. 


48) « 
(Th. 1 


k 


SPR + r PRI 
Similar!^ SQ =• S 


b 


SIE (Th. 8,^or. 8). 


:RI (Th. 
I - SR 


Ex.897. Produi-eBOtomeetACatF. Join BE. Then A« BOD. 
AOF are equiang (Ths. 8, ff). .-.I DBO ■■ 1 OAF « 1 DBr — 
48). Hence A DBO = A DBE (Th. 11). .-TOD - DET 


m (Th. 



HINTS TO SOLUTIONS 


415 


Eac. 907, Let ABC be a of given base BC and of given vert. | 

A, and let O be its orthooentre. Then L_ BOC = 180® — | A 

<Ths. 3, 8). I BOC is a const. loons of O is the aro of a 

aegment containing an I « 180® — I A and having BC for baaa 

(Th, 4:4k). 

Ex. 908. Let ABC be a ^ of given base BC and of given vert. I 
A, and let I be its in-centre. Then L SIC « 180® - J ([ B -f I C7 

(Th. 8) - 180® - 4 (180“ - 1_ A) (Th. 8) = 90“ + BIC la a 

' A 

const. loons of I is the aro of a segment containing an | » 90® 4- 

and having BC for base (Th. 44). 

Ex. 909. Proof similar to that of Ex. 908. 

Ex.‘^ 9XO. Let ABC be a A of given base BC and of given vert. | 

A, and let the medians ADT BE, CF intersect at the centroid % 
(Ex. 426). Draw GH || to AB and GK || to AC. Then BH CK » 
^ BC (Ex. 427, Th. 23). H, K are fixed pts. Also L HGK = L A 
(Th. 6) a a const. locus of G is the aro of a segment containing an 
L ■■ A and having HK for base (Th. 44). 

Ex. 91 1. Let PS, QR intersect at T. Now aro RS is always of 
const, length (Th. 38). arc PR -h arc QS = a const. .% L. PQR 

.+ LQPS- a const. (Ex. 865). | PTQ « a const. (Th* 8>. *•* 

locus of T is the arc of a segment having PQ for base (Th. 44)* 

Ex. 922. See Ex. 867 and Ex. 912. 

Ex. 923. See Ex. 867 and Th. 45. 

Ex. 924. See Ex. 922 and Th. 87* 

Ex. 925. Let the tangent to the © at S out QR at T. Join QS* 
Then QSR is a rt. Id A (Ths. 46. 1) and TQ = TS (Th. 40. Opr: 2. 
Ex. 798). TQ «^R (Ex. 211). 

Ex. 926. PQ is a diam. of the © (Ex. 791). I PXQ «- f PTQ 
-* a rt. L_ (Th. 45). Hence PTQX is a reot. (Th. OjT 

Ex. 927. The locus is (i) the ©, (ii) an aro of the ©, having for 
diam. the st. line joining the fib:ed pt. to the centre of the given 0 
(Ths. 35, 46). 

Ex* 928- Produce RO to meet the 0 at T. Join TQ. Then As 
FRS, TRQ are equiang. (Ths. 46, 43, 8). L PRS L ORQ. 

Ex. 929* EF passes through O (Th. 41). Also AC* BD are diama* 
of the ©H (Th, 45). Hence EA is |1 to CD and FD to BA (Ths* 10, 4), 
Produce EA and FD to meet at G. Then 1 EOF is a rt* I (Th 6) 
and GF « AB, EG « CD. EF* - AB* 4- CD* (Th. 82),^ 

Ex. 930* Let PQR be a rt. Id A given hypot. QR. ’ Theta 

the locus of P is a © having Qk for diam. (Ex. 912). Produce QP to 

S making PS - PR. Join SR. Then | QSR » 45® (Th, Oor. 8, 

Th. 12) and the locus of S is the aro of a segment having QR for baee 
(Th* 44). But QS « QP 4- PR = a maximum when it is tlie diam* ol 
the © QSR (Ex. 338), that is when A QFR isos* 

Ex. 931. Proof similar to that of Ex. 980* 
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£x, 932* See Ex. 931. 

Hx. 945* Let the sc. line PQ be equally inclined to the sides AD^ 
BC of a cyclic quadl. ABCD. Through E, the pt. of intersection of 
BA, CD, draw a st. line |1 to PQ meeting AD at F and BC at G. 
Then I AFG = L BGF (Th. 6). But I AFG (or its supplement) = 
i AEF + I EAP (Th. 8, Cor. 3) andT BGF (or its supplement) 
= I CEG + I ECG (Th. 8, Cor. 3). I AEF = L. CEG 
(Ex. 934). is equally inclined to BA, CD (Th. 6). 

Ex. 946. Let the st. line PQ be equally inclined to the sides AD, 
BC of a cyclic quadl. ABCD. Let PQ meet AD, BD, AC, BC at E, 
F, G, H reapy. Then 1 BFH « 1 BHQ - [_ FBH (Th. 8, Cor. 3) 
and I AGE = I AEP - I GAE“ (Th. 8, Cor. 3). Buc L BHQ -- 
l_ AEP and PhH = L. GAE (Th. 48). 

Ex. 947. See Ex. 946 and Th. 11. 


Ex. 948. Let AD, the ext. bisector of the vert. I A of a A ABC, 
meet the circum-O at D. Join DB, DC. Then L DBC = i DCB 
<Ex. 934, Th. 43). DB « DC (Tu. IS). 

Ex. 949. Let D be a pt. on the oircum-© of a ABC equidistant 

from the ends of the base BC, Then | DBC = 1 DCB (Th. 12), 

Now apply Th. 43 and Ex. 934. 


Ex. 950. Let P be the pt. of intersection through which AB, CD 
pass ana let Q be the other. Produce AC, DB to meet at E and join 
PQ, CQ, DO. Then I E ^ 180** - (L EAB + I EBA) (Th. 8) - 
180® - L CQD (Th. 4SrEx. 934) = a const. (Ex. 885). 


Ex. 951. Produce DA to out the 0 ACB again at E. Join BE. 
Then BE = BD (Ex. 874). I BDE = 1 BED (Th. 12) = I DCA 
<Bx. 984). AC « AD (Th, 3.3). 


Ex. 952. A is the centre of the 0 passing through B, C, D, i 
L bad - 180® - L BCD (Ths. 42, 46) L GBD + L. CDB (Tli. 8) 


Ex. 962. If =» chords subtend = is at the circumferences they also 
eubtend = Is at the centres (Th. 42jl Hence the radii of the ©s are 
« (Ths. 12,^, 11). If ss chords subtend supplementary L.S at the cir- 
cumferences they also subtend = | s at the circumferences (Th. 46) 


Ex, 963. In an acute [d A \__ BOC H- I BAC *» 180® Ths, 3, 8) 
oiroum-0a of A ABC, HOC are = (Ex. 96S). Similarly circuin-Oe 
of As ABC, COA, AOB are A similar proof applies to any A- 
Ex, 964. Let the oircum-© of A BCF meet EF at G, Join CG, 
Then I feDC -i- L BGC =» L ABC + L. FBC (Ex. 984) « 180® 
(Th. Ijr •. the oircum-© of A^BE passes through G (Th, 47). 

Ex. 965. Let T lie nearer P than R and let the ' iroum-© of A 
RQT meet QS at X. Join XT, XR, Then 1 TXQ - I TRQ 
(Th. 48) « I TPS (Th. 6). Hence oircum-© of A piwises 

through X (Ths. 1, 47). A similar proof applies when T lies nearer R 
than P, 


Ex. 966, Let O be the orthooentre of an acute Id A ABC. Then 
D, O, E, C are ooncyclio (Th, 47). 1_ EDC stT EOC (Th. 43) « 

L FOB (Th. 3) r. I FDB (Ths. 47, 48). Similarly DFB « I EFA 
aud L. FEA «« L- DEC. A similar proof applies to any A* 
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Ex. 967. See Bx. 966. 

Ex. 968. The iu-oentxe of ^ ABC is the orthooentre of the A I1I2I3 
<Kx. 831). 

Hx. 969. Let P be a pt. on the minor arc BC of the cirouin-0 of a 
A ABC» and let D, E, F be the feet of the JLs from P on BC, CA 
and AS produced respy. Join FD, DE, PB, PC. Then FBDP is a 
cyclic quadl. (Th. 47). f PDF = L PBF (Th. 43) = L. ACP 
<3Ex 934) =5 180® - L PDE (Ths. 44, 46). FD, DE are m the same 
Bt. line. Similar proofs for other oases. 

Ex. 970. Leff PQ pass through B, OR through C, RS through D, 
SP through A. Then I PBA + I QBC + L + I SDA = 
180® (Th. 8). L B -Hi- B =. W (Th. 1). ABCD li a cyclic 
quadl. (Th. 47). 

Ex. 971. Join BG, CG, DG and use Ths. 48, 44, 46, 47. 

Ex, 972. Let the ciroum-Qs of As AQR, BRP intersect at S. Join 
SP, SQ, SR. Then I RSQ + [I A = 180® (Th. 46). Similarly f 
FSR 4- L- B = 180®. ^enoe ^ QBP + L- C « 180® (Th. 8). ^ 

lies on the circum-© of CPQ“(Th. 47). 


Ex. 973. Let PQR be an acute Id A having L_ PSR obtuse, and let 
the Xs at Q and S meet at T, at S ano^R meet at V, at Q and R meet 
at X. Join PT, PV. Now POTS is a cyclic quadl. (Th. 47). I PQS 
- I PTS (Th. 48). Similarly I PRS « L. PVS. L. QPR - 
1 TPV (Th. 8). But I QPR +T QXR = 180® (Th. 8) T TPV 
+ [ TXV =» 180®. .*.1^, T, X, v are ooncyolic (Th. 47). A similar 

prooi applies when \ PSR is acute and for any 


Ex. 974. O, S, R, T lie on a © (Th. 47) whose diam. is OR 
(Th. 46). .V l 1 SRT =; 180® - I SOT (Th. 46) = a const, for all 
positions of R. ST is of const. length for aU positions of R (Bx, 854, 

Th. 88). 


Ex. 97s. Let P, (X R be the mid. pts. of the sides BC, CA, AB of 
an acute T_d A ABC whose orthocentre is O, and let X, Y, Z be the 
mid. pts. oTOA, OB, OC. Join RP, RX, OP, QX. Then RX is 1| to 
BO (Th. 23, Cor 2), Similarly RP is )[ to AC. But BO is X AC. 

RX is X to RP, Similarly QX is X to QP. R, P, Q, X are 
oonoyclio (Th. 47). Similarly Y and Z may be shown to lie on the- 
same 0 as P, Q, R, A similar proof applies to any 


Ex. 976. In the fig. of Bx. 976 let D, E, F be the feet of the X« 
from A, B, C to BC, CA, AB. Now Is PDX PQX are both rt. L-S. 

P, D, Q, X are conoyoUo, SimilarlyE and P may be shown to lie on 
the © passing through P, Q, R, X, Y, Z. 


Ex, 977. Because it passes through the feet of the ±b from the 
vertices to the opp. sides (Bx. 976). 


Ex, 978. Let O be the orthocentrh and S the oiroumcentre of an 
acute-angled A ABC- Let D, E, F be the feet of the Xs from A, 
B, C to BC. AB, Let P, Q, R be the mid. pts. of BC, CA, AB. 
Let X, Y, i be the mid. pts. ^ OA, OB, OC. Join SQ, SR, YZ, 
RQ. Then YZ, RQ »re each || to BC 23, Ooc. 2) and i BC 
<Ex. 414). YZ is - and || to RQ, Hence A YZO s A QRS 
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(Til. 11). SQ s OY = ^ OB. Similarly SP « J OA and SR - 

|OC. A similar proof applies to any ^ 

Ex. 979. In the fig. of Ex. 978 SP « i OA (Ex. 978). SP is » 
and II to AX. AS is «■ and || to XP (Ex. 151). But XP is a diam, 
of the nine- points 0 (Th. 45) and AS is the ciroum-radius of ABC. 

Ex. 980. In the fig. of Ex, 978 let OS meet XP at N. Now SP «»•' 
OX (Ex. 978). Hence A I*NS ^ A XNO (Th. 11). N is the 
nine-points centre, and it is midway between O and S. 

Ex. 989. Use Th. 43, and see Exp. 838. 

Ex. 990. Draw a common tangent to the 9 0s, and use Ths. 48,. 
5, 7. 

Ex. pot. L bag =■ J L BCA (Th. 8) - L. BPA (Th. 42). Now- 
see Ex. 981. 


Ex. 992. Let AF be the tangent at A to the 0 ACE and AG the 
tangent at A _^_the © ADB. Suppose B to l^e within | DAF and 


Then I AOP*=2 1 BOF 
I ^RP + L BFr *- 
IP (TJb 


Ph. 48). 


“L. brp 


F within L bag. Now I CAE = l_ ABE + I AEB (Th. 8, 
Cor. 3). Also r BAF « 1 GEA (Th. 48) and I EXG = 1 DBA 
<Th. 48). L^AG ~ LjBetween BD and EC (Tli. 8). 

Ex. 993. Let F be the centre of the 0. Then AC « AF » AP 
<Ex. 212). ACF is an equilat. A- L_ ABC « 30** (Th, 42), 

L. BDC « 60« (Th. 8). Also L. DCE LJCAF (Ths. 3, 48) « 60^. 

Ex. 994. Let O be the centre of the 0. 

<Th. 87). j ABP = 21 BAP (Th. 42), , . 

2 I BAP (Tn. 8). But r BPR = I BAP 
—Xl. BAP. Now see Ex.^1. 

Ex. 995. Let the 0s touch at F and let their common tangent at 

k - 1- •'™ “““ 

CAD (Th. 43) = 1 CAB (Ex. 798, Th. 14) 
* I betweenBC and the tangent at C (Th.lffi). 

Ex. 998. Let PQ, ST be the common tangents and R a pt. of in 
terseotmn. Then PS is |[ to QT, for each is J. to the line of centres. 

Ex. 1005. On one side of the reot. const an equiv. £Z7gm havinu a 
iside AB =.^0 of the given lengths (Ex. 1002). Similarly on AB const 
an equiv. having a side = the other given length. 

Ex. ^^*3* 0^® of the given lengths as base const a reot w the 

^ven area (Th. 26), then, on the base of this reot, const, an equiv. A 
having a side »- the other given length. ^ ^ 

Ex. XOX4. Const a Ogm on i the base of the given A «« b«*se and 
2h. sfd«“%hfgi?,n ^ 
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Ex. 1015. The diags. of a £I7g^ bisect each other (Th. 22) and divide 
^be into 4 : equiv, (Th. 28, Cor, 2). Hence const, as in Bx. 1018. 

Ex. 1016. Let D be a pt. in the side AB of a ^ ABC. Join DC. 
Draw BE \\ to DC (Prob. 6) meeting AC produced at E. Join DE. 

Ex. 1017. Let ABC be the given and let D be a pt. on BC such 
that BD = the given base. Now const, as in Bx. 1016. 

Ex. 10x8. Let ABC be the given ^ and let D be a pt. on AB (or 
on BA produced) such that _L from D to BC = the given altitude. 
Now const, as hi Ex. 1016. 

Ex. 10x9. Const, equiv. of the same altitude (Ex. 1018). 

Ex. X020. Const, equiv. of the same altitude (Ex. 1018). 

Ex. 1021, Const, a ^ of the given area having its base along the given 
•et. Unhand then const, as in Ex. 1018. 

Ex. 1022. Join the given pt. to the mid. pt. of a diag. and produce. 

Ex. 1023. Const, as in Ex. 1022. 

Ex. 1024. Let D be any pt. in the side BC of a A ABC and let E 
be the mid. pt, of BC. Join DA Draw EF U to DiMProb. 6) meeting 
<a side of the at F. Join DF. 

Ex. ZO25. Trisect the side (Prob, 7) and const, as in Ex. 1024. 

Ex. X026. Divide the side into 4 s parts (Ex. 477) and const, as in 
Ex. 1024. 

Ex. 1027. Divide the side into n = parts (Prob, 7) and const, as in 
Ex. 1024, 

Ex. X028. Let A be an angular pt. of a quadl. ABCD. Join AC, 
BD- Through E, the mid. pt. of BD, draw EF H to AC meeting a 
4>idQ of the quad!, at F. Join AF. 

Or, 

On AB as base const, a ABE oquiv. to and haviM IB in common 
with the quadl, ABCD (Prob. 18), Bisect BE at F 2). Join 

AF. This const, fails when CE > CB. 

Ex. X029. See Ex. 1023, second solution. Trisect BE (Prob. 7). 

Ex. X030. See Ex, 1028, second solution. Divide BE into n « paarfca 

{Ptoh, 7). 

Ex. X031. See Ex, 1027, 

Ex. 1032. Produce QP to X, making PX » PS. Join XR. Draw 
jPT II to XR (Prob. 6) meeting QR in T. 

Ex. X033. Find the centroid of the A (Ex. 426) and join it to the 
vortioes. 

Ex. X034. Lot ABCD be the given Ogni. Produce AB to E so that 

be ■« the given st. line. Complete the DAEF. Join FB.. 

Produce FB and DA to meet at G. Complete the r7gm FDGH* 
Produce CB to meet GH at K. 

Ex. *035. See Exs. 1012, 1084. 

Ex. X036. Divide the given rectil. fig. Into A® drawing diage* 
Jtfow Exa 1012, lOdd. 
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Eac, 1037, Make a A ABC rt. Id at B such that AB, BC are reap3> 
■■ the sides of the given sqs. Then AC* =» AB* + BC* (Th. 32). 

Eac. 103S. See Ex. 1037. 

Ex. X039. Make a A ABC rt. I d at B such that AB, AC are respv. 
= the sides of the given sqs. (Prob. 12). Then BC* =: AC* - AB" 
<Th. 32). 

Ex. 1040. Let AB be the given st. line and CD a side of the given 
sq. Make f ABE « 45® (Ex. 490), and with centre A and rad. CD 
ueso, a © cutting BE at F and G. Prom F or G dr£i.w a X to AB 
(Prob. 4). 

Ex. Z041. Let ABCD be the given sq. Produce AC to H ao that 
AE « 2 AC and on AE const, a sq. 

Ex. 1042. Let ABCD be the given sq. With centre A and rad. AC 
desc. a © cutting AD produced at E. Draw EF [1 ^ AB (Prob. 6) 
meeting AC produced at F. 

Ex. 1043. Draw BC JL to AB (Prob. 3) and a side of the given 
sq. Join AC. Make L ACD = L (Prob. 6) on the same side 

ot AC. 

Ex. 1044. Make a A ABC rt. Id at B such that AB » a side of 
the given sq. and L A « SO® (Ex. SBS). Then BC* « i AB* (Ex. 690). 

Ex. 1045. Let ABCD be the given sq. With centre A and rad. AB 
desc. a © cutting AC at E. Draw EF JL to BC and EG X CD 
(Prob. 4). Then FG is a side of the reg. octagon. 

Ex. 1046. See Ex. 166 and Th. 82. 

Ex. 1047, Draw BC X to AB (Prob. 3). Draw AC making I BAC 
» 22i® (Ex. 491) and meeting BC at C. Make [_ ACP - (Z BAC 
(Prob. 5) on the same side of AC. 

Ex. X048. Let AB = a side of the given sq. Draw BC X ^ AB 
(Prob. 3). Prom BC cut off BP » AB, BQ == AP, BR - AQ» BS - 
AR and so on. Then BQ*, BR*, BS* . . ♦ shall be twice, three times* 
four times . . , AB* (Th. 32). 

Ex. 1049. In the £lg. of Ex. 1048 let AB «« 1 in. Then BQ. BH. 
BS . . . shall be s/% s/% \/4 . . . inches. 

Ex. 1056. At the given pt. draw the X the diam. through the 
given pt. (Prob, 3). 

Ex. 1057. Draw the shortest chord through the given pt. (Ex. 1056). 

Ex. xosk See Prob. 10. 

Ex. 1059. Pind S, T the centres of the ©s (Prob. 14). Join R to 
X, the mid. pt* of ST (Prob. 2). Draw PRQ X to RK (Prob. 8). 

Ex. 1073. Let P be the given pt. Place a chord in the © of the 
given length and desc. a concent. © to touch this chord (Ex. 1060) and 
draw a tangent to this © through P (Prob. 16). 

Ex. X074. Const, as in Ex. 1078. 

Ex. X075. Place a ohord^dn the © of the given length mod deeo. a 
concent. © to touch this chord (Ex 1060). Iso'w const, as in l&x* 10^. 
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Ex. Z076. Place a chord in the 0 of the given length and deso. a 
concent. © to touch this chord (Ex. 1060 ). Now const, as in Bx, 1067 - 

Exs. 1077, 1078. Solve by the method of the Intersection of Loci. 

Ex. 1079. See Th. 25 . 

Hxs. 1080, 1081, X082, X083. Solve by the method of the Intersection 
of Loci. 

Ex. X084. Let Ot 5 , c be the given radii of the 3 0 s. Const, a 
having sides = (a + &), (b + c), (c + a) respy. (Prob. 10 ). Then the 
vertices of this ^ will be the centres of the reqd. ©s. 

Ex. X085. Let a, h be the given radii of the 2 ©s that touch ex- 
ternally and c the given radius of the third ©. Const, a ^ having 
sides « (c - a), (c — 6), (a + 6) respy. (Prob. 10 ). Then the vertices of 
this ^ will be the centres of the reqd. ©s. 

Exs. Xo86^ 1087, X088. Solve hy the method of the Intersection oi 

liOOl. 

Ex. 1089. Let C be the given pt. in the given st. line AB and let D 
be the centre of the given ®. Draw EDF _L to AB meeting the cir- 
cumference of the given © at E (Prob. 4 ) and draw CH X to AB 
(Prob. 3 ). Join EC cutting the given © at G. Join DG and produce 
DG to meet CH at H. Then H will be the centre of the reqd. 0. 

Ex. X090. Let AB be the given st. line and G the given pt. on the 
given © whose centre is D. Draw EDF JL to AB meeting the cir- 
cumference of the given © at E (Prob. 4 ). J oin EG and produce EG 
to meet AB at C. Draw CH X to AB (Prob. 3 ). Join DG and pro- 
duce DG to meet CH at H. Then H will be the centre of the reqd. ©. 

Ex. X096. Place a chord in each © of the length to be intercepted in 
each case. Deso. concent, ©s to touch these chords (Ex. 1060 ) and 
draw a common tangent to these ©s (Prob. 17 ). 

Ex. 1097. In the © to be out by the st. line place a chord of the 
length to be intercepted. Desc. a concent. © to touch this chord 
(Ex. 1060 ) and draw a common tangent to this © and the 0 to be 
touched by the at. line (Prob. 17 ). 

Ex. ZI04. Draw 3 diams. inclined to one another at angles of 60 ” 
(Ex. 655 ). 

Ex. XX05, Inao. a reg. hexagon (Ex. 1104 ) and join alternate vertices. 

Ex. XX06. Inso. a reg. hexagon (Ex. 1104 ) and bisect the arcs out off 
by the sides (Prob. 15 ). 

Ex. 11x6. Find the angular pts, of a'-reg. octagon insod. in the © 
(Ex. 1103 ) and draw tangents to the © at these pts. (Prob. 16 ). 

Ex* XX17. Find the angular pts. of a reg. hexagon insod. in the © 
(Ex. 1 X 04 ) and draw tangents to the 0 at these pts. (Prob. 16 ). 

Ex. zrr& Find the angular pts* of a reg. dodecagon ixiscd. in the © 
(Ex. 1106 ) and draw tangents to the © at these pts. (Prob. 16 ). 

Ex. rxxp. Draw 2 diams. of the 0 inclined to one another at an 
M the given I (Prob. 5 ) and draw tangents to the 0 at their ex- 
tremities (ProSTlb). 



422 


ELEMENTS OF GEOMBTBT 


Eac. 1120, If Ii, la. Ij are the given e-oentres, the vertice* of the r.aqd* 
A are the feet of the ±» from Ij, Ig, Ig upon Iglsr hhf hh reapy. 
(Ex. 968). 

Eac. 1127. On AB the given base, describe a segment containing an 
I =» the given I (Prob. 21). Complete the © by describing the arc 
AEB. Bisect tEe arc AEB at E (Prob. 1^. Join E to the given pt. 
D in AB. Produce ED to meet the © at F. Join AF, BF. 

Eac. 1128. Let AB be the given base, a the given vert. I and D 
the given median. Bisect AB at C (Prob. 2). On CB desonbe a seg- 
ment containing an L = I a (Prob. 21). With centre A and radius 
= D describe a © cutting ^e segment at E, Join BE and produce 
BE to F BO that EF = BE. Join AF. 

Ex. 1129. Let AB be the given base, C the given vert. L ^ a- 
line os the sum of the remaining sides. On AB^ and on the same side 

of it,, describe 2 segments containing L,s = L C and J | C ^fespy. 

(Prob. 21). In the second segment place a chord AE ob D and cutting 
the first segment at F. Join BF. 

Ex. 1130. Let AB be the given base, C the given vert. | and D a 

line ?= the cLifference of the remaining sides. On AB, and on the same 

side of it, describe 2 segments containing | s » L. C and 90® + J L. ^ 

respy. (Prob. 21). In the second segment^aoe a chord AE D and 
produce AE to out the first segment at F. Join BF» 

Ex. 1145. AH . AL = AH« - AH • HE (Hbc. 1148, ii.) - AB, BH 

AH . HL « HL(AB - AH) « HJJ. 

Ex. 1146. AC . BO OS AB . BD Hh BC, BD (Th. A) - AB(BC-f CD> 
+ BC. BD (Th, A) = AB . CD + BC(AB + BD) (Th. A) - AB. CD 
+ AD. BC (Th. A). 

Ex. 1147. Let D, E, F be the feet of the Xs from A, BL C to tha 
opp, sides of the A. Then (AP + PD)BC + (BP 4* PE)CA 4- 
(CP + PF)AB = 6 A ABC (Th. A, Th. 28, Cor. 1). But PD . BC 4^ 
PE. CA 4- PF . AB - 2 A ABC (Th. 28, Oor. 1). 

Ex. 1148. CE.ED » (AE - AC) (EB 4- BD) * AE. EB 4- 
AE. BD - AC(EB 4- BD) - AE. EB 4- AC(AE - EB - BD) « 
AE.EB 4* 2AC«. 

Ex, 1149. Draw AF X to BC. Now BD.CE 4- BE. CD 
BC.DE (£x. 1146) » 2.AF.DE = 4 A ADE - 2. AD.AE. 

Ex. 1163. AC“ -f BD*». AB^ 4- BC* 4- 2AB. BC (Th. B) 4- BD» 
« AB» 4- BD® -H 2AB(BD - CD) 4- BC* - (AB 4- BD)* (Th. B) 4- 
BC-^ - 2AB . CD, 


Ex. 1164. PS* 4- RQ* - 2PQ.RS - 
iTh. B) 4- RS* 4* SQ* 4- 2RS . SO (Th. B) 
4. 2RS(RS 4- PR 4- SQ ^ PQ) ^h. A) - 


PR* + RS* + 2PR, RS 
-2PQ.RS»PR*4-SQ* 
PR* 4- SQ*. 


Ex, ri6s. BE* « AB* 4 - AE* 4- 2.AB,AE (Th. B) AB* 4 
AB.BC 4 - 2AB,AE ^ AB(AB + BC + 2AE) (Th. A) « AB.DE. 

Ex. 1166, AF* = AB* 4- BF* 4- 2AB . BF (Th. ii^ « AB* 4- 4AH» 
4 - AAH. AB AB* + 4AB.BH 4- 4AH.AB « AB* 4- UiBiBH 4 ^ 
AH) (Th. A) - SAB* (Th. Ah 
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Ex. ri72. (AB + BC)« - AB^ + BC^ + 2AB . BC (Th. B) «» SAC* 
(Ex. 1171) + 2KCK 

Ex. ii8i. Join P to the mid. pt. of QR and use Th. D, Cor. 1, or 
Th 1), Cor. 2, according as S divides QR internally or externally. 

Ex. 1182. Use Th. D, Oor. 2, 

Ex. 1183. Use Th. D, Oor. 3 
Ex. 1184. Use Th. D, Oor. 2. 

JEx. 1185. Use Th. D, Oor. !• 

Ex. 1 186. Draw a J. from the rt. I to the hypot. and use Th. 3d» 
Til, D, Oor. 2, and Ex, 1168- 


Ex. 1187. AQ. QS + PQ2 PS2(Th. D, Oor. 1) = 
(Th. D, Oor. 1). But PQ < PR. PQs < pRa, 
AR.RS. 


AR. RS + PR» 
AQ.QS> 


Ex. 1188. Let P be the mid. pt. of the side BC of a ^ ABC and (J 
the foot of the JL from A on BC. Suppose AB > AC. Then AB* - 
AC* = BQ* + QA* - CQ* - QA* (Th, 32) = (BQ + QC) (BQ - QC) 
(Th. D) « 2BC. PQ. 

Ex, 1189. For the foot of the X from the vertex to the base is always 
at a constant distance from the mid. pt. of the base. See Hlx. 1188. 

Ex. ZX90. See Ex. 1188. 

Ex. xipi. See Ex. 1188. 

Ex. 1x92. AB . BE « AB* - AB • AE (Ex. 1148, ii.) « AC* - BCP 
(Th. m - AB . AE « (AC - BC) (AC + BC) (Th. D) - AB . AE = 
AE(AC + BC - AB) « AE(AE + AB - AB). 

Ex. XX07. AQ* 4- QB* = 2AP* + 2PQa (Th. F, Oor. 1) « 2(AQ . QB 
4- PQ*) (Th. D, Oor. 1) + 2PQ*. 

Ex. XI98. Draw AE J. to BC. Then BD* 4- CD* »» 2BE* 4- 2ED* 
(Th. F, Cor, 2) « 2AE* 4- 2ED* - 2AD* (Th. 32). 

Ex, 1x99. EK* -f GK* = 2EHa 4- 2HK* (Th. F, Oor. 2). Also HF* 
4- HG* « 2KF* 4- 2HK* (Th. F» Oor. 2). Hence, by subtracting. EK* 
4- GK* - HF* - HG* == 2EH* - 2KF*. EK* 4- 8FK* « FH* 4- 
8EH*. 


Ex, xaoo. Draw AE ± to BC. Then BD* 4- CD* « 2BE* 4- 2DE* 
(Th. F, Oor. 1) 3BE* - BE* 4- 2DE* « AE* (Ex. 690) 4- DE® - 
(BE* « DE») « AD* (Th. 82) - BD. CD (Th. D). 

Ex. X202, Draw AE ± to BC. Then AD* « DB* 4- BA* -f 
2. DB. BE (Th. 49) * DB* + 8BA*. .% 2DB. BE « 2BA* « BC» 
(Th. 82). Hence DB » BC. 

Ex. Z203. Let the projection of the 5 ft. side on the 8 ft. side 
measure m it. Then 7* « 8* + 6* 4- 6® (Th. 49). « *• J-. Hence the 

7 ft, side subtends an L of 120*. 

Ex. 1204. Draw EF 11 to AB and EG JL to BC. Then BE* = BF* 
4- FE* + 2BF, FG (Th. 49) ^ BF(BF 4 2FG) (Th. A) 4 CE* (Tus, 
6, Id) « BC. DE 4 CE*. 

Ex. 1205. AB* w BC* 4 CA* 4 2BC. CD (Th. 49) «« BD* - CD^ 
4 CA* (TL B). DF* 4 CD* « BD* 4 DG*. FC* « GB*. 
(Th. 82). 
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Ex* z 208 » Join OA, OB, OC and use Th 50, 

Ex* 1209 . Draw J_s from the ends of one of the i| sides to the other 
aud use Ths. 49, 50, A. 

Ex. 1210 . See Ex. 1209. 

Ex. 12 X 1 , See Ex. 414, Ex. 417 and Ex. 1210. 

Ex. 1212 . Draw AE J_ to BC. Now AB^ -< BC* H- CA^ AB 
subtends an acute | at C. AB® BC® + CA* — 2BC.CE 
(Th* 50). 2CE Hence L, C * 

Ex. 1213- PQ^ == QR^ + PR^ - 2PR . RS (Th. 50). Also PR^ ^ 
QR® + PQ® - 2PQ. QT (Th. 50). by adding, 2Qp® = 2PQ. QT 
+ 2PR. RS. 


Ex. 1214 . Suppose ABC an acute Id A and draw HM X to FC 
produced and AL X to BC. Then TO® =;= FC® + CH® + 2FC* CM 
(Th 49). Also AB® = BC® 4 - CA® - 2 BC . CL (Th. 60). But CM 
CL (Th* 11 ). .•* FH® + AB® = 2BC® -h 2CA®. Similarly KE®> BC- 

= 2CA» + 2AB* and DG* + CA* = 2 AB* + 2BC*. Now aJd. A 
iriimlar proof applies to any A . 

Eac. 1215 . Suppose AB > AC. Now AP*=PB*+AB*-2. BN. AB 
(Th. 50). Also AP* = PC* + AC* - 2 . CM. AC (Th. 60). Houce 
PC* - PB* «= AB* - AC* =• a constant for all positions of P. Now 
see Ex. 1189. 

Ex. 1216 . Draw AE T to BC, and, by using Ths. 49, 60, obtain an 
expression for p . AD* + q . AD*. 

Ex. 1223 . Let ABCD be the quadl. and P, Q the mid. pts. of AB, 
CD, Then AD* + AC* + BC* + BD* =. 2DQ* + 2AQ* + 2DQ“ + 
2BQ* (Th. 61) = CD* + 4AP* + 4PQ* (Th. 61) = CD* + AB* + 4 PQa. 

Ex. 1224 . Let AG produced meet BC at E. Then DB* + DC* => 
2 BE* + 2 DE* (Th. 61) = AB* + AC* - 2AE* + 2DE* (Th. 61) » AB* 
+ AC* - lOAD* (Ex. 427). 


Ex. 12 ^ Let AC, BD intersect at E. Join PE. Then 2AE* + 
2 PE* - 2 BE* + 2 PE* (Th. 61). Hence AE *=> BE and AC => BD. 

Ex. 1226 . Let O be the centre of the © and E the mid. pt. of CD 
Then AP* + BP* = 2 . OA* + 2 . OP* (Th. P, Oor. 1) 20C* + 20 P* 

= 2CE* + 2EP* (Th. 32) = CP* + DP* (Th. 61). 

Ex. 1227 . Let O be the centre of the 0 s, R the mid. pt. of PQ and 
S the mid. pt. of OT. Then OP* + OQ» = 20 R* + 2RO* (Th. 61 1 » 
20R* + aRT* (Ex. 212 ) = 40S* + 4SR^(Th. 61). But dp»’ + OQ^ - 
40S is a constant* Hence the locus of R is a Q) having S for centre* 


Ex. 1232 . Produce Cl to out the 0 at A. Then t A^O = a rt 1 

AC.’ ° *” “>• ••• OC ■ CH 


AK- ®2). But BK. KC cannot be 
greater than BP* (Th. D, Oor. 1 ) and BP* * OB* - OP* (Th. 82). 

Ex. 1234 . Draw the J. from B to AC and use Ths. 60, 45, 62. Cor. 1 , 

Draw ±s from the centre of the © to the chords and use 
Ths* B, 52, F, Oor. 1 , and 32, 


+ 

e 


Ex. 




“ 36 - L. BFA = 
;D (TE. 43) 


^ + I FAE (Th. 8 , Oor. 8 ) - 

='Lri?CF. .'Tap touches the oiroum 

i A — — — ^ 


(Ex. 98'1). 'AFi^:KB . AC (Th. 6 ^ 60 ^ 1 ) - AD rAE 
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Ex, 1237 . Let R be the foot of the J_ from Q on AB. Then B, P. 
Q, R are coney olio (Ths. ^ 6 , 47). AP . AQ = AB . AR (Th. 62) - 
a constant for all positions of P, 


Ex. 1238 . Let EF out AB at G. Now DF* = DB . DA (Th. 62. 
Oor. 1 ) = CA. CB = CE 2 (Th. 62, Oor, 1 ). DF = CE. Also I 

DGF »= I CGE (Th, 3) and | DFG is supplementary to | CEGT 

.•.T>G « CG and AG =s BG, 

Ex. I 235 >. AE = DF (Ex, 801). AG = DH (Ex. 1229). GB . GC 
= HB. HC (Th. 62, Cor. 1 ). GB = HC. GH2=BO*+4GC. GB 
(Th. B) « BC* + 4GA2 (Th, 62, Oor. 1 ) = BC® + AE®. 

Ex. 1245 . See Th. D. 

Ex. 1246 . Produce AB to P so that CP =* 2AB. 


Ex, 1247 , Bisect the at, line (Prob. 2). 

Ex. 12 ^. Make the obtuse L =* 120®. 

Ex, 1249 . Produce AB to P so that BP == AB ^/2 (Ex, 1049). 

Ex. 1250 . Lot AB be the given st. line and PQ a side of the given 
square. Smect AB at C (Prob. 2 ) and produce AB to D so that CD* 

CB^ + PQ« (Ex. 1087). 

Ex. 1251 . Let ABC be a ^ rt. Id at B. Draw BE J, to AC 
(Prob. 4), Bisect CE (Prob, 2 ). 

Ex. 1252 . Let AB be the given st. line. Draw BC JL to AB 
(Prob, S) and *« iAB, Join AC, From CA out ofi CD = CB and 
irom AB out of! AE » AD. See Ex. 1192. 


Ex. X2S3* Let AB be the given st. line. Draw BC JL to AB 
(Prob. 8) and = JAB. Join AC. From AC produced cut o3 CD « 
CB and from BA produced cut off AE « AD. 

Ex. 1234 * Let AB be the given st. line. Bisect AB at C (Prob. 2)* 
and produce AB to D so that CD =8 AC ^/6 (Ex. 1049). 

Ex, X2S5» Let AB be the given st. line. Divide AB internally at C 
in medial section (Ex. 1262). On AB desc. a semi'-O and in it place a 
chord AD « AC. Join BD, 

Ex. 1256 . Let iL B be the 2 given pts. and PQ tho '^iven st. line, 
and suppose AB, PQ to meet at C. Along PQ take CD such that 
CD^ = AC . CB (Prob. 24). Deso. a © through X B, D (Prob. 18). 

Ex. X 2 S 7 . Let A» B be the 2 given pts. Desc, © through A, B 
cutting the given © at C, D, and suppose AB, CD to meet at E. 
From E draw a tangent to the given © (Prob. 16) and let F be its pt. 
of contact. Desc, a 0 through A, B, P (Prob. 18). 

Ex« X 2 ^. Let AB» CD be the 2 given st. lines and E the given pt. 

Let AB, CD meet at F, and suppose E to lie within | AFC. Draw 

FG bisecting I AFC (Prob. 1 ) and EG ± to FG (ProB. 4). Produce 
EG to H so that GH «« EG. Now deso. a © through E, H and 
touching either AB or CD (Ex. 1266). 

Ex. 1259 . Let A be the given pt. and BC the given st. line. Draw 
DE a tiiam. of tiie given © X to BC (Prob. 4) and produce DE to meet 
SC at P. Join DA and produce DA to Glo that DA, DG»DE. DP 
1242). De’^e. a © through A, G and touching BC (Ex. 1266). 
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Ex. 1299. Use Th. 28» Cor. 1. 

Ex, 1300. Place the so that I A and IP may bo vertioally 
opposite. Join BQ, CR. Now use TE. 29 and Ex. 1293, 

Ex. 1301. Follows from Ex. 1300. 

A PSV A PTV 

Ex. 1302. ^Qsv ~ A RTV ^ QSV 

** A RTV. Now use Th. 29 and Th. 11. 

Ex. 1303. S - ^ S “ ^ 

Ex. 1304. Dra-w CG || to DF, meeting AB ox AB produced at G. 
Then FG = EC. 

Ex. 1305. If TS produced outs PQ at V, then V is the mid. pt. of 
PQ (Ex. 211). ^ 

Ex- 1306. Produce PS and PT to meet QR (produced both ways) 
at V and X- Then S is the mid. pt. of PV and T is the mzd. pt. of 
PX (Th. 11), 


Ex. 1307- Let O be the fixed pt. Join O to the centre of the ©, by a 
fine cutting the ciroumfoe. at Q and R, Let OQ be divided at S and OR 

•t T so that Qg = = the const, ratio. Join SP, TP. Now I SPT 

Is a rt. 1_ (Th, Si, Th. 45 (a)), and S, T are fibred pts. 

=*• -33, ^ (B*. 33*, - ^ (Th. 

xiidd). 

Ex. 1333. Let the ©s touch at T and let TX, their common tangent 
at T, meet PQ at X. If R, S are the centres of the ©s, | RXS is a 

rt. I and XT is X t'' RS (Th. 40). XT is the mean proportional 

between RT and ST (Bx. 1828). But XT - i PQ (Ex. 7<J8). 


Ex. 1334. Draw the common tangent at T. 1 PTO 
798, Ths. 12, 8). l_TPQ = 90' - L,TQP CQTft 


is a rt. I (Ex, 
(Ths. ^45). 


E*. I33S- QR subtends a rt. I at the centre of the © (Ex. 829). 
Now use Tn. 40 and Ex. 1328. ' 


Ex. 1335. Draw EG || to AB, meeting BC at G; 
EG EF 
*" DB “ 5P- 


Then 


AB EG 

AC“HC 


«)-«>• -L-BAB db. 


Ex. 1338. Let ABC, DEF be 2 ^s having L_B - L-E and 
ilF Case I. Suppose l_if - L.D, then l_C « L-F (Th. 8>. Oase H, 
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fiuppoat I A not »» I D 
Eir BA 


8 A ED - . B7 
aC = df“' 

,• 1_DFE + L_DF E 


At D la ED make I EDF' - I A, Then 
ED 

gp. DF « DF'. and 1_DFF' - 1_DF'F. 
180 *. 


Ex. 1339 . A* **QR> TPQ are equlang.. since IQ is common and 

QR _ PQ 


PftQ = L_PQR - L.QPT. 

Ex. 1340 . Join EC L_BAD - 1 CAE and lABD = lAEC 

<Xh. 48). A* ABD, AEC are equiang. (Xh. 8 ). ^ 

Ex, 1341 . AB . AC - AD . AE (Ex. 1340) - AD . ED + AD“ (Xh. 
A, Oor. BD . DC + AD» (Th. 62). 

Ex. * 34 *. Produce DA to meet oircum-Q of A ABC at E and 
proceed ae in Exe. 1840, 1841. 

Ex. iSdS* A ABC draw AD J. to BC and let AE be a diam. of 


• • PQ QT' 


ECA (Xh. 45) and 
are equiang. (‘L'h. 8 ). 


olronm-©. Join EC. Then rt. I BDA — rt. I 
1 ABD - 1 AEC (Th. 48). .-. A* A3D, AECli 
• ^ AB A^ 

Ek* 1344 . ABCD h6 a oyolio quadl Join AC, BD. Draw BE 
making L ABE « L. DBC and meeting AC at E. Then I AB D 

|_ EBC and l_ BDA - L. BCE (Th. 43). Hence gg - 
.% BD»CB«- BCeDA. Similarly from ABE, DBC we have 

BD“ci- BD . AE - BA . DC. .‘.BC.DA + BA.DC- 
Id . CE -f BD . AE - BD . AC (Th. A). 

EaCe 3f34it PS . -» PQ * RS -i- PR . QS (Ex. 1844). But QR 

PQ PRL* '»'** PS ■“ RS •¥ QS* 

Ex. * 346 . Draw PL, SM JLs from P, S to QR, TV. Now 

Of OT AR T>A AR ^ 

* “ gH " g? 


Bx. * 347 . A* PQRi PQS are equiang. (Th. 

- SS ' o5 (»*• iW8). 




PQ '. QS 

Bx. 1348 . Let TR out PS at Z. Join RP and prodnoe RP to 
meet QTj^uowl at V. Then I PVT - f PQR (Ths. 40, 46, Er. 
^ 1 ) -< “ TP (Th. I5) • TQ (J5x. 798). 

How ^ ^ (Ex. 1814). 

Bx. XSfit. T be centre of 0 PQR and V of 0 PQS. Then 
1 PTR - « L BPS - L PVS (Tha. 42, 4#). A« PTR. PVS 


are 
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Ex. 1355. Let T be centre oi © PQR and V of © PQS. Then 
1_RTQ - |_QVS (Tbs. 42, 1). RTQ. QVS are similar. 

Ex. 1356. See Ez. 1858. 

Ex. 1357. See Th. 62, Oor. 2. 

Ex. 135& See Ex. 1853. 

^ ^ BP BP + AP BQ + CQ BQ „ _ ,, 

E*. 1359- ER “ ER + DR “ ES + FS " ES‘ A« BRQ 

ERS are similar and = -gg = gp. 

Ex. 1560. Draw OT JL to PQ and in OT or OT produced take a pt. V 

OTT OS 

such that reot. OT . OV ■= reot. OR . OS. Join SV. Then « q^' 

Hence OSV, OTR are similar (Th. 67). . % I OSV « I C^TR « 
a rfc. L. locus of S is a 0 having OV as diamT^Th. 45 (a)). 

Ex. 1361- A® PAG, PBD are similar (Th. 67), Hence ABCD is a 

PC 

cyclic quadl. (Th. 44). Again | APB is const. (Th. 43) and is a 

const, ratio. L_PCA is const. (Th. 64). | ACB is const. (Th^ 1). 

oircum>0 of quadl. ABCD is a fixed 0 and'CD subtends a const. 

I in it. CD is of const, length. CD is at a const, distance from 
the centra of a fixed 0 (Th. 39 (a) ). 

Ex. 1373, gg « -gg - gg-j (Ex. 1282) - ggs (since ABD, 
DBC are equiang.). 

Ex. 1374. Let A, B be the fixed pts. and P the moving pt. Then 

^^Ah 

the const, ratio. Bisect LAPB internally by PQ meeting AB 
at Q and externally by PR meeting AB produced at R. Then 
gg =» gg = the const, ratio. .% Q, R are fixed pts. and L.QRR ** * 
rt. [_. 

VS sx 

E*. 1375- LTVX - LSVX (Ex. 866). vx Similarly 

zs _ sx 

ZT~TX‘ 

Ex. isTfi. Let BD out AC at E. Then ^ 

AE + EC BC BD 

— EC — * EC ■“ AD A® BEC, BAD are similar). 

Ex, 1377. Let JL from P meet QR at S and let tangent at P meet^ 
QR produced at T. Now I RPT CpQR (Th. 48 ) lIrPS (Ex* 
81) and LQPR is a rt. L (^E. 46). Now see Exs, 18G2» iSgb- 

_ „ AB BD BF,_ AB BD DP 

Ex. 1378. ^ =-D£; (Th, 66). Also Sg - “ gg;. »*. 

AB AB BF DF _ . __ __ 

KC SC ""m CE* 
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Ex. »379- Uraw the common tangent at P. I QPX => ! PTX - 
|_TRX’ (Th. 48 ) = 1_TXR (Th. 8, Oor. 8) = |_TPX (Th. 48). 

PR “ ix- L_PST - LPQR (Th. 48.) . ■. ST is H to QR 

PO PS 

fcXid *"* p^r (Th* 54 Qo!r»)* 

Ex. *3^’ BCP, CA<^ ABR be similar /iiS described on the 
bypot, BC and the aides CA, AB ot a rt. Id A ABC. Then 
ACAQ _ CA* AABR AB2 . AC^Q + AABR 

ABCP BC^ “ ABCP BC* ®®'* • * ABCP 

- ■“ ®®)- 

Ex. 13 ^. A* 'RST, PTO ate simUa* (Th.40). ARST ; APTO 
x- TR*-* * TP^Th^ 69), Now use Th. 52 Oor. 1 and Ex, 1282. 

Ex. ^ 380 . ACDE is a oyolio quadl. (Th. 44 ). .% I BED « I ACB 
<Ex. 984} and A» BBE, ABC are similar. 

Ex. X 390 . Dot ABC, DBF be the 2 isos, ^s and let AG, DH be 

their altitude*. Then "■ ]gp 28, Cor. 1). 

Heno.l_B«L.E(Th.67). 

Ex. 139 X. A» PTQ. QOR ar. similar sinoe each is isos, and 
L. QOR - L PTQ (Th. 47, IS*. 984). (Th. 69) - 

SQ* “ sl 

Ex. 139 *- ^ Bpc “ BC " IS <®”- “ IcJ 

A BPC *'* ^ ^ “ 

AC^O- 

p.y. , 400 . Pind th« Srd proportional to (1) 1 In. and a In., (2) a in. 
«nd a* in., ( 8 ) a* in. and o* in. 

Bx. X 40 (. Oivida tho given perimeter into s^ments prraortional to 
the 8 given at. linoe (Bx. 1898) and then use »ob. 10 . Oonetruotiou 
impoeeible when two of the three ^«en it. lines are not greater than 
the third. 

Ex. 1403 . Draw PD 11 to BA, meeting AC at D (Prob. 6). Prom 
DC out off DE » that gj « |. 

Bx. Tho loone of the vortex of a A glTou i>o*o, whoso 
etdoa ato proportional to 9 given et. lines is a © (Bx. 1874). The loono 
of the vertex of a A ot given base and ot one given ba 8 el_ Is a st. line. 
The raqairod vortex is the Interiootion of these loci. 

Ex. 1404 . See Bx. Iffft and Prob 81. 
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Ex. Z429. BC mugt Bubtend a rt. L. ^ 

Ex. 1430. The diags. of the be at rt. |_& to one another. 

Ex. 143Z. The reqd. st. line is |] to the line of centres. 

Ex. 1432. The reqd, pt. is the foot of the X the centre of the 
given 0 to the given at. line. 

&3C. Z433. The reqd. at. line la bisected at P. 

Ex. X434. The reqd. at. line is equally inclined to OX and OY. 

Ex. 1435. The reqd. is isos. 

Ex. 1436. The reqd. pts. are at the Intersection of the oircumfoe. with 
the X from the centre to AB. 

Ex. Z437. The reqd. position oZ C is an infieiBeotlon of tne olioiimlo*> 
with the perp. bisector of AB. 

Ex Z438. See Ex. 143 T. 
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A»b»kviatio»8, 44. 

154. 

Acnte Z7* 

Acute«A:^l4d triii;ngl«» 6X^ 

Addition of angles^ 8. 

,, of 8. 

Ad,i»cent atsgloi, 10, 85. 

Algobndoal oquatioaw, graphs of. 158. 
py idontlUos, goomotnoal II» 
luatratioGiS of, 8X9« 
Alphabet. Greek, 0* 
iJteriaaxiao, 354. 

Alternate angleii 12, 52. 

„ aegment, 

,, I, of a*olrole, 204, 

876, m 

Aitiitade of a paraOelogram, 101. 

.. of a triangle, 60. 

AmbigiuMia <me of triangle, 187. 
Anali^e, lia 
Angle, 4, U. 

„ aonte, 87. 

„ moM of, 4, 34. 

„ equal to a gteen angle, to de« 
aoHbo a aemast of a oirde 
ootitaialpg, 226. 

^ equal to a gmu aoi^e, to make, 
128. 

,, eattmior. 16, 17, 5Sk 68. 

„ extmai biatMitar 48. 

„ Ixk altemte aiqptiient, 205, 275, 
225* 

H la a major eepaeni, 208, 2S7» 
n iaami£rm^mW208,267. 

„ lu a eegntent. 201, 262. 

,, in a amloira^ 208, 267. 

;; Interior, 18, 15, 52, 68. 
y, naming of aa, 4, 84. 

L obtuaeTer. 

M pliM reotOlneal, 84. 

Z property of elfe^ i 


Angle, re-entrant, 84. 

,1 retiox, 84. 

„ right, 4, 87. 

„ straight^ 86. 

,1 to bisect, 121, 

„ vertex of, 4, 84» 

Angles, addition of, 8. 

„ adjacent, 10, 85. 

I, alternate, 12, 52. 

,, at a point, 0, 46. 

,y at centre and oironmference of 
circle, 201, 259. 

,, complementary, 47. 

„ ooiTa»fH>ndlng, 18, 62. 

„ division of, 8. 

y, drawing of, 4. 

,y measurement of, 4. 

„ of a convex polygon, 16, 67. 
y» of a cyclic quailnlaterali 270. 
yy of a triangle, 15. 

y, subtraction of, 8. 
yy supplementary, 47, 

y, vertically opposite, 11, 60, 61.. 

Angular point, 84, 

Answers, 392. 

Antecedent, 861. 

Apex of a cone, 208. 

Aroofadrole, 188, 281. 

yy yy yy height Ol^ 188. 

yy yy yy maJOT, 2m1« 

y, yy yy Bdinor, 231. 

•$ ly t> to bisect, 282. 

M 91 t* to 5nd centre of, 281. 
Ares a oirae, conjugate, 281. 

yy .y yy equ^y 191, 240, 242. 
irea, 38. 

yy determined by squared papery 

leSd^. 

yy measurement of, 162y 19A 
yy of a circle, 194. 
yy of a parailslogram, I69| 214. 
yy of^ rectattgle, 163, 211. 
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Area of a rectilineal figure, 177, 299. 

„ of a right-angled triangle, 168. 

,, of a trapezium, 217. 

„ of a triangle, 172, 216. 

Areas, equivalent, 210, 278 
,, of irregular rectilineal figures, 
practical determination of, 
299 . 

Arms of an angle, 4, 34* 

Axes, coordinate, 153. 

Axiom, Playfair's, 56. 

Axioms, 40,* 391. 

,, general, 40, 41. 

,, ^eometnoal, 40, 41. 

Axis of circular cone, 208. 

„ „ cylinder, 207. 

„ „ symmetry, 75, l66, 232. 


Babb astd perpendicular of a right- 
angled triangle, 61. 

Basedme, 299. 

Base of a circular cone^ 208. 

„ of an isosceles triangle, 60. 

„ of a parallelogram, 101. 

„ of a segment of a circle, 261. 
of a triangle, 60. 

Bisect an angle, to, 121, 

„ an arc of a circle, to, 282. 

,, a Straight line, to, 122« 

Bisector, 38. 

,, of an angle, external, 48. 

Block, rectangular, 25. 


Gbhtjrb of a circle, 20, 38, 229. 

,, ,, „ angles at the, 201, 

259. 

9 , ,, to find, 281. 

„ of an arc of a circle, to find, 
281. 

,, of a sphere, 209. 

„ of symmetry, 232. 

Centres, lino of, 186, 238. 

Centroid, 110. 

Chord of a circle, 185, 231. 

„ of circles, common, 189. 

„ rectangle under segments of, 
814, 338. ' 

Chords of a circle, equal, 191, 196, 242, 
244. 

Circle^ 20, 88, 186, 229, 281. 

„ alternate segment of, 204, 275, 
295. 

,, angles at the centre of, 201, 259. 

,9 fi n f circumference of, 
201, 269. 

„ arc of, 188, 231. 

, „ of, height of, 183. 


Circle, arc of, to bisect, 282, 

,, ,, of, to find the centre of, 

281. 


T9 

99 


99 

99 

99 

99 

99 

99 


99 


9* 


99 

99 

99 

99 


area of, 194, 

a triangle equiangular to a given 
tnangle, to circumscribe 
about a, 297. 

a triangle equiangular to a given 
tnangle, to inscribe in a, 296. 
base of segment of, 261. 
centre of, 20, 38, 229. 

,, of, to find, 281. 
chord of, 185, 231. 
circumference of, 20, 38, 192, 
229. 

circumscribed about a recti- 
lineal figure, 237, 
circumscribed about triangle, 
to draw, 290. 
coiyugate arcs of, 231, 
diameter of, 38, 185, 229. 
equal arcs of, 191, 240, 242. 

„ chords of, 191, 196, 242. 

244. 


9* escribed, 25X. 

,9 ,, to draw, 293. 

,, inferences from definition of, 
230. 


99 

If 




If 

P 


inscribed in a rectilineal figure. 
251. 

„ in a triangle, to draw, 
292, 

major arc of, 231. 

„ segment of, 203, 262, 
minor arc of, 231. 

segment of, 203, 262. 
nine-points, 274. 
passing through three points, 
190, 238. 

radius of, 20, 38, 229« 
rectilineal fi^re oircumscribed 
about a, 

rectilineal figure inscribed In a, 
208. 


99 

9* 

If 

f» 

90 

•• 


secant of, 247. 
sector of, 194, 231. 
segment of, 201, 261. 

„ of, alternate, 204, 275, 


„ of, base of, 261. 

,• ^ containing an angle 

equal to a girtta 
an^le, to describe, 

symmetry of, 1^, 288. 
tangent to, 197, 247, 248. 

91 to, to draw, 284. 
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Circles, angle properties of, 201, 269* 

,, common chord of, 189. 

,, „ tangent to, 250. 

287 • 

„ concentric, 188, 229. 

„ cutting orthogonally, 251. 

„ direct common tangent to, 

250, 

equal, 38. 

,, touching, J.99, 249. 

transverse common tangent to 
250. 

Circular cone, 208* 

„ „ apex of, 208. 

’ axis of, 20S. 

„ ,, base of, 208. 

,, oblique, 208. 

;; „ right, 208. 

,, „ skew, 208. 

cylinder, 207* 

axis of, 207. 

„ „ oblique, 207. 

;; :: SftiS?; 

Clroum-centre, 237. 

Circum-oircle, 190, 237. 

Circuxnference of a circle, 20, 88, 192, 

229 



Ciroum-ra<iiu#, 237* 

Circumscribe about a circle a triangle 
^uiangular to a given triangle, to, 

Clroumscnbcd about a circle, areotllineal 
«g»*re, 251. 

about a rectilineal 
Ogure, a circle, 287* 
about a triangle, to 
draw a circle, 
ColUnear points, 69. 

Commensurable, 166, 845, 

Common chord of olrctea, 189. 

„ tangent to circles, 260. 

„ •• .. .. 

CompAriicm ot ipMUl triituglw, 17, 20. 
Complement, 4/« 

Complementary angles, 47* 

„ parallelograms, 176, 

222, m 

Cmnpanendo, 354. 

Cottoentdc oiroles, 188, 229* 
Otiitcltnuoii, 43. 

Concurrent Unva, 69, 116 a, 

OonoycHo points, 237, 


Cone, circular, 208. 

,, apex of, 208, 

,, ,, axis of, 208* 

„ base of, 208. 

„ „ oblique, 208. 

>. »t right, 208. 

„ „ skew, 208. 

Congruent, 18, 69. 

Coniugate arcs of a circle, 231. 
Consecutive points, 248. 

Consequent, 861. 

Constant. 877. 

Construction, 48. 

„ of scales, 148. 

„ of special triangles, 17 » 

20, 133, 134, 186, 137. 
139 , 298. 
Constructions, hypothetical, 46, 391. 
Contact, point of, 247, 249. 

Oontinued proportion, 353. 

Converse theorems, 49, 83. 

Convex polygon, 16, 62. 

,, „ angles of any, 16, 67. 

Coordinate axes, 153. 

Coordinates, 153. 

„ origin of, 153. 

Corollary, 47. 

Corresponding angles, 13, 52. 

,, sides of triangles, 19,, 

847, 861. 

„ units, 162, 210. 

Cosine, 363. 

Cube, 25. 

Cuboid, 26. 

Curved line, 33. 

,, suriace, 33* 

Cyclic quadrilateral, 269. 

„ „ angles of a, 270* 

Cylinder, circular, 207* 

„ ,, axis of, 207. 

,, ,, oblique, 207. 

„ „ ngM,^7. 

ff „ skew, 207. 

Data, 43. 

Decagon, 62. 

Deduction, 40, 

Definitions. 387. 

Degree, 6, 87* 

Demonstration, 43. 

Determination of area by squared paper» 
103 ei seq. 

Diagonal of a parallelogram. 24. 

„ of a polygon, 63. 

„ jjfoales, 143* 

Dlaraoter'hf a circle, 88, 185, 229. 
IMmenaions, 82. 
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Direct common tangent to circles, 250. 
Direction, 55. 

Dissection, Perigars, 181. 

Distance of a point from a straight 
line, 99. 

Divide a straight Ime into equal parts, 
to, 132. 

Divided harmonically, 369. 

„ in medial section, straight line, 
328. 

„ internally and externally, 
straight line, 324. 

Dlvidendo, 354. 

Division of angles, 8. 

,, of lengths, 3. 

„ of straight lines, proportional, 
357. 

Dodecagon, 62. 

Drawing of angles, 4, 

„ of straight Imes, 1. 

,, to scale, 146. 

Duplicate, 69. 

E>obntrb. 251. 

E-circle, 198, 251. | 

Enunciation, general, 43. 

„ particular. 43. 

Equal circles, 38. 

,, identically, 69. 

,, parts, to divide a straight line 
into, 132. 

Equalities in rectilineal figures, 60. 
Equations, algebraical, graphs of, 158. 

,, quadratic, graphical sola* 
tion of, 318. 

Equiangular, 35, 69. 

Equilateral, 35, 60. 

,, triangle, 60. 

Equi'i^ent areas, 210, 278. 

I, to a given polygon, to 

construct a t^angle, 
278. 

„ to a given quadrilateral, 

to construct a triangle, 
278. 

ff to a given rectangle, to 

construct a square, 
342. 

E-raditis, 251. 

Escribed circle, 251. 

M it to draw, 298. 

Buohd I., 1, 139. 

» li- 
ft 76 . 

» 6t 79. 

„ 7, 84. 

„ 8. 82 


BuoUd I., 9, 12)1. 

„ 10 , 122 . 

„ 11, 124. 

„ 12, 126. 

„ 13,48. 

,, 14, 49. 

„ 16,61. 

„ 16, 64. 

» 

„ 18, 88. 

„ 19, 90. 

„ 20, 92. 

„ 21, 93 

„ 22, 186. 

„ 28, 128. 

„ 24, 94. 

„ 26, 97. 

.. 26, 73. 

„ 27, 63. 

„ 28, 66. 

29, 67. 

„ 30, 69. 

„ 31, 130. 

„ 32, 64. 

„ 32, corollary, 67. 

„ 38, 72. 

„ 34, 104. 

„ 41, 221. 

„ 42, 279. 

„ 43, 223. 

„ 44, 2S0. 

„ 46, 280. 

„ 46, 130. 

I, 47 ^’ythagona' Theonm), 


„ It. 


ft 

it 


IlL, 


it 

if 

ft 

ft 


48, 227. 

1, 319. 

2, 320. 

а, 820. 

4, 821. 

б, 826. 
6, 826. 

7, 823. 

8, 329. 

9, 881. 
10,882. 
11,348. 
12 , 888 . 
18,884. 
14,842. 

1, 281. 
2,286. 
3,235. 
4,286. 
6, 286. 
6, 236, 
9,m 
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Euclid III., 10, m 
11* 257. 

12, 257. 

13* 257. 

14, 244. 

„ 15, 244. 

„ 16, 252, 254. 

17, 284. 

Z 18. 252. 

Z 1S>* 252. 

20. 259. 

21 268 . 

22, 270. 

28, 264. 

24. 264. 

26, 282. 

26, 240. 

„ 27, m 

; 28, 242. 

29, 242. 

30, 282. 

81, 267. 

82. 276- 

„ 88, 296. 

84, 296. 

, 86 , 888 - 

86 , 888 . 

„ 87, m. 

;; IV., 2,296. 

8 297. 

. 4, 292. 

„ 5,29a 

6 , 291. 
7,294. 

„ 8,298. 

M 8* 26)1* 

16 291. 

, VI., 1,869. 

2. 867. 

8,86a 

4, 861. 
6,862. 

8 . 886 . 

„ 7, 865. 

, 10, 874. 

11, 874. 

12, 878. 
18,87a 
14,860. 
16,880. 
18,865. 
17,856. 

19, an. 

A, 888. 

B, 885. 
0 , 886 . 

D, 885. 


*» 

>* 


If 

*> 


E;c Bfiquali, 854. 

Exhaxiation, proof by, 90. 

£b^p(»imeiital aectioxL, 1, 163, 311^ 

Extension of Pythagoras* Theorem, 
311, 333. 

Exterior angle, 16, 17, 62,63. 

External bisector of an angle, 48. 
Extraction of square root, graphical* 
317,848. 

Extremes, 853. 


33^ld-book, 299. 

Figure, 86. 

,, plane, 35. 

,, „ rectilineal, 35. 

Figures, equalities in rectilineal, 60. 

„ inequalities in rectilineal, 88. 
Finite line, S2. 

Fourth proportional, 858. 

Fraction, representative, 146. 

GiNSRAi:. axioms, 40, 41. 

„ enunciation, 48. 

Generate, 207. 

Gbometrioal axioms, 40, 41. 

„ illustrations of algebraical^ 
identities, 819. 

Geometry, plane, 35. 

Graphical extraction of square root, 
317, 8^. 

y, solution of quadratic equa^ 
tions, 818. 

Graphs, 158. 

,, of algebraical equations, 158. 
I „ of statistics, 160. 

[ ,, plottmg, 158. 

Gredc alphabet, 9. 


HARMONiOaLLT divided, 869. 

Height of an arc of a circle, 188. 

„ of a parallelogram, 101. 

„ of a triangle, 60. 

Heptagon, 62. 

Hexagon, 62. 

Hints to solutioxis, 898. 

Hypotenuse, 22, 61 . 

Hyj^thesis, 48. 

Hypothetical constructions, 46, 891. 


iDKwmoaliLY equal, 89. 

IdentitieB, algebraical, geometrical Il- 
lustrations of, 819. 

Image, 232. 

In-centre, 261. 

Inoh-papar, 155. 
tn-olrcle. 198, 261- 
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Inconuaensiirable, 165, 192, 212, 345, 
361. 

Indeterminate problems, 119, 
Inequalities m rectilineal figures, 88. 

„ in triangles, 23. 

Inferences from the definition of a circle, 
230. 

Inferences from the definition of a 
straight fine, 33. 

Infinite line, 32. 

In order, 63. 

,, proportion, 346, 353. 

In-radto, 251. 

Iniorlbe a circle in a triangle, to, 292. 
„ in a circle a triangle equi- 
angular to a given triangle, 
to, 296. 

Inscribed in a circle, a reotilmeal 
figure, 203. 

,, in a rectilineal figure, a 
circle, 251. 

Intercepts, 24, 108. 

Interior angle, 13, 15, 52, 63. 
Internally and externally, straight line 
divided, 824. 

Invertendo, 354. 

Irregular rectilineal figures, practical 
detemcdnarion of areas of, 299. 
Isosceles traperium, 102. 

„ triangle, 19,^60. 

,f ,, base of, 60. 

„ It sides of, 60. 


Lbnoth, 32. 

Lengths, addition of, 3. 

„ division of, 3. 

„ subtraction of, 8. 
limits Ime, 32. 

Limiting position, 248. 

Limits, method of, 253* 

Line, 32. 

„ curved, 83. 

„ finite, 

„ infinite, 32. 

„ limited, 32. 

„ of centres, 186, 233. 

„ pedal, 273. 

,, rectai^le under segments of, 
819. 

„ Simson, 273. 

„ straight, 33. 

„ ,, distance of point from, 

99. 

,, ft divided in medial 
section, 328. 

o t, divided mtermlly and 
externally, 824. 


Line, straight, inferences from defini- 
tion of, 38, 

„ „ orthogonal projection 

of, 102. 

,, ,, to bisect, 122. 

„ „ to divide into equal 

parts, 132. 

„ ,, to draw a parallel to, 

130. 

99 99 9 9 fi perpendicular 

. to, 124-7. 

,, unlimited, 32. 

Linear unit, 210. 

lines, concurrent, 69, 116 a. 

,, drawing of straight, 1. 

„ inoommensurable, 165. 192,212, 
345, 861. 

„ measurement of straight, 1. 

„ parallel straight, 11, 62. 

,, peorpendicnlar straight, 37. 

,, pro^rtional division of straight, 

„ transversal straight, 52. 

Locus, 111. 

„ plotting, 111. 

Majob arc of a oircle, 281 . 

„ segment of a circle, 203, 262. 
ft It » i» angW in a, 
203, 267. 

Maxima and minima, 377* 

Mean proportional, 853. 

Means, 358. 

Measurement of angles, 4. 

„ of areas, 162, 194, 

,, of straight lines, 1. 

Medial section, straight line divided in. 
828. 

Median of a triangle, 60. 

Method of limits, 258. 

Minor arc of a circle, 231. 

„ segment of a circle, 203, 262 
99 99 it it angle in a, 

203, 267- 

Minute, 37. 

Models of solids, 25, 207« 


Naming of an angle, 4, 84. 

„ of a rectangle, 165, 212. 
,, of a squstTe, 165, 213. 
Negative, 154. 

Net, 25. 

Nme-points circle, 274. 
Nonagon, 62. 


Obuqot circular cone, 208. 

•f ,1 cylinder, 207* 
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ObtusQ angle, 37. 

Qbtuse-angied triangle, 61. 
octagon, 62. 

Onsets, 299. 

a site angles, vertically, 11, 50, 51. 

r, in, 68. 

Ordinates, 154. 

Origir^of coordinates, 153. 

Ortnocentre, 86. 

Orthogonally, circles cutting, 251. 
Orthogonal projection, 102. 

ir, 192. 

Farallelograxn, 24, 101. 

„ altitude of, 101. 

,, ^ area of, 169, 214. 

„ base of, 101. 

,, oon^en^^tary, 176, 

ft diagonal of, 24. 

„ height of, 101. 

-Farallel straight lines, 11, 52. 

,, to a straight line, to draw a, 
130. 

Fartioular enunciation, 43. 

Farts of a triangls, 60. 

„ to divide a straight line into 


equal, 182. 

Pattern drawing, 807. 

Pedal line, 273. 

„ triangle, 273. 

Pentagon, 62. 

Ferigars dhtseotion, 181. 

Perimeter, 85. 

Perpendicular of ^righbangled triangle, 

„ straight lines, 37. 

,, to a straight line, to 
draw a, 124**7« 

Plidn scales, 143. 

Plane, 83. 

„ flgur«,S6- 
„ Geometry, 35. 

,, reotilineiu angle, 34. 

,, f, figure, 35i, 
siAoe, 33. 

Playfair's axiom, 56. 

Plotting graphs, 153. 

„ iSms, 111. 

*1 

P^t, ml. 

„ angles ata, 2, 46. 

,, angular, 34. 

„ dlibnoe fimm a straight one of, | 
ft of oontaot, 247, 249. 


Points, coney clic, 237. 

,, consecutive, 248. 

„ plotting, 153. 

„ symmetrically opposite, 137, 
232. 

Polygon, 16, 62. 

,i convex, 16, 

„ convex, 16, 62. 

„ diagonal of, 63. 

„ regular, 62, 29S. 

„ to construct a triangle equi- 

valent to a given, 278. 
Position hmiting, 248. 

Positive, 164. 

Postulates, 89, 890. 

Praotioal determination of areas of ir- 
^i|ular rectilineal figures^ 

I, Section, 118, 278, 342, 373. 
Prism, 29. 

„ right, 31. 

„ triangular, quadrilateral, etc., 
30. 

Problems, 48. 

„ indeterminate, 119. 
Projection, orthogonal, 102, 

Proof, 48. 

Properties of proportion, 364. 
Proportion, 846, 853. 

,, continued, 353. 

„ in, 846, 353. 

„ properties of, 354. 

Propomonal, 84o, 353, 373. 

„ division of straight lines, 

357. 

,, fourth, 353. 

,, mean, 353. 

third, 353. 

I Propositions, 48. 

I Protractor. 5. 

I Pyramid, 26. 


right regular, 27. 

,, triangulari quadrilateral^ 
etc., 27. 

Pythagoras’ Theorem, 180, 224. 

„ tt extension of, 811, 

833. 

S UABBAirv, 231. 

uadratio cqnatloxiSi graphical solution 
of, 818. 

62. 

cyclic, 269. 

w » . » angles of, 270. 

pp to construct a triangk 

eouivalent to 278. 
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<2iuBsita, 43L 
-Q.B B.. 44* 

<5.E.F., 44. 

•Qmndecagon, 62. 

•Quod erat demonstrandum, 44. 

,, „ faciendum, 44, 

Rijonis of a circle, 20, ?8, 229. 

Ratio, 845, 351. 

Rectangle, 101. 

„ area of, 168, 211. 

„ naming of, 165, 212. 

„ to construct a square equiva- 
lent to a given, 342. 
under segments of a chord 
314, 338. 
under segments of a hue. 
319. 

Rectangular block, 25. 

Rectilineal, 35. 

„ angle, plane, 34. 

„ figure, area of, 177, 299. 

„ ,, circle circumscribed 

about a, 237. 

„ ,, circle inscribed in a, 

251. 

„ „ circumscribed about 

a circle, 251. 

„ „ qualities iUj 60. 

„ „ inequalities m, 38. 

„ „ inscribed in a circle, 

203. 

„ plane, 85, 

Reductio ad absurdum, 54. 

Reduction to a triangle, 301. 

Re-entrant angle, 34. 

Reflection , 23£ 

Reflex angle, 34. 

Regular, 85. 

» polygo^,62,29a 
,, pyramid, right, 27. 

,, tetrahedron, 28. 

Re^esentative fraction, 146. 

Evolution, solids of, 209. 

Rhombus, 101. 

Right aug^e, 4, 37. 

Right-angleid triangle, 22, 61. 

„ „ „ area of, 168. 

„ base and per- 
pendtcmar of. 
61. 

„ olroular cone, 208. 

cylinder, 207- 
„ prism, 81. 

,, regular pyramid, 27- 
Ruler, 4. 


Soaus, drawing to, 146. 

Scalene triangle, 61. 

Scales, construction 148. 

„ diagonal, 143c 
,, plam, 143. 

Secant of a circle, 247. 

Second, 37. 

Section, medial, straight line diirided 
in, 328. 

Sector of a circle, 19^, 231. 

Segment, alternate, angle in, 205, 275, 
295. 

„ angle in a, 201, 262. 

„ major, angle m a, 203, 267. 

„ minor, angle in a, 203, 267. 

,, of a circle, 201, 261^ 

,f ,, ,, alternate, 204, 

276, 295. 

,, ,, ,, base of, 261. 

,f „ „ containing an 

angle equal to a 

g iven angle, U> 
escribe, 295, 

,» y, „ major, 203. 262. 

,f „ ,, minor, 203, 262. 

Segments of a chord, rectangle under, 
814, 38S. 

line, rectangle under, 
319. 

Semi-circle, 203, 261. 

„ angle in a, 208, 267- 
Sense, 55. 

Set-squares, 4. 

Side, 35. 

Sides of an isosceles triangle, 60. 

„ of^ian|lea, oorrespontog, 19, 

Similar triangles, 348, 367, 362. 

Simson line, z73. 

Sine, 863. 

Skew circular cone, 208. 

sau.83." 

Solids, models of, 25y 207. 
of revolutlpu, 209. 
some simple, 24, 207. 

Solutions, hints to, 398* 

Sphere, 209. 

„ centre of, 209. 

Square, 102. 

eq^uivalent to a given rectangle, 
to construct, 342, 
naming of a. 165, 213. 
rcg»t^ ^^hioal extraction of, 

unit, 210.“ 
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Bqnared i>aper, determination of area 
by, 163 et seq, 

,, „ use of, 163 €t seq. 

Squares on the sides of a triangle, 
333* 

Statistics, graphs of» 160. 

Straight angle, 35. 
line, 33* 

distance of a point from, 
99. ,, 

,9 divided in medial section, 
328. 

M ,, y, internally and ex- 

ternally, 824. 
inferences from demaition 
41 ^ of, 33. 

„ ortti^onal projection of, 

,, ,, to bisect, 122 

to divide into equal parts, 
182. 

•„ „ to draw a^garallel to, 

„ M t. » p^p^dLottlar 

to, 124-7. 

lines, drawing of, 1. 
if measurement of, 1. 

* I, paraUel, 11, 5Z 

perpendicular, 87. 

** ** division of, 

„ ,, truusTersaL 62. 

Subtend, 191. 

Subtraction of angles, 6. 

„ of lestgths, 3. 
Superposition. 16, 41, 

Supplement, 47. 

Supplementary angles, 47* 

SurSSie, 32, 83. 

„ ourved*33fc 
plane, 88. 

Sym^ii,44. 

Symmetrically opposite points, 187, 
282. 

SyaasMtaty, 186, m 

„ axis of, 75, 186, 232. 

,, oentre of, 232. 

„ of a circle, 186, 233. 
Synthesis, 118. 

TAHtaBWCrr, 197, 2*7, 284. 
tangent, 364. 

, , to a circle, 197^ 247, 248. 


»» 

9» 


^ to oiroles, common, 250. 


to draw, 
287. 


Tetrahedron, 28. 

»* regular, 28. 

Theorem, Pythagoras*, 180, 224. 

„ y, > extension of, Sll, 

S83. 

Theorems, 43. 

„ converse, 49, 88. 

Theoretical section, 32» 210, 319, 351. 
Third proportional, 363, 

Three ^ints, cuole passing through, 
190, 238. 

Touch 197, 199, 247. 

Touching circles, 199, 249. 

Trace, 32, 38. 

Transversal straight lines, 52. 
Transverse common tangent to dralee, 
260. 

Irapeaum, 102. 

( „ area of, 217. 

„ isosceles, 102. 

Triangle, 16, 60, 

„ aonte-angled, 61« 

„ altitude of, 60. 

,, ambiguous case of, 137. 

,, angles of, 15. 

„ area of, 172, 216. 
base of, 60. 

circle ciroumseribed about a, 
to draw. 290. 

„ „ insoribed m a, to draw, 

292. , 

„ equiangular to a given tri- 
angle, to cm'umscribe 
about a circle, 297. 
equiangular to a given tri- 
angle, to inscribe in a 
circle, 296. 

,, equilateral, 60, 

,, equivalent to a given polygon, 

to construct, 278. 

„ equivalent to a given quadri- 
lateral, to construct, 278. 
y, height of, 60. 

y, isosceles, 19, 60. 
yy ,, base of, 60. 

, , sides of, 30. 
median of, 60. 
obtuse-angle<l, 61, 
parts of a, 60, 
pedal, 273. 
rwluction to a, 301. 
right-angled, 22, 61. 

,, „ area of. 168. 

„ base atid per- 
• ^endiottlarofy 

scalene, 61. 


*» 

99 

9f 

>f 

99 
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Triangle, squares on the sides of a, 
83S. 

vertex of, 60. 

Tnangles, comparison of special, 17, 

20 . 

I, construction of special, 17, 

20. 133, 134, 136, 137, 
139, 298 

„ corresponding sides of, 19, 

347, 361. 

„ inequalities in, 23. 

„ similar, 348, 357, 362. 

Triangular, quadrilateral, etc., prism, 
30, 

Tnangular, quadrilateral, etc., pyra- 
mid, 27. 

Tnangulation, 30L 
Trisector, 38. 


Undkoagon, 62. 

Unit, linear, 210. 

Unit square, 210. 

Units, corresponding, 162, 210 
Unlimited line, 32. 

Vbbtbx of an angle, 4, 34. 

„ of a triangle, 60. 

Vertically opposite angles, 11, 60, 51 
Volume, 33. 

Wbdob, 81. 

a?-AXi8, 153. 
aj-coordmate, 151 

y AXJ&, 158. 
y coordinate, 151 




